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ASYMPTOTIC  SOLUTIONS  OF  THE  STABILITY  EQUATIONS 
OF  A  COMPRESSIBLE  FLUID 

By  Cathleen  S.  Morawetz 

1.  Introduction.  In  the  study  of  the  stability  of  a  compressible  fluid  carried 
out  by  Lees  and  Lin  [1],  use  is  made  of  formal  asymptotic  series  which  are  for¬ 
mal  solutions  of  a  sixth  order  system  of  differential  equations  involving  a  large 
parameter.  The  principal  feature  of  this  system  is  that  if  we  let  the  parameter 
go  to  infinity  the  system  is  reduced  to  one  of  second  order  with  a  singular  point. 
In  this  paper*  we  shall  prove  that  these  formal  series  actually  represent  solu¬ 
tions  of  the  given  system,  and  investigate  some  of  the  properties  of  these  solu¬ 
tions.  In  many  problems  of  this  type,  it  is  sufficient  to  know  that  there  exists 
some  domain  of  validity  for  the  formal  series  solutions.  Here,  however,  our 
principal  object  will  be  to  find  a  sufficiently  large  domain  of  validity  so  that  the 
boundary  value  problem  arising  from  the  stability  problem  can  be  treated 
asymptotically.  For  this  purpose,  we  need  a  large  domain  of  validity  for  a  com¬ 
plete  set  of  asymptotic  solutions. 

In  addition,  we  are  interested  in  finding  out  how  the  solutions  behave  as  we 
proceed  around  the  singular  point  of  the  reduced  system. 

General  theorems  for  systems  of  arbitrary  order  with  a  real  variable  and  a 
complex  parameter  have  been  proved  by  H.  Turrittin  [2]  who  has  established 
the  existence  of  formal  asymptotic  solutions  and  determined  sufficient  condi¬ 
tions  on  their  domains  of  validity.  Similar  results  have  been  obtained  by  M. 
Hukuhara  [3]  for  complex  variable  and  complex  parameter.  These  domains  are, 
however,  too  small  for  our  purposes  and  cannot  yield  the  “Stokes’  phenomena” 
that  are  associated  with  the  singular  point.  Methods  similar  to  those  used  here 
for  an  analogous  fourth  order  differential  equation  were  developed  by  Wasow 
[4].  Certain  complications  arise  because  the  system  considered  is  of  higher  order. 
We  need  the  equivalent  of  “factoring”  a  differentiitl  equation  and  we  have  many 
more  separate  domains  to  consider  in  the  complex  domain  of  the  independent 
variable.  The  general  results  are  very  similar;  in  particular,  the  existence  is 
established  of  solutions  which  behave  like  power  series  in  the  parameter  in  one 
region  and  diverge  exponentially  in  another. 

The  investigation  of  these  asymptotic  solutions  leads  to  the  following  two  con¬ 
clusions  of  practical  interest. 

(1)  It  is  proved  rigorously  that  the  proper  branch  of  the  muUiple-valued  asymp¬ 
totic  solutions  has  been  used  in  [1]. 

(2)  The  existence  or  absence  of  an  inner  viscous  region  and  its  nature  are  rigor¬ 
ously  established.  This  corroborates  and  extends  the  results  in  [1].  Briefly,  the 
conclusions  are  as  follows: 

(a)  In  the  case  of  unstable  disturbances  with  a  finite  rate  of  amplification,  there 
is  no  inner  viscous  region  if  the  Reynolds  number  of  the  mean  flow  is  large  enough. 

*  The  critical  review  of  this  paper  by  Dr.  H.  Turrittin  is  gratefully  acknowledged  and 
very  much  appreciated. 
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(b)  In  the  case  of  stable  disturbances  with  finite  damping,  there  is  a  finite 
viscous  region  in  the  interior  of  the  fluid,  no  matter  how  lai^  the  Reynolds  num¬ 
ber  becomes.  In  fact,  a  minimum  width  for  this  r^on  is  established. 

(c)  In  the  case  of  neutral  disturbances,  other  methods  of  analysis  indicate 
that  there  must  be  an  inner  viscous  layer  whose  thickness  approaches  zero  as 
the  Reynolds  number  becomes  infinite.  The  methods  used  in  the  present  paper 
cannot  establish  the  existence  of  such  a  layer.  However,  it  is  definitely  proved 
in  the  case  of  constant  Prandtl  niunber  that  if  a  viscous  region  does  exist,  its 
width  is  not  finite,  but  shrinks  to  zero  as  the  Reynolds  number  becomes  infinite. 

The  conclusions  in  cases  (a)  and  (c)  are  exactly  the  same  as  in  [1].  In  case  (b), 
the  earlier  method  of  study  enabled  the  authors  to  recognize  only  certain  viscous 
layers  associated  with  the  viscous  region.  No  conclusion  was  drawn  about  the 
behavior  of  the  fluid  between  such  layers.  The  present  investigation,  therefore, 
yields  more  complete  information  about  the  influence  of  viscosity  in  the  case  of 
damped  disturbances. 

An  immediate  deduction  from  these  results  (whether  in  the  present  form  or  in 
the  less  complete  form  in  [1])  is  that  damped  disturbances  and  unstable  disturb¬ 
ances  are  not  complex  conjugates  in  the  limiting  case  of  vanishing  viscosity,  although 
such  a  conclusion  would  be  reached  very  easily  by  formally  examining  the  dif¬ 
ferential  equations  satisfied  by  such  disturbances. 

The  present  results  are  similar  to  those  obtained  by  Wasow  [4],  who  corrobo¬ 
rated  and  extended  the  earlier  result  of  Lin  [5]  in  the  incompressible  case. 

It  should  be  remarked  that  all  of  the  above  conclusions  hold,  provided  the 
boundary  of  the  flow  is  not  too  “close”  to  the  viscous  region  discussed  above, 
that  is,  provided  the  distance  between  the  viscous  region  and  the  boundary  re¬ 
mains  finite  as  the  Reynolds  number  becomes  infinite. 

The  general  case  corresponding  to  unstable  or  stable  disturbances  is  contained 
in  Sections  6  and  7,  Theorems  1  to  4.  The  case  of  constant  Prandtl  number  is  in 
Section  8,  Theorem  5.  Neutral  disturbances  correspond  to  a  special  case  of  the 
mathematical  problem  which  cannot  be  handled  by  the  direct  methods  used 
here  unless  the  Prandtl  number  is  constant.  The  existence  of  the  inner  viscous 
region  is  contained  in  the  results  ol  Section  9.  The  system  for  which  these  theo¬ 
rems  are  proved  is  a  slight  generalization  of  the  system  which  arises  in  the 
stability  of  parallel  flow.  In  Section  2,  the  leading  terms  in  the  asymptotic 
expansions  for  the  flow  quantities  are  determined.  A  general  discussion  of  the 
hydrodynamic  problem  is  contained  in  Section  10. 

This  investigation  was  sponsored  by  and  conducted  principally  with  the  finan¬ 
cial  assistance  of  the  National  Advisory  Committee  for  Aeronautics  at  the  Massa¬ 
chusetts  Institute  of  Technology.  Some  revisions  were  carried  out  under  Navy 
contract  Nonr-285(02)  at  the  Institute  for  Mathematical  Sciences,  New  York 
University. 


2.  Differential  Equations  and  Formal  Solutions.  The  differential  equations 
for  the  amplitudes  of  small  disturbances  in  parallel  or  nearly  parallel  main  flow 
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are: 

ap{tXw  -  c)/  +  u;'0}  -  -ictw/yM'  +  (fli/R)\r  +  -  2/)} 

(2.1)  .  ,  ,  , 

+  %a  [(fit  —  /li)/i?](“/  +  W)  4-  (\/R)[in\‘w"  +  m\v/  +  +  i«^)} 

a'p\i(w  -  c)^}  -  W/yM'  -  r/F*  +  (fiia/R){2^''  -  if'  -  aV} 

(22)  +  HaKUt  -  Pi)/R]{r  +  in  +  (a/R){imrw'  +  2pW 

+  %(A  “  Pi)(<l>'  +  if)] 

(2.3)  i(w  —  c)r  +  p(<p'  4  */)  4  pV  *=  0 
op{t'(tP  —  c)0  +  T'4>]  =  -a(y  —  l)pT(<l>'  +  if) 

(2.4)  +  (y/R^o)\Piie''  -  ae)  +  (m^Ty  +  pW] 

+  R-y(y  -  l)M‘{miip'*  4  2piw'(f'  4  wV)} 


(2.5) 


r/p  -  (r/p)  +  (e/T). 


The  notation  is  the  same  as  that  of  [1].  The  dependent  variables  are  /,  4>,  r, 
6,  T.  The  independent  variable  is  j/,  the  distance  perpendicular  to  the  main 
flow.  The  large  parameter  is  the  Reynolds  number  R.  The  remaining  quantities 
are  known  functions  of  y  or  constants.  The  function  mi  is  related  to  0  by 
mi  “  (dpi/dT)6.  We  reduce  these  equations  to  six  differential  equations  each  of 
first  order  by  setting,  as  in  [1], 

Zi  “  /  Zj  ^  Z»  =*  5 

(2.6) 

Z,  -  Z4  =  t/A/*  Z,  -  O'. 

Thus  at  once 


(2.7) 

(2.8) 

and  from  (2.3)  and  (2.5) 


Zi  *  Zj 

zi  -  z, 


(2.9)  Z;  -  -tZi  -  (p'/p)Zt  4  i(w  -  c)[T-%  -  (M*/p)Zt]. 
From  (2.5),  (2.3)  and  (2.1), 


Zj  «*  Z4  4"  pi(w  —  c)Zi  4  pw^Zi\  4  a*Zi 
Pi  W 
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(2.10) 


+  *  z.  -  0  [i  +  H  i  z.- 
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m  »  Kdfli/dDwT,  fh  -  {dlii/dT)w\ 

From  (2.5),  (2.6)  and  (2.4) 

Z;  -  |t(tt»  -  c)pZ,  +  pT'Zt  -  [p'Z,  +  iiw  -  c)M%]j 

(2.11)  +  Zi|o*  —  ^  +  Z*  ii4  — 


+  Z,{-2m>Vo(t  -  1)3/’}  +  Z,{-2ta*ipVo(7  -  1)3/*} 


^  ( 1"  dfli\  «  =  ^  T" 


After  some  calculation  we  also  find  from  (2.2) 

Z\  -  {7"‘  +  %3/*ia«"'p"‘(At  +  2jldiw  -  c)}"’ 

j  {"Mp  “  f  ■*■ 

where  0(1)  frepr^oents  terms  independent  of  oR.  Note  that  in  (2.10)  and  (2.11) 
we  have  caKulated  higher  terms  than  are  given  in  [1],  p.  18. 

There  are  six  formal  asymptotic  solutions  to  these  equations.  The  first  four 
solutions  Zip  of  (2.7)-(2.12)  are 


and  the  other  two  are 


t  -  1,  2,  •••  ,6;p  -  1,2, 3, 4 


t  =»  1, 2,  •  •  •  6;  p  »■  6, 6 


X  -  (aR)\ 

By  substituting  (2.14)  in  (2.7)-(2.12)  we  find  for  p  —  5,  6: 

fii»  “  /jjK) 

ftpo  ”  —ifi^  “(pVp)/*j«  +  »(tP  ~  c)[7^’/i^  —  (3/*/p)/4po] 

0  -  (i/y)fi^  +  pi{w  -  c)fi,o  +  pw'/ipo 
J.15)  _  . 

0  iiw  —  c)pfi^  +  pT'fi^  —  ^ —  [py»po  +  iiw  —  c)3/*/4pol 

/*ipo  “  (p  “  |i/»po^  “  iaiw  —  c)p/spoJ. 
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The  system  (2.15)  can  be  reduced  to  a  second  order  system  of  differential  equa¬ 
tions.  They  are  the  equations  for  inviscid  flow  which  we  would  obtain  from 
(2.7)-(2.12)  by  letting  X*  .  We  may  select  any  two  solutions  for  the  leading 
terms  of  (2.13).  Higher  terms  are  obtained  by  quadratures. 

As  in  the  case  of  incompressible  flow,  one  of  the  solutions  of  the  inviscid  equa¬ 
tions  is  regular  and  the  other  solution  has  a  li^arithmic  singularity  at  v){y)  =»  c, 
see  [1],  p.  43. 

By  substituting  (2.13)  in  (2.7)-(2.12)  we  find  immediately  from  the  highest 
coefficients  in  X  in  each  equation: 

“  /ipo  =  /ipo  =  firo  =  0  p  =  1,  2,  3,  4 

and  from  the  next  coefficient 


Qi  -  -Qt  =•  f  V(t/pi)iw  —  c)  dy 
Qi  =  —Qi  =  f  V (t<To/yi)(w  —  c)  dy 


(2.16) 

and  for  p  —  1,  2, 

(2.17)  ftpi  =*  ftpi  “  ftpo  =  fipi  =  0,  Qpfipi  —  ftpo 
while  for  p  *  3,  4, 

(2.18)  fipi  *  ftpo  =  fipi  =*  fipi  =  0,  Qpftpi  —  ftpo  - 

From  the  next  coefficient  in  X  of  (2.13)  we  finally  obtain,  using  (2.16)  and  (2.17). 


9/  f  4-  -u  ft 


Thus  we  may  take,  for  p 


and 


1,2 

-  c)r‘ 

fipo  *  Qpfipi 


Similarly  we  obtain  from  (2.13),  (2.16)  and  (2.18)  for  p  =  3,  4, 


/•f> 


/»> 

q;’ 


“p  (-hr  ^  ->'•>  +  »  £  ’• • 

The  higher  coefficients  are  obtained  successively  by  quadratures. 

The  present  purpose  is  to  find  where  the  expressions  (2.13)  and  (2.14)  repre¬ 
sent  solutions  of  (2.7)-(2.12).  The  results  which  are  of  general  interest  in  the 
hydrodynamic  problem  are  contained  in  Section  10.  They  follow  from  theorems 
given  in  Sections  3-9  which  are  proved  for  a  more  general  system  than  (2.7)- 
(2.12). 
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3.  A  More  General  Sixth  Order  System.  We  shall  prove  our  results  for  a  sys¬ 
tem  of  more  general  form  than  (2.7)-(2.12)  which  retains  its  most  important 
features.  Consider  a  system  of  six  differential  equations,  each  of  first  order: 

(3.1)  ^  =  i:  7*,(x,  X)z,  fc  ^  1,  2,  . .  • ,  6 

where  are  regular  analytic  functions  of  x  in  a  neighborhood  5  of  x  »  0  and 
for  sufficiently  large  values  of  |  X  |.  All  values  of  X  to  be  considered  are  on  the 
same  ray  of  the  complex  X-plane.  The  coefficients  yut  are  described  for  sufficiently 
large  |  X  |  by 

(3.2)  tkiix,  X)  =  X*  1^23  yhu{x)\~*  + 

Here  and  elsewhere  the  generic  symbol  E{S)  denotes  any  function  of  x  and  X 
which  together  with  all  its  derivatives  with  respect  to  x  is  bounded  uniformly 
in  X  in  every  closed  subdomain  of  S.  This  system  has  six  formal  solutions  which 
are  assumed  to  be  of  the  form 


(3.3) 

*  is  X' 

p  -  1,  •  •  • ,  6 
!,•••, 6 

with 

Qi  =■  — Q*  “  ^  “  j[  v^^(0 

■ 

(3.4) 

Qt  ^  -Qt  ~  R  ~  [  y/W)  dl 

•'O 

Q.  «  Q.  »  0. 


j  These  solutions  are  formally  independent  in  the  sense  that  the  formal  expansion 

of  their  Wronskian  does  not  vanish  identically. 

I  We  assume  a(0)  »  6(0)  *=  0  and  that  a(x),  6(x)  do  not  vanish  anywhere  else 

I  in  <S.  In  addition  |  a'(0)  |  |  6'(0)  | . 

i  The  values  of  arg  a'(0)iand  arg  6'(0)  play  an  important  role.  Case  I, 

;  arg  a'(0)  ^  arg  b'(0)  will  be  treated  in  general.  Case  II,  arg  a'(0)  «  arg  6'(0) 

will  be  treated  only  for  arg  o'(0)  =  arg  6'(0).  This  case  occurs  wherever  we 
have  neutral  solutions  of  the  stability  equations  and  the  Prandtl  number  is  con¬ 
stant. 

We  shall  prove  the  validity  of  these  as3rmptotic  expansions  in  certain  sub- 
domains  of  a  doubly-connected  domain  S  surrounding  the  origin.  The  actual 
boundaries  of  S  will  be  defined  later. 

4.  Trjitzinsky’s  Lemma  and  the  Reduction  of  a  S]rstem  of  Order.  There 
are  two  tools  which  we  use  to  show  that  finite  sums  of  the  expressions  (3.3) 
actually  represent  solutions  of  (3.1)  asymptotically.  The  first  is  Trjitzinsky’s 
lemma,  [6],  p.  24  as  extended  to  complex  variable,  see  [4].  This  lemma  must  be 


k. 
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used  every  time  we  prove  that  any  one  of  (3.3)  represents  a  solution.  The  second 
tool  is  the  reduction  of  a  system  of  order  n  to  a  system  of  order  n  —  2  using 
two  known  solutions  of  the  nth  order  system  in  order  to  apply  Trjitzinsky’s 
lemma  again.  We  formulate  these  two  fundamental  lemmas  as  we  shall  use  them. 
Lemil\  1.  Let 

(4.0)  c>*,r(x)X“'  i  =»  1,  •  •  •  ,  n,  A:  -  1,  •  •  •  ,  n 

be  n*  not  necessarily  convergent  series  with  coefficients  that  are  regular  anal}rtic 
in  a  domain  T  and  let  cy*  be  any  functions  of  the  form 

(4.1)  .  cy*(x,  X)  -  c>*.,(x)X-*’  -I-  £(r)X-'‘-‘. 

Now  consider  the  system  of  differential  equations 

(4.2)  ^  “  2  Cjkix,  \)yi, . 

dX  hml  '  • 

Suppose  there  exist  n*  series  of  the  form 

(4.3) 

which  formally  satisfy  for  each  p  the  formal  differential  equations  obtained  by 
replacing  c>*(x,  X)  in  (4.2)  by  the  series  (4.0). 

Let  T*  be  a  subdomain  of  T,  every  point  of  which  can  be  reached  from  a  fixed 
point  P  by  a  path  F  along  which  the  m  quantities 

Re  (Pi  —  Pj)  t  »  1,  2,  •  •  •  ,  T,  y  =  1,  2,  •  •  •  ,  n 

are  monotonically  non-decreasing.  Then  there  exist  r  linearly  independent 
solutions 

Vi  -  yir(x,  X)  r  =.  1,  2,  •  •  •  ,  r 

of  (4.2)  for  which 

(4.4)  Virix,  X)  =  [Z^io/yr,(x)X-'  +  £(T*)X-'*-']. 

Lemma  2.  If  Xki  and  xit  are  two  independent  solutions  of  the  order  system 
(4.2),  a  set  of  n  linearly  independent  solutions  of  (4.2)  is  given  by  Xki ,  Xkt  and 


.  Xir  =  XiiPir  +  XijPj, 

r-3,  • 

••  ,n 

(4.5) 

Xir  “  XfiPlr  "f"  XtiPir 

r-3,  • 

•  ,n 

Xjr  “  XjiPir  +  Xjtptr  +  2>, 

;»3,  . 

••  ,n 

where 

pi, 

P*r 


(4.6) 
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with 

(4.7) 


W^, 


Xji  Xjt 
X,1 


ctir  and  Uir  are  arbitrary  constants,  zj,,j  =  3,  •  •  • ,  n,  r  =  3,  •  •  • ,  n  are  n  —  2 
independent  solutions  of  _ 


(4.8) 

ax  B-i 


6y- 


TTit  w» 


j  “  3,  4, 
P  “  3,  4, 


,  n 
,n. 


The  solutions  (4.5)  exist  where  Wu  ^  0  and  remain  independent  of  the  path 
of  integration  if  Wu  «  0  at  isolated  points.  Note  that  1^12  ^  0  since  Xti  and  Xia 
are  independent. 

I^emma  2  follows  from  the  step-by-step  reduction  of  a  system  of  equations 
using  one  known  solution  at  each  step,  see  for  example  [7],  p.  174.  Using  this 
procedure  we  find  that  the  transformation 


.  Wj,  ,  Wij 

Wn  Wu 


(4.9)  yj  •=  Zj  -h  yi  -I-  ~  yt  j  ■=  3, 

which  is  valid  for  Wn  ^  0  reduces  the  differential  equations  (4.2)  to  Zi  *  Z2  —  0 

J  -  3,  •  •  •  ,  n 


and 

(4.10) 

dzj 

dx 

11 

“  HbfpZ, 

p-t 

(4.11) 

dyi 

dx 

=  T.Ci,(zp 

p^l  \ 

4- 

Wp, 

Wu 

J.’*''.  ^ 

«'  +  w„  0‘) 

(4.12) 

dx 

—  f'tp  \^p 

4- 

Wpi 

Wu 

+  W„  ’') 

with 

W; 

it 

bjp  =  Cfp 

w] 

-  Cl, 

IS 

Setting 

(4.13) 

yi  = 

Pl^Jll  +  P»XlJ 

J/s 

“  PiXsi  4-  PsXss 

in  (4.10)  and  (4.11)  we  find,  using 

dxii/dx  *=  ^p-iCjfXpi 


and 


(4.14) 


dxjtjdy  “=  CjpXftf 

'n  ~~ 

Wu 


Pi  -  E  r 

p-lJmi  Wu 

££l£lE£«ZL£!2£illdx, 

p^t  ••I  IS 


oil  and  (>>2  are  constants. 
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From  (4.9),  (4.10),  (4.13)  and  (4.14)  the  proof  of  the  lemma  for  Wu  every¬ 
where  different  from  zero  follows  immediately. 

Now  if  Wu  vanishes  at  isolated  points,  the  representation  (4.6)  still  holds 
elsewhere.  By  (4.9)  any  solution  Zj  of  (4.10)  corresponds  to  a  particular  solution 
of  (4.2).  Since  any  solution  of  (4.2)  is  single-valued  zj  must  be  single-valued 
and  finite  except  for  poles  at  Wu  ~  0  by  (4.9).  Furthermore,  a  solution  is 
defined  uniquely  by  its  initial  values  since  (4.2)  has  no  singular  points.  By  (4.5) 
and  (4.6),  for  i  ^  3 

XirM  -  -xMm.)  t 

and  a  similar  equation  holds  for  XjrCwtr).  These  initial  values  are  fixed  if  we  fix 
Zjr(<»ir)  and  the  path  of  integration.  Let  us  fix  2y,(uir)  and  denote  any  two  solu¬ 
tions  resulting  from  different  paths  of  integration  by  x]r  and  .  Then  for 
X  =  Wu  and  X  —  wtr 

x}r(«l,)  —  X*r(wu)  =  Xji(wir)Mr 

X/r(wj,)  —  x)r(wir)  “  Xyi(wj,)iV, 

where  Af,  and  Nr  are  residues  from  the  poles  at  IFij  =  0.  Now  xy,(x)  —  x*,(x) 
is  a  solution  of  (4.1)  satisfying  given  initial  conditions  at  wu  and  wu .  It  must 
in  fact  be  given  by  * 

Xy,(x)  -  x*,(x)  =  X,^(x)Af,  =  Xji{x)Nr 
*». 

for  all  j  ^  3,  r,  and  x  for  which  Wu(x)  ^  0.  Then  for  any  r  either  Af ,  =■  Nr  =  0 
and  xjr(x)  =»  x*r(x),  or  W =■  0  for  j  ^  3,  p  ^  3,  x  J.  By  continuity  if  TF>,  —  0 

for  X  9^  £,  Wjp  *■  0  for  X  =  f .  But  Wj,  -  0,  j  ^  3,  p  ^  3  and  Wu  0  would 

imply  that  the  two  solutions  xyi  and  xjt  are  not  linearly  independent  eveiywhere 
as  assumed.  Hence  xyr(x)  »  x^(x)  for  all  r  and  the  solution  (4.6)  is  uniquely 
defined  and  independent  of  the  path  of  integration. 

We  shall  need  an  additional  lemma  relating  the  formal  solutions  of  (4.2)  with 
the  formal  solutions  of  the  reduced  system  (4.8). 

Lemma  3.  The  formal  equivalent  of  the  reduced  system  (4.8)  found  by  re¬ 
placing  xyi  by  e^'*X“-«/n»(x)X“'  and  Xyj  by  537-0 /yj»(x)X“’’  can  be  solved 
formally  by  series  of  the  form 

(4.15)  (7,>(x)X-'  p  -  3,  •  •  •  n.  A:  »  3,  •  •  •  n, 

in  any  domain  for  which  Wu  does  not  vanish  formally.  Furthermore,  the  ex¬ 
pressions  (4.15)  are  related  to  (4.3)  by  the  formal  equivalent  of  (4.5)  and  (4.6). 
The  proof  follows  immediately  from  Lemma  2  and  (4.9). 

If  Wu  vanishes  for  particular  values  of  x  in  T  the  formal  solutions  (4.15) 
wrill  still  exist  except  at  certain  values  of  x,  where,  in  fact,  each  term  will  have 
a  pole.  If  Wu  vanishes  identically  we  reorder  the  equations  since  at  least  one 
W ip  does  not  vanish  identically.  For  otherwise  the  series 
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would  not  be  formally  independent  and  we  would  not  have  n  formally  inde¬ 
pendent  solutions  to  start  out  with. 

6.  Subdivisions  of  x-jdane  in  Case  I,  arg  a'(0)  ^  arg  &'(0).  In  order  to  apply 
Lemma  1  to  (3.1)  to  find  where  the  formal  solutions  with  exponent  XQ  are  valid 
we  will  need  to  know  the  behavior  of  Re  XQ  and  Re  X(Q  dc  R)  in  the  x-plane. 
Consider  first  the  exponent  Re  X(Q  +  R).  There  are  three  curves,  Ck.g+M,  k  — 
1,  2,  3,  along  which  Re  X(Q  -f  R)  »  0.  Note  that  these  curves  are  independent 
of  X  since  arg  X  is  kept  constant.  They  meet  at  the  origin  at  an  angle  of 
and  are  given  near  the  origin  by  the  lines, 

(5.1)  argx-^+.%argX(VVW  + V^) 

The  curves  Re  X(Q  +  R)  «  constant  fill  the  sectors  between  Ck.Q+g.  Near  the 
origin  they  are  given  by 

(5.2)  argx  »  %  cos“‘  (V  |  x  1*'*)  -  %  arg  X('n/6'(0)  +  Vo'(O))  +  •  •  • 

where  ki  is  a  real  constant.  Similarly  there  are  three  curves  Ck.Q-K  on  which 
Re  X(Q  —  R)  —  0.  Near  the  origin  we  have 

(5.3)  argx-Hx  +  ?^argX(VF(0)  -  VW)) 

while  the  curves  Re  X(Q  —  R)  ■«  constant  are  given  near  the  origin  by 

(5.4)  arg  X  »  %  cos'*  (k*/  |  x  |*'*)  -  %  arg  X  (VV(j5)  -  V o'(0))  •  •  • 

where  kj  is  a  real  constant.These  curves  are  obtained  essentially  by  a  rotation 
about  the  origin  of  the  corresponding  curves  for  Re  X(Q  -|-  R). 

We  assume  that  any  sector  bounded  by  the  adjacent  curves  Re  X(Q  ±  R)  «■  0 
can  be  mapped  into  a  quadrant  of  the  plane  where  (t  —  Re  Xo  (Q  —  R), 


Fia.  1 
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$2  —  Re  X«(Q  +  Ji)  where  Xo  is  a  fixed  value  of  X,  arg  X  >>  arg  Xo .  This  is  easily 
seen  from  (5.2)  and  (5.3)  to  be  possible  near  the  origin. 

Thus  the  figure  cut  out  by  the  curves  of  constant  |  Re  Xo(Q  ±  R)  |  will  be 
six-sided.  Such  a  figure  is  chosen  to  be  the  boundary  of  S.  The  constant  is  deter¬ 
mined  by  the  other  conditions  on  S,  see  Section  3.  Thus,  S  is  fixed  independent 
of  X.  The  comers  of  S  must  lie  alternately  on  the  curves  Re  XQ  0  and  Re  XR  »  0 
which  we  denote  by  Ct.Q  and  Ct.ji .  To  fix  our  ideas  we  assume  that  in  going 
counter-clockwise  around  the  origin  we  run  successively,  through  Ci.s  ,  Ci,q-m  , 
Ci.Q  ,  Ci,Q+M  ,  etc. 

The  lines  Ck.o-M  >  Ck,Q+M  divide  S  into  six  open  subdomains  which  we  label 
Ck  if  the  subdomain  contains  Ck,q  and  Sk  if  it  contains  Ck-i.g  (k  is  taken  modulo 
3).  The  lines  Ck-i,M  split  the  Sk  domains  into  two  sectors:  Sk,k+i  adjacent  to 
Ck+i  and  Sk,k-i  adjacent  to  Ck-i .  Similarly  the  lines  Ck.q  split  the  Ck  domains 
into:  adjacent  to  Sk+i  and  Ck,k-i  adjacent  to  Sk-i . 

6.  The  “XQ”  and  “XR”  Solutions.  We  now  decide  which  determination  of  the 
square  root  to  take  for  Q.  We  choose  \Q  to  have  negative  real  part  in  Si .  Then 
XQ  has  positive  real  part  except  in  the  sector  between  Ct.q  and  C«,a.  Then 
X(Q  —  R)  and  X(Q  -f  R)  also  ^ve  negative  real  part  in  Si .  We  denote  by  Pi 
the  comer  of  Si  that  lies  on  Ci,« .  This  will  be  the  point  where  |  Re  XQ  |  has 
its  maximum. 

Now  we  map  S  into  the  ,  ^plane  where  *■  Re  Xo(Q  —  R),  —  Re  Xo 

(Q  -f-  R).  Its  image  S*  covers  a  square.  In  fact,  the  right  half  of  the  square  is 
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^2»R«x^q+r) 


ReXRsO 


s 

? 

\ 

'^~I7 
\  Y 

j 

t 

> 

*\ 

^  ^  i 

Fia.  3 

sPeXjjQ.O 


Dotted  line  indicates  the  boundary  of  T*  . 

covered  twice.  Each  of  C*  and  S*  maps  into  a  quadrant.  The  point  Pi  maps 
into  Pi  and  Si  maps  into  the  lower  left  quadrant,  S*  .  Going  clockwise  around 
the  origin  from  S*  we  then  have  C*  ,  iSj  and  C?  .  Going  counter-clockwise  we 
have  successively  Cj  and  5*  . 

Now  we  are  able  to  apply  Lemma  1  to  (3.1)  for  the  asymptotic  expansions 
containing  the  exponent  XQ.  In  this  case  Pi  =  —  P*  *=  XQ  *  |  X/Xo  |  XoQ,  P»  - 
-Pi  -  XP,  P,  -  P,  -  0,  r  -  S. 

From  Figure  3  we  see  that  every  point  in  S?  +  Cj  +  5*  can  be  reached  by 
a  path  from  Pf  ,  circling  below  the  origin,  along  which  fi ,  and  +  fs  are 
non-decreasing.  Every  point  in  5*  +  C*  +  S*  can  be  reached  by  a  path  above 
the  origin,  satisfying  the  same  condition.  However,  the  quadrant  C?  cannot  be 
reached  by  such  a  path.  We  may  expect  to  apply  Lemma  1  then  in  S  —  C* . 
The  complete  argument  is  follows: 

Consider  the  closed  subset  T,  of  S  —  Ct  which  satisfies  the  conditions 


>  €  >  0 
>  ** 

>  €  >  0 


if  X  C  iSa 

if  X  C  Ca  +  Si  •+•  Ci 
if  X  C  Si . 


From  Figure  3  we  see  that  I..emma  1  can  be  applied  to  (3.1)  and  the  domain  T, 
for  arbitrary  c  >  0.  It  follows  that  there  exists  a  solution  Aji  of  (3.1)  with 

where  Ci  is  the  closure  of  Ci . 
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By  cyclic  permutation,  we  have  then 
Theorem  1.  There  exist  three  solutions 

Xj  *  Ajkix,  X)  fc  “  1,  2,  3;  y  “  1,  •  •  •  ,  6 

of  (3.1)  with  the  as}anptotic  representations 

Ajk(x,  X>  =  [S/yi»(x)X-'  +  E{S  -  C*)X-''-‘] 

y  -  1,  •  •  •  ,  6;  fc  -  1,  2,  3. 


(6.1) 


XQ  is  taken  with  negative  real  part  in  Sk .  The  non-negative  integer  Pi  may  be 
chosen  arbitrarily.  Note  that  E(S  —  Ck)  is  bovmded  only  in  every  closed  subset 
of  S  —  Ck  and  is  therefore  not  necessarily  bounded  either  at  the  origin  or  on 
its  bounding  rays. 

This  theorem  is  the  same  as  Theorem  1  of  [4].  The  only  difference  is  that  Ck 
is  a  whole  sector  and  not  a  line. 

(6.1)  gives  the  behavior  of  the  “XQ”  solutions.  The  “Xi2”  solutions  are  found 
by  interchanging  Q  and  R  in  the  above  arguments.  This  means  that  we  inter¬ 
change  Ck  and  Sk  and  obtain: 

Theorem  2.  There  exist  solutions 


Zi  -  Bik(x,  X) 

of  (3.1)  with  the  asymptotic  representations 


l,2,3;y-  1, 


(6.2) 


Bjk(x,  X)  =  e"/  [^y>u(x)X-’  +  EiS  -  -S*)X-'‘-‘ 


y  =  1,  •  •  •  ,  6;  k  “  1,  2,  3 


\R  is  taken  with  negative  real  part  in  Ck . 


7.  Complete  Set  of  Solutions.  We  note  that  in  any  set  of  three  adjacent  sec¬ 
tors  we  will  have  by  Theorems  1  and  2  three  asymptotically  independent  solu¬ 
tions.  For  example,  in  every  closed  subset  of  /Si  -}-  Ci  -H  St  we  have  An  ,  A  a  and 
Bji .  (We  include  in  /Si  -H  Ci  -f  /S*  the  common  boundary  of  Si  and  C»  and  of 
C|  and  St.)  We  now  seek  three  more  asymptotic  solutions  of  (3.1)  which,  along 
with  Afl,  Afl  and  Bjt ,  will  form  a  complete  set  in  some  subdomain  of  Si  -f 
C,  +  S, . 

To  obtain  these  solutions  we  apply  Lemma  2  to  the  system  (3.1)  using  the 
two  known  solutions  .4,i  for  Xji  and  An  for  Xn .  Then,  by  (4.8),  the  reduced 
system  is 


(7.1) 


with 


dx 


p—3 


Wn  _  Wrj 


3,  •••  ,6 


3,  •  •  •  6;  p  =  3,  •  •  • ,  6 
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where 


Aji  Ajt 
Aju 

From  (6.1)  we  can  determine  the  asymptotic  behavior  of  ITy,  in  Si  -|-  Cj  +  <S* . 
We  exclude  from  S  arbitrarily  small  but  fixed  neighborhoods  of  the  points  where 
the  leading  term  of  Wu  vanishes  if  such  points  exist. 

We  wish  to  apply  Lemma  1  to  (7.1).  By  Lemma  3  we  have  four  formal  solu¬ 
tions  r^(x)X“'],  r  *  3,  •  •  • ,  6 ,  y  —  3,  •  •  • ,  6  that  satisfy  (7.1) 

with  P,  -\R,  P,  -  P,  -  0.  Also  T  -  S,  -b  C«  -H  S, . 

If  we  choose  \R  to  have  negative  real  part  in  C|  then,  we  may  use  Fig.  3  to 
see  that  every  point  in  every  closed  subset  of  Si  +  C*  +  Sj  satisfies  the  condi¬ 
tions  of  Lemma  1  for  (7.1)  and  we  have 
Lemma  4.  There  exists  a  solution  Djt  of  (7.1)  with 


Ditix,  X) 


iiwdx-’ 

^WwmO 


E(Si  +  C,  +  S,)' 


where  \R  has  negative  real  part  in  Ci ,  Wa(x)  ^  0. 

If  we  use  this  solution  in  Lemma  2  to  find  a  solution  of  the  sixth  order  system 
(3.1)  from  the  fourth  order  system  (7.1)  we  will  only  be  led  back  to  Py» .  How¬ 
ever,  we  do  need  it  for  further  reductions  of  order. 

Alternatively,  XP  can  be  taken  with  negative  real  part  either  in  C\  or  0% .  To 
fix  our  ideas,  let  XP  have  negative  real  part  in  C\  and  hence  in  Sn .  Starting 
from  any  point  in  Si  -H  Ca  +  S*  we  see  that  if  we  cross  Cut ,  Re  XP  must  decrease 
somewhere  since  Re  XP  0  on  Cut  and  is  positive  on  both  sides  of  it.  We  expect 
that  the  correct  domain  for  T*  will  be  in  this  case  Su  +  Ci  -f  Si .  We  can  prove 
this  either  by  the  argument  used  in  [4]  for  the  case  of  one  exponential  exponent 
or  by  studying  the  curves  XP  —  constant  in  the  x-plane  (by  Figure  3,  say). 
We  then  have 

Lemma  5.  There  exists  a  solution  Dyi  of  (7.1)  with 


rya,(x)X  '  -1- 


P(Sia  +  Ca  +  Si) 


where  XP  has  negative  real  part  in  C\  and  Wit(x)  >  6  with  6  arbitrarily  small. 

We  repeat  this  process  once  again  and  reduce  (7.1)  by  Lemma  2  using  Dyi 
for  xyi  and  Dya  for  Xy* .  We  obtain  the  system 


(7.4) 

dui  ^ 

ax  p-a.« 

3  -  6,6 

where 

(7.5) 

w  - 

%  » 
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is  known  asymptotically  in  Su  +  Ct  +  <Si  through  Lemmas  4  and  5.  In  applying 
Lemma  1  again  we  Jiave  P|  -  P»  -  0  by  Lemma  3,  T  /Su  +  C|  +  Si .  Thus 
there  exist  two  solutions  Py*(a;,  X)  j  5,6,  k  —  5,  6  of  (7.4)  that  have  as3rmp- 
totic  representations, 


Fikix,  X)  -  My*,(x)X-'  +  P(Si.  +  C,  -h  S,)X-’*-‘ 

(7.6) 

j  »  5,  6;  k  »  5,  6 

Now  we  work  backwards  with  Lemma  2  to  reach  the  sixth  order  system  again. 
First  we  determine  two  more  solutions  of  (7.1)  using  the  solutions  Py* ,  (7.6), 
of  (7.4).  This  yields  the  “power  series”  solutions  of  (7.1),  Gy* ,  j  »■  3,  4,  6,  6, 
A:  -=  5,  6  with 


Cl*  ■«  Dupu  +  DtiPik 

(7.7) 

Gtk  *  Dupvt  +  DaPik  k 

Gjk  *  DflPu  +  DflPy,  +  Py* 

where 

(7.8) 

PU-  ^ 

p„-  E 

j>-t.6  Jmt  Wu 

(1)1  is  chosen  as  the  point  in  Sn  where  Re  \R  has  its  minimum  when  Re  XP  is  nega¬ 
tive  in  Cl .  The  constant  (dt  ik  the  value  of  x  at  the  point  in  Ci  where  Re  \R  has 
its  minimum  when  Re  XP  is  negative  in  C| . 

If  we  allow  X  to  range  over  the  domain  Su  +  C|  -|-  Si  only,  all  functions 
occurring  in  the  integrands  of  (7.8)  have  known  asymptotic  expansions,  given 
in  the  following  way:  Fpk  through  (7.6),  D,*  through  (7.2)  and  (7.3),  Wu  through 
(7.2)  and  (7.3)  in  (7.5),  /3yp  through 

W it  Wii 

“  yip  pjTjj  71,  7*,  . 

In  the  Wronskian  Wj,  the  asymptotic  expansion  of  (6.1)  is  used.  Again,  if  Wu 
vanishes  we  exclude  from  S  fixed  neighborhoods  of  such  points.  The  integrand 
in  the  expression  for  pu  will  contain  the  exponential  factor  and  a  power 
series  in  1/X.  Moreover  XP  is  determined  by  Z>*i  and  has  negative  real  part  in 
Cl .  The  end  point  x  of  the  integral  can  therefore  be  reached  from  coi  by  a  path 
along  which  Re  XP  is  non-decreasing.  We  may  therefore  integrate  by  parts  to 
find  the  as}rmptotic  expansion  of  pu  using  the  fact  that  the  remainder  terms 
are  bounded  in  j  and  of  lower  order  in  X.  A  similar  treatment  gives  the  asymp¬ 
totic  expansion  of  pu  • 

We  find  after  some  calculations  an  expression  for  Cy*  of  the  form 
Cy*  -  Eli-O  Ty*,(x)X-'  -I-  EiSrt  -t-  C,  -I-  Si)X-''-‘ 


j  “  3,  4,  5,  6]  k  ”  5,  6. 


(7.9) 
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Now  we  apply  I^mma  2  again  to  the  system  (7.1)  using  the  solutions  Gjk  of 
(7.9),  along  with  the  known  solutions  Aji  and  Afl.  This  }delds  two  “power- 
series”  solutions  of  (3.1). 

We  omit  the  rather  lengthy  details  since  the  method  is  exactly  the  same  as 
we  used  to  obtain  (7.9).  We  find  then  two  solutions 


Uj,  -  i:/,*,(x)X-'  +  ^^JL±^-±-^  j  -  1,2,  ,6  fc  -  5,6, 

valid  say  for  |  Wn{x)  |  >  i,  |  Wu(x)  j  >  4  where  S  is  arbitrarily  small  but 
independent  of  X. 

One  more  solution  is  still  to  be  found  using  the  solution  Dji  in  Lemma  2.  We 
omit  the  details  and  mention  only  the  pertinent  facts.  The  exponents  which 
occur  in  the  integrals  corresponding  to  (4.6)  turn  out  to  be  and 

where  \R  has  negative  real  part  in  Ci  and  hence  in  Sti  while  \Q  has  negative 
real  part  in  iSt .  This  means  that  \(R  Q)  has  negative  real  part  in  St  and  that 
\(R  —  Q)  has  negative  real  part  in  Su  .  Hence  we  choose  as  constants  of  integra¬ 
tion  for  (4.6)  the  points  in  St  and  jSu  where  Re  \(R  -|-  Q)  and  Re  \(R  —  Q)  re¬ 
spectively  have  minima.  Then  the  real  parts  of  the  exponents  in  the  integrands 
are  non-decreasing  and  we  may  integrate  to  obtain  the  asymptotic  expansions. 
This  yields  the  solution 


B]  *  FS  fjipix)\  '  + 
L»-o 


E{Su  +  Ct  +  S^ 
X'*+‘ 


]- 


where  XR  has  negative  real  part  in  Ci . 

We  now  have  a  complete  eet  of  six  solutions  whose  asymptotic  behavior  is  given 
in  Su  +  Ct  +  St  by  the  formed  solutions  (3.3)of  the  sixth  order  system  (3.1). 

Now  we  might  also  have  chosen  \R  with  negative  real  part  in  Ct .  Then  we 
have  a  solution 


^fiuix)\  ’  + 


E(S,  +  Ct  +  Su)' 

XPi+t 


where  XR  has  negative  real  part  in  Ct .  Similar  solutions  of  the  power  series  type 
U jk  can  also  be  found  which  are  valid  in  «Si  +  Ci  +  Sn  . 

By  cychc  permutation  we  find 

Theorem  3.  A  complete  set  of  six  independent  solutions  of  (3.1)  is  represented 
by  (3.3)  in  any  of  the  following  domains; 

(a)  In  any  closed  subset  of  -|-  C*  -f-  jS*+i  k  —  1,  2,  3. 

For  the  first  and  second  XQ-solutions,  XQ  is  chosen  to  have  negative  real  part 
in  iSt+i  and  Sk-i  respectively.  The  first  solution  can  be  continued  around  in 
either  direction  to  ,  the  second  to  Ck-t .  For  the  two  XA-solutions,  XR  has 
negative  real  part  in  Ct  and  Ct+i  respectively.  The  first  solution  can  be  con¬ 
tinued  around  in  either  direction  to  St . 

(b)  In  any  closed  subset  of  St-i  -h  Ct  -h  St+i,t  k  •*  1,2,  3. 
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For  the  two  XQ-solutions  see  (a).  For  the  two  XiZ-solutions  Xi2  is  determined  by 
the  condition  that  it  has  negative  real  part  in  C*  and  Ct-i  respectively.  The  first 
of  these  can  be  continued  around  in  either  direction  to  Sh . 

In  a  strictly  analogous  way  we  may  find  other  domains  of  validity  for  a  com¬ 
plete  set  of  solutions.  At  the  beginning  of  Section  7  we  chose  the  domain  Si  + 
Cl  +  St  and  the  basic  XQ-solutions  Aji  and  A,i  whose  asymptotic  expansions 
are  valid  in  Si  ■+•  Ci  +  5* .  We  could  have  chosen  alternatively  Ci  S|  4*  C» 
with  the  basic  \R  solutions  Bn  and  Bji .  By  interchanging  the  roles  of  Q  and  R 
we  find 

Theorem  4.  A  complete  set  of  six  independent  solutions  of  (3.1)  is  repre¬ 
sented  by  (3.3) 

(c)  In  any  closed  subset  of  4-  S*  +  Ct+i ,  A:  *  1,  2,  3. 

For  the  first  and  second  X/2-solutions,  \R  is  chosen  to  have  negative  real  part 
in  and  Ck-i  respectively.  The  first  solution  can  be  continued  around  in  either 
direction  to  S*+i ,  the  second  to  S*_i .  For  the  two  XQ-solutions,  XQ  has  negative 
real  part  in  S*  and  St+i  respectively.  The  first  solution  can  be  continued  in  either 
direction  to  C* . 

(d)  In  any  closed  subset  of  C*_i  4-  5*  4-  C*+m  »  A:  -  1,  2,  3. 

For  the  two  Xi2-solutions  see  (c).  For  the  two  XQ-solutions  XQ  is  determined 
by  the  condition  that  it  has  negative  real  part  in  Su  and  Sk-i  respectively.  The 
first  of  these  solutions  can  be  continued  around  in  either  direction  to  Ci . 

Combining  Theorems  3  and  4  we  obtain  finally: 

Theorem  5.  Corresponding  to  any  five  adjacent  sectors  selected  from  the 
twelve  sectors  Ck,  and  Sk,  there  exists  a  complete  set  of  six  solutions  of  (3.1) 
whose  asymptotic  behavior  is  given  by  (3.3)  in  the  five  open  sectors. 

In  solving  any  boundary  value  problem  we  will  have  to  decide  which  set  of 
five  adjacent  sectors  include  the  end  points  given  by  the  problem. 

In  the  problem  of  stability  C*,*  ,  ,  Ck,Q  and  Ck.Q+u  lie  very  closely  to¬ 

gether  for  each  k.  Theorem  (3a)  gives  the  most  suitable  domain  for  many  pur¬ 
poses.  It  stretches  around  the  origin  through  almost  240°. 

It  should  be  noted  that  the  functions  E{T)  are  bounded  only  in  every  closed 
subdomain  of  T.  Hence  the  regions  of  validity  for  the  asymptotic  expressions 
always  exclude  an  arbitrary  but  finite  neighborhood  of  the  origin  and  an  arbi¬ 
trary  neighborhood  of  the  boundaries  formed  by  the  outside  sector  edges.  The 
present  methods  cannot  lead  to  any  results  about  the  asymptotic  behavior  at 
the  origin  or  in  a  neighborhood  of  the  origin  which  shrinks  to  zero  as  X  — »  w . 

This  problem  has  been  studied  for  the  fourth  order  equation  by  Wasow  [8]. 

8.  Case  n  arg  a'(0)  »  arg  &'(0).  It  does  not  seem  possible  to  apply  the  present 
methods  of  finding  the  domains  of  validity  to  arg  a'(0)  «  arg  6'(0)  unless 
arg  a'(x)  »  arg  b'(x).  In  general  the  lines  Re  X(Q  db  R)  ^  constant  intersect 
each  other  within  each  sector  more  than  once  and  it  is  not  clear  that  one  can 
find  the  necessary  paths  along  which  Re  X(Q  -f  R)  and  Re  X(Q  —  R)  are 
monotonic  non-decreasing. 
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For  the  case  in  which  arg  a'(x)  m  arg  b'(x)  we  have  R  ^  where  a  is  a  real 
positive  constant  which  we  may  take  less  than  1.  This  is,  for  many  practical 
purposes,  the  case  in  the  stability  problem  for  the  Prandtl  number  vt  is  almost 
a  constant,  about  .75,  cf.  (2.16)  and  (3.4).  We  will  have  then  Re  kR  »  aRe  \Q 
and  all  the  lines  Ct.Q,  Ck.n  etc.  coincide.  This  case  can  be  handled  by  a  straight 
forward  application  of  Wasow’s  methods  [4].  The  results  are  given  by  Theorems 
1,  2  and  3  (a)  if  we  consider  that  the  domains  C*  have  degenerated  into  lines.  In 
particular  in  analogy  to  Theorem  3  we  have: 

Theorem  6.  If  R  »  oQ  where  a  is  a  real  positive  constant  less  than  1  there 
exist  three  complete  sets  of  solutions  of  (3.1)  whose  asymptotic  behavior  is 
given  by  (3.3)  in  each  of  the  domains  S  —  Sk .  For  one  XQ-solution  and  one  \R- 
solution,  \Q  and  \R  have  negative  real  part  in  Sk-i .  For  the  other  \Q  and  \R 
solutions,  \Q  and  \R  have  negative  real  part  in  Sk+i . 

9.  The  Continuation  of  the  “Power-Series”  Solutions.  Theorems  1  to  6  tell  us 
where  the  asymptotic  forms  (3.3)  can  be  used  to  represent  solutions.  They  do 
not  tell  iis  what  is  the  largest  domain  of  validity  for  the  as}rmptotic  expansion 
of  any  particular  solution.  This  problem  can  not  be  settled  by  the  present  meth¬ 
ods.  Some  \iseful  results  can  be  obtained  beyond  those  given  in  Theorems  3 
and  4.  We  can  extend  the  solutions  which  behave  like  power  series  in  any  given 
five  sectors  to  one  additional  sector.  Furthermore,  if  the  leading  terms  of  the 
power  series  are  not  single  valued  in  x  then  the  corresponding  solution  diverges 
in  at  least  four  sectors.  This  last  result  is  of  particular  importance  and  estab¬ 
lishes  the  existence  of  an  inner  viscous  layer  since  equations  (2.14)  are  singular 
at  ts  e  and  in  fact  have  one  r^;ular  and  one  singular  solution. 

These  results  are  expressed  in  two  theorems: 

Theorem  7:  There  exists  a  solution  of  (3.1)  which  can  be  represented  as3nnp- 
totically  by  power  series  in  1/X  in  a  set  of  six  adjacent  sectors  selected  from  the 
twelve  sectors  Skp  and  Ckp  provided  the  six  sectors  together  are  bounded  on  one 
side  by  one  of  the  curves  Ck.g  and  on  the  other  side  by  one  of  Ck.g  . 

Theorem  8.  Consider  a  solution  of  (3.1)  which  is  represented  asymptotically 
by  one  of  the  power  series  (3.3),  j  -■  5,  6,  in  six  adjoining  sectors.  If  the  leading 
coefficient  of  this  series  is  multi-valued  in  a  neighborhood  of  the  origin  then  the 
given  solution  does  not  converge  to  a  finite  value  as  X  — »  <»  at  any  point  of  at 
least  four  of  the  remaining  sectors.  These  four  sectors  lie  next  to  the  given  six. 

We  introduce  a  new  notation  P*  ,  k  —  1,  2,  •  •  •  ,  12  for  the  twelve  sectors  in 
the  x-plane  and  the  subscript  k  to  denote  the  twelve  sets  of  solutions  which 
correspond  to  each  group  of  five  adjacent  sectors.  To  fix  the  ideas  let  Pi  lie  be¬ 
tween  Ci,Q+M  and  Ct.M  ,  see  Figure  4.  We  denote  with  the  second  subscript  k  a 
complete  set  of  six  independent  solutions  whose  asymptotic  behavior  is  given 
by  (3.3)  in  the  five  adjacent  sectors  P*_t  +  P*-i  +  P*  +  P*+i  +  P*+*  .  Ajt  and 
Ajk  will  denote  the  components  of  the  two  XQ-solutions,  and  Bn  the  two 
XP-solutions  and  I7y*  and  On  the  two  “power-series”  solutions.  Here  j  ■*  1,  2, 
•••,6,  k  -  1,  2,  •••  ,  12. 

We  shall  first  prove  Theorem  7  for  Un  .  That  is  we  have 
(9.1)  Un  -  +  X-''-’P(P.  -I-  P,  +  Pt  +  P,  +  P.) 


STABILITY  EQUATIONS  OF  A  COMPRESSIBLE  FLUID 


19 


Fio.  4 


and  we  shall  show  that 

(9.2)  Ui,  -  +  X-'‘-‘£(P4  +  P,  +  P,  +  Pt  +  P.  +  P.). 

We  could  also  use  />6»  instead  of  . 

We  express  C/y?  as  a  linear  combination  of  the  six  solutions  whose  asymptotic 
expansions  are  known  in  P4  +  P»  +  P«  +  Pt  +  Ps ,  i.e.,  the  solutions  Ay* , 
Xu ,  Bye ,  Sjt ,  ,  and  f7ye .  We  have  from  (3B)  and  Theorem  5: 

(9.3)  Ay,  -  e"**  {  Z'lo/yx.(x)X-'  +  X"'*"*  EiZ!  P*)} 
where  XQ  has  negative  real  part  in  P, , 

(9.4)  -  e“  I  ft)l 

where  XQ  has  negative  real  part  in  P4  +  P»  +  P,  +  Pt, 

(9.5)  By,  -  c"*  {  +  X'‘-‘B(Z;4  P*)} 

where  XB  has  negative  real  part  in  P,  +  Pt  +  P, , 

(9.6)  5y,  -  e"*  {  L^lo/y4,(x)X-'  +  P*)} 

where  XB  has  negative  real  part  in  P,  +  Pi , 

(9.7)  C/y,  -  U(x)X-'  +  X"'‘“B(E4'  P*) 

(9.8)  Cm  ~  Elio/y„(x)x-'  +  x-'‘-‘b(E!  p*) 
where  j  “  1,  2,  •  •  •  ,  6.  Then  we  set 

(9.9)  U ft  ^  L\Ajt  +  E%Xjt  +  LtBjt  -|-  Z^y,  +  LtU n  +  LtDj% 

i-1,  ...,6. 


L 
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(9.9)  is  a  set  of  six  linear  equations  which  we  may  solve  for  Li ,  Lt  Lt .  Then 
Za  *  W{U ft,  Aft,  Bjt,  6jt,  UjtfOjt]  /W{Ajt,  Ajt,  Bjt,  Sjt, 

Li  *  W{Ajt,  Uft,  Bit,  Un,  Ojt]  /W{Ait,  Ait,  Bit,  Bit,  Un,  Vn] 
(9  10)  ^  An,  Uft,  Bn,  Unt  0n\  /W{An,  An,  Bn,  Bn,  Un,0n) 

^  Li~W{An,An,Bn,Uit,Un,Vn\  /WlAn,An,Bn,Bn,Un,tJn\ 
Li  “  W{An,  An,  Bn,  Bn,  Un,  Vn\  /W[An,  An ,  Bn,  Bn,  Unt^n] 
Lt  *  W[An,  An,  Bn,  Bn,  Un,Uft]  /W[An,  An,Bn,Bn,  Un,  tJn\ 

• 

where  W  represents  the  Wronskian  of  six  solutions.  The  constants  Li ,  •  •  •  ,  Lt 
can  be  evaluated  at  any  point.  We  can  determine  their  asymptotic  behavior  by 
evaluating  them  at  different  points  in  Pi  +  P*  +  P7  +  Ps . 

The  Wronskians  which  contain  both  Un  Rud  Uft  will  have  two  rows  which 
are  asymptotically  the  same  to  as  many  rows  as  we  like.  After  taking  out  the 
exponential  terms  the  remaining  factor  in  the  Wronskian  vanishes  to  arbitrary 
order  in  X“‘. 

We  evaluate  Ln  and  Lt  at  any  point  in  Pi  -f  P*  +  P7  +  Pi  using  (9.1),  (9.3)- 
(9.8).  We  find 

(9.11)  Li  -  1  +  X'*P,  Lt  -  \~**E 

where  n  is  an  arbitrary  positive  integer,  E  ‘n  a  bounded  function  of  X.  L  is 
evaluated  at  the  point  in  Pi  +  P<  +  Pt  on  Cm  where  |  Re  XQ  |  is  a  maximum, 
say  I  X  I  a.  We  find  at  this  point 

W{ Uft,  An, Bn,  Bn,  Un,  On]  - 

W{An,An,  Bn,  Bn,  Un,  On]  *  X“*A 


where  A  ^  0  since  the  solutions  are  asymptotically  independent  and  t  is  some 
fixed  integer.  Hence, 

(9.12)  Li  -  e"‘"''X‘'*P, 

a  >  0  is  the  value  of  |  Re  X(Q  ±  R)  \  along  the  boundary  of  5.  Lt  is  found  at 
any  point  in  Pi ,  and  Lt  in  Pi : 

Li  -  e“'^'**X“'*P  6,  >  0 

(9-13) 

Li  -  c"'^'*'X"'*P  6,  >  0. 


Li  is  found  at  the  point  in  Pi  where  |  Re  XP  |  *  |  X  |  (a/2  —  e)  say  where 
c  is  arbitrarily  small.  Such  a  point  exists  since  on  Ct.Q+«  we  have 
HeX(Q  +  P)  *  Oand  as  we  approach  Ci,o+*  through  Pi  on  the  outer  boundary 
of  S  we  have  |  Re  X(Q— P)  |  =  |  X  |  a. 

(9.14)  Li  -  c-'''^‘-‘>X""P 


Substituting  (9.11)-(9.14)  in  (9.9)  and  using  the  expansions  (9.3)-(9.8)  we  can 
evaluate  in  Pi .  Since  |  Re  XQ  |  ^  a  throughout  S  we  find 

(9.15)  Un  -  fiM\~^  +  \-’'-'EiPi .  *S*) 
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where  x  C  «S*  if  |  Re  X/2 1  ^  |  X  1 1  —  e  | .  If  a  can  be  chosen  arbitrarily  large 

then  (9.2)  follows.  If  a  cannot  be  chosen  arbitrarily  large  then  we  must  shrink 
the  outer  boundary  of  S  appropriately  so  that  (9.2)  holds. 

We  might  attempt  to  continue  U n  in  the  same  way  into  Pu  by  expressing 
U ft  in  terms  of  Aj^,  etc.  The  corresponding  Wronskians  would  have  to  be 
evaluated  in  P»  +  P7  +  Ps  +  P»  which  does  not  contain  a  curve  Re  XP  «  0. 
Either  Bja  or  Sjt  increases  exponentially  in  X  and  the  corresponding  Wronskian 
can  not  be  shown  to  converge. 

However,  the  argument  can  be  applied  to  continue  any  solution  Up,  or  Ujk 
asymptotically  into  one  adjacent  sector  provided  ReXQ»0orReXP  =  0i8 
not  crossed.  This  yields  Theorem  7  immediately. 

The  proof  of  Theorem  8  will  also  be  carried  out  only  for  U pj  since  the  argument 
is  quite  general.  The  proof  can  be  broken  into  two  parts.  First  we  prove  that 
Ufl  diverges  in  Pi  +  Pu  and  later  that  U p  diverges  in  either  Pj  +  P»  or  Pw  + 
Pu  .  We  express  Up  in  terms  of  the  system  Ap  ,  Ap,  B>*,  Bp  ,  Up ,  Cp  where 

(9.16)  Ap  -  ZJio/yiA"'  +  X-''-*P(P„  +  Pi  +  P.  +  Pi  +  P«)} 
where  XQ  has  negative  real  part  in  P4 ,  - 

(9.17)  Ap  -  +  X-'‘-‘P(Pu  +  Pi  +  P*  +  P.  +  P«)} 

where  XQ  has  negative  real  part  in  Pu  +  Pi  +  P»  +  Pi , 

(9.18)  Bp  -  +  X-''-‘P(Pu  +  Pi  +  Pi  +  Pi  +  Pi)} 

where  \R  has  negative  real  part  in  Pi  +  Pi  +  Pi , 

(9.19)  Bp  -  6^*1  4-  X-'‘-‘P(Pu  +  Pi  +  Pi  +  Pi  +  Pi)} 

where  \R  has  negative  real  part  in  Pi  +  Pu  f 

(9.20)  Up  -  +  X-'‘-*P(Pu  +  Pi  +  Pi  +  Pi  +  Pi) 

(9.21)  Cp  -  +  X-'‘-‘P(Pu  +  Pi  +  Pi  +  Pi  +  Pi). 

We  set 

(9.22)  Up  “  MiAp  +  MiAp  +  MiBp  +  MiBp  +  MtUp  +  MtCp 

and  evaluate  Mt ,  Mt ,  M$  and  Mt  from  the  appropriate  Wronskians  evaluated 
a8}rmptotically  by  (9.16)-(9.21)  at  any  point  in  P4 . 

We  find 

Mt  -  Mi  -  e‘^*X"'*P, 

(9.23) 

Af,  =  1  +  Mt  »  X"''P 

where  Oi  >  0,  ot  >  0  and  vi  is  an  arbitrary  positive  int^er.  If  we  try  to  evalu¬ 
ate  Ml  and  Afi  in  this  way  we  get  positive  exponential  terms.  It  follows  from 

(9.22),  (9.23)  and  (9.16)-(9.21)  that  if  Up  converges  at  any  point  in  Pi  -f-  Pu  , 
MiAp  MtBp  converges  at  that  point. 

Now  we  suppose  that  as  X  — »  « ,  Up  converges  inJ^JP*  to  a  multivalued  func¬ 
tion  of  X  and  that  Up  converges  at  a  point  Xi  in  Pi  -f  Pu .  Then  MiAp  -f 
MtBp  has  a  limit  w.r.t.  X  at  Xi  for  j  —  1,  2,  •  •  •  ,  6. 
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Consider  the  determinants  ' 

Ajt  Bji 

Aj/t  BfH 

At  least  one  of  them  has  an  as3rmptotic  expansion  in  Pi  +  Pu  which  does  not 
vanish  identically  and,  we  may  assume,  does  not  vanish  for  x  •>  xi .  We  may 
suppose  that  for  this  determinant  y  »  1,  p  «■  2.  We  set: 

(9.24)  Au  -  e"®^’x"'‘Pi(x,  X) 
where 

Fiix,  X)  -  +  X-^'-'PCPu  +  Pi  -f  Pt  +  Pi  +  Pi) 

Fn(x)  ^  0  in  5, 

(9.25)  An  -  e"®<‘’x-'*P,(x,  X) 

where 

P,(x,  X)  -  PiA"'  +  X-'“-‘P(Pa  +  Pi  +  Pi  +  P.  +  Pi) 

Fnix)  ^  0  in  (S, 

(9.26)  Bn  »  e"*‘‘’X"'*P,(x,  X) 

^ere 

F,(x,  X)  -  E'Ao  PiA"'  +  X-«-‘P(Pu  4-  Pi  +  Pi  +  Pi  +  Pi) 

Pio(x)  0  in  S, 

(9.27)  Bn  -  e"*‘'’x"‘P4(x,  X) 

where 

Fiix,  X)  -  Fu>r  +  X-'‘-‘P(P«  +  Pi  +  Pi  +  Pi  +  Pi) 

Pio(x)  ^  0  in  <S. 


In  addition  we  set  » 

(9.28)  3fiAu(xi)  +  MtBuixi)  —  Ci(X),  MiAn(xi)  +  MtBn(xi)  »■  C'i(X) 


where  Ci(X)  and  C'i(X)  have  limits  as  X  -♦  « . 

If  we  substitute  (9.24)-(9.27)  in  (9.28)  and  solve  for  ilfie^®^**’  and 
we  obtain 


(9.29) 


Cl  X"'*P,(xi) 

Cl  X-'«Pi(xO 

/ 

X-'‘Pi(xi) 

x-'^PiOcO 

x-'*P,(xO 

X"'‘Pi(xi) 

Af,  - 

X-'‘Pi(xO  Cl 

X-'*Pi(xi)  Cl 

1/ 

X-'‘Fi(xi) 

X-'‘Pi(xO 

x-'*P,(xO 

X"'‘Pi(xi) 
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Now 

X"'‘Fi(xO  X"''F,(xi) 

X‘'*F,(xi) 

may  vanish  like  some  power  of  X  but  since  the  asymptotic  expansion  of  the 
determinant 

A-ii  Bii 

Au  Bu 

does  not  vanish  identically  there  is  a  positive  int^r  n  such  that 


(9.30) 


lim  X" 

lxi-« 


X”’’*F, 


X"'*F4 


?^0. 


From  (9.24)-(9.28)  and  (9.30)  substituted  in  (9.29)  it  follows  that 
and  have  limits  as  |  X  |  — ♦  « . 

Now  consider  any  point  x  in  Pu  +  Pi  +  P*  +  P|  4*  F4  for  which 


Re  XP(x)  <  Re  XP(xi)  and  Re  XQ(x)  <  Re  XQ(xi). 
For  this  point 


MiAji  +  MiBji 

(9.31) 


+  (M/*‘'‘’x-)(e"*‘‘^""“‘“’X")(e""*‘'’B,,). 


Now  and  converge  uniformly  to  zero  as  |  X  |  — >  « 

and  and  converge  uniformly  to  limits  as  |  X  |  — ♦  »  by  (9.16) 

and  (9.18).  Since  AfiC^*‘‘‘^X”"  and  have  limits  it  follows  that 

MiAji  +  MtBfl  converges  uniformly  to  zero  in  any  closed  subdomain  of 
Pit  +  Pi  -j-  Pj  +  Pi  4-  P*  for  which  Re  Xi2(x)  <  Re  XP(xi)  and  Re  XQ(x)  < 
Re  XQ(xi).  Hence  U ft  converges  uniformly  to  a  limit  in  this  subdomain. 

Similarly  by  using  the  fimdamental  set  of  solutions  for  P|  4-  Pw  4-  Pu  4- 
Pu  4-  Pi  we  find  that  Uft  converges  uniformly  to  a  limit  in  any  closed  subdo¬ 
main  of  P9  4-  Pio  4*  Pii  4-  Pu  +  Pi  for  which  Re  XP(x)  <  Re  XP(xi)  and 
Re  XQ(x)  <  Re  XQ(xi). 

From  Theorem  7  we  know  that  Ut  converges  uniformly  to  a  limit  in  2^  P*  . 
Thus  Uft  converges  uniformly  in  a  doubly-connected  domain  about  the  origin 
bounded  by  Re  XQ(x)  —  Re  XQ(xi)  and  Re  XP(x)  —  Re  XP(xi).  Thus  Uft  must 
converge  for  each  j  >■  1,  2,  3,  *  *  *  ,  6  to  a  single  valued  function  of  x. 

Hence  ii  Uft  converges  to  a  multivalued  function  of  x,  our  hypothesis  that 
Ui  converges  at  a  point  in  Pi  -f-  Pu  is  false  and  thus  U p  diverges  everywhere 
in  Pi  -f  Pit .  This  result  is  strictly  analogous  to  that  of  Wasow  [4]. 

Now  we  shall  prove  that  U p  diverges  everywhere  in  P*  -f  Pi  or  in  Pm  -t-  Pu . 
Suppose  Up  converges  at  a  point  in  P*  4-  Pi .  We  express  Up  in  terms  of  the 
fundamental  set  of  P*  4-  Pi  4-  P4  +  Pi  +  Pt  ,  namely,  Ap  ,  Ap  ,Bp,Sp,Up 
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and  ViA .  We  find  after  some  computation  that  Up  converges  in  Pj  +  Pi  if,  and 
only  if,  MAp  converges  in  P*  +  Pa ,  where 

^  ~  W[Up,Ap,Bp,5p,Up,Vp]/ 

(®-32)  ^  ^  ^ 

W{Ap ,  Ap ,  Bp ,  Bp  ,  Up,  tip] 

(9.33) 

where  XQ  has  native  real  part  in  P4  +  Pi  +  Pa  and  not  all  of  fp,  vanish  iden¬ 
tically.  Suppose  U p  converges  at  Xj  C  P*  +  P» .  Then  from  (9.32)  we  see  that 
has  a  limit  as  X  ,  where  n  is  some  fixed  integer.  It  follows  that 
JHAp  converges  uniformly  to  zero  in  any  closed  subdomain  for  which  Re  XQ(x)  < 
Re  XQ(zi).  It  is  not  difficult  to  prove  then  that 

(9.34)  Up  =  +  X-'‘-‘P(P,  -f  P.)  where  P,  +  P, 

is  the  subdomain  of  Pj  -f-  P|  for  which  Re  XQ(x)  <  Re  \Qixt).  We  may  now  ap¬ 
ply  the  reasoning  of  the  first  part  of  Theorem  8  to  C/yr  in  the  domain  Pi  +  P|  + 
P4  +  Pa  +  Pa  +  Pt  to  show  that  U p  diverges  everywhere  in  Pw  +  Pu  since 
U p  does  not  converge  to  a  set  of  single- valued  fimctions. 

Similarly  if  Up  converges  at  a  point  in  Pu  +  Pu ,  U p  diverges  in  Pi  +  Pi  . 
We  have  finally  proved  that  Up  diverges  in  Pu  4-  Pi  +  Pt  +  Pt  or  in 
Pio  4-  Pu  +  Pu  +  Pi .  It  may  of  course  diverge  in  both. 

The  same  reasoning  applies  to  Up  foT  k  ^  1,  2,  •  •  •  ,  12.  This  yields  The¬ 
orem  8. 

10.  The  Stability  Problem.  The  results  obtained  in  Theorems  1-8  will  now  be 
applied  to  the  stability  problem  of  Section  2. 

First  of  all,  comparing  (2.16)  and  (3.4)  we  see  that  the  origin  of  the  general 
system  corresponds  to  the  point  yo  where  10(2/0)  ~  c  and  we  may  set  Q  »  Qi , 
R  »  Qi,  i.e., 

b(x)  -  (10(2/)  -  c),  a(x)  -  (w(y)  -  c). 

The  twelve  curves  whic^  limit  the  stability  of  the  asymptotic  expressions  are 
accordingly,  Re  \Qi  —  0,  ^  XQi  -•  0,  Re  X(Qi  ±  Qt)  ■■  0  as  might  be  expected 
from  the  singularities  involved  in  (2.16).  They  are  given  approximately  by 

ir/4  4-  I  arg  w*(yo)  -  §  arg  niyo)  4-  arg  X  4*  %  arg  (2/  -  2/0)  “  0,  t,  2t 
t/4  4-  I  arg  v/(yt)  -  i  arg  Pi(yo)  4-  arg  troiyo)  4-  arg  X  4-  %  arg  (2/  -  2/0) 

*  0,  r,  2r 

w/i  +  iATg  w'(yo)  -  i  arg  n(y»)  4-  arg  (1  ±  V <ro(v#))  4-  arg  X  4-  %  arg  (2/  -  2/0) 

»  0,  T,  2ir 

If  00(2/)  does  not  differ  much  from  a  constant  and  Im  c  is  small,  we  find  as  in 
the  incompressible  case  [4,  p.  131]  that  the  orientation  of  these  curves  depends 
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on  the  sign  of  Im  c.  Their  position  relative  to  the  real  p-axia  is  indicated  in 
Figure  5(a)  for  Im  c  >  0  and  in  Figure  5(b)  for  Im  c  <  0,  see  [1,  p.  33]. 

Now  Im  c  >  0  corresponds  to  unstable  solutions  while  Im  c  <  0  corresponds 
to  damped  solutions.  The  eigen  value  problem  consists  in  applying  boundary 
conditions  at  two  points  on  the  real  axis.  In  either  case,  Im  c  ^  0,  we  may  use 
the  fundamental  set  of  solutions  of  the  five  lower  sectors  which  contain  the  end 
points  (Theorem  5).  The  asymptotic  fonns  are  then  valid  at  the  end  points.  If 
Im  c  >  0  they  are  valid  all  along  the  real  axis,  i.e.,  throughout  the  flow.  How¬ 
ever,  in  the  case  of  damped  solutions.  Figure  5(b),  we  can  use  the  as3anptotic 
forms  only  along  part  of  the  real  axis  and  their  analytic  continuation  must  be 
determined  by  a  path  circling  below  the  origin. 

These  results  proved  rigorously  here  are  to  be  found  in  [1].  Lin  and  Lees  also 
shows  that  if  Im  c  <  0  there  must  exist  points  on  the  real  axis  where  the  ampli¬ 
tudes  of  the  disturbances  depend  on  the  Reynold’s  number  no  matter  how  laige 
the  Reynolds  number  is.  This  result  is  corroborated  and  extended  by  The¬ 
orem  8. 

In  the  hydrodynamic  problem,  the  ’‘power-series”  solutions  correspond  to 
the  inviscid  solutions  (2.14).  In  [1,  p.  33]  it  is  shown  that  one  of  these  asymp¬ 
totic  solutions  is  multivalued  near  the  point  to(j/)  »  c.  By  Theorem  5  there 
exists  a  corresponding  solution  for  viscous  flow  which  converges  in  the  five 
lower  sectors.  This  solution  can  be  continued  into  one  more  sector  up  to  either 
Re  XQi  “  0  or  Re  XQt  “  0  (Theorem  7).  However,  it  will  diverge  in  at  least 
four  of  the  upper  sectors  (Theorem  8).  In  general,  then,  any  stable  solution  of 
the  flow  problem  which  may  be  treated  as  inviscid  along  most  of  the  real  axis 
will  depend  very  strongly  on  the  Reynold’s  number  either  between, the  two 
curves  Re  XQi  ■«  0  or  the  two  curves  Re  XQ*  0  which  cut  the  real  y-axis  or 
possibly  between  the  two  outside  curves  Re  XQt  •«  0,  Re  XQt  0. 

Instead  of  having  only  four  inner  viscous  layers,  [1],  we  will  have  a  whole 
section  of  the  flow  which  is  closely  dependent  on  the  Re3molds  number.  The 
corresponding  phenomenon  for  incompressible  flow  is  contained  in  [4]. 

Next  we  consider  the  case  of  constant  Prandtl  number.  Here  we  have  only 
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three  sectors,  defined  by  Re  XQi  >■  0,  as  was  pointed  out  in  Section  8.  Theorem  6 
indicates  how  to  continue  the  asymptotic  forms  of  the  solution.  In  any  two  sec¬ 
tors  we  have  a  complete  set  of  asymptotic  solutions.  It  can  be  shown  by  methods 
strictly  analogous  to  the  first  part  of  Theorem  8  that  one  of  the  inviscid  solu¬ 
tions  which  is  valid  in  two  sectors  diverges  in  the  third.  This  gives  us  exactly 
the  whole  viscous  region  which  occurs  in  damned  flow,  namelv  the  region  on  the 
y-axis  between  the  two  points  Re  XQi  »  0. 
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COMPARISON  THEOREMS  FOR  SUBSONIC  FLOWS* 

Bt  J.  B.  Serrin 

1.  Introduction.  The  comparison  method  of  incompressible  hydrodynamics, 
as  recently  developed  for  plane  and  axially  symmetric  flows,  leads  to  theorems 
governing  the  qualitative  dependence  of  flow  speed  on  variations  of  the  stream¬ 
lines  bounding  the  flow  region.  The  method  is  to  compare  the  values  of  the 
stream  function  of  the  original  flow  and  the  v^ed  flow,  using  as  a  basic  tool 
the  fact  that  the  stream  function  satisfies  an  elliptic  differential  equation  (e.g. 
Laplace’s  equation  for  plane  flow)  and  hence  has  a  maximmn  principle.  Gilbarg 
[1]  has  observed  that  the  essential  idea  of  the  method  is  equally  valid  for  ir- 
rotational  subsonic  flows  of  a  compressible  fluid,  since  the  stream  fimction  for 
such  a  flow  also  satisfies  an  elliptic  differential  equation.  He  obtained  in  this  way 
the  following  analogue  of  a  result  (Lavrentieff’s  theorem)  already  known  for 
incompressible  flow: 

{A)  Let  two  subsonic  flows  (plane  or  axially  symmetric)  having  the  same  free 
stream  density  and  velocity  be  defined  in  regions  D  and  D,  each  bounds  by  a  stream¬ 
line  extending  to  A:  <*>.  We  suppose  that  the  flaw  in  D  or  D  is  one  of  a  family  of 
such  flaws  depending  contintumsly  on  the  free  stream  velocity.  Then  if  D  CZ  D  and 
if  the  two  bounding  streamlines  have  a  regular  point  P  in  commanf  the  respective 
flow  speeds  q  and  $  satisfy  at  P  the  inequality, 

q(P)  ^  m, 

equality  holding  if  and  only  if  the  flaws  are  identical. 

Gilbarg  pointed  out  that  this  theorem  may  be  applied  to  obtain  significant 
results  concerning  compressible  flows  with  free  boundaries.  The  following  com¬ 
parison  theorem  which  holds  for  flows  of  an  incompressible  fluid,  ([2],  [3]),  would 
also  have  important  consequences  if  extended  to  subsonic  flows  of  a  compres¬ 
sible  fluid. 

(B)  Under-Over  Theorem.  Let  two  flaws  (plane  or  axially  symmetric)  having 
well-defined  free  stream  velocities  be  defined  in  regions  D  and  D,  bounded  respec¬ 
tively  by  streamlines  S  and  S  extending  to  oo .  Suppose  that  S  and  have  a  common 
arc  MN  which  forms  part  of  the  boundary  of  a  simply  connected  region  D'  interior 
to  both  D  and  D.  Let  the  remaining  boundary  of  D'  consist  of  an  arc  NJ  of  S  and  an 
arc  JM  of  S  meeting  at  a  point  J  common  to  S  and  S;  aU  points  of  the  arc  NJM 
are  presumed  finite  with  the  possible  exception  of  J.  Then 

/,v  q(M)  <  9(M) 

^  ^  q(N)  ^  ’ 

*  This  work  supported  in  part  by  the  Office  of  Naval  Reaeacb. 

‘  A  boundary  point  of  a  region  is  said  to  be  regular  if  it  is  on  the  circumference  of  a 
circle  whose  interior  falls  entirely  within  the  region. 

In  the  original  statement  of  (A)  the  point  P  was  also  not  allowed  to  be  on  the  axis  in 
axially  symmetric  flow,  but  this  restriction  is  not  necessary  (cf.  the  remark  following 
Lemma  2). 


27 


28 


J.  B.  BERRIN 


Fio.  1.  Configuration  illustrating  the  Under-Over  theorem;  here  J  ^  and  both  free 
stream  velocities  have  the  same  direction. 

equality  holding  only  when  the  flows  are  geometrically  similar  or  q{M)  «■  0  or 
q(N)  -  0.* 

The  purpose  of  this  paper  is  to  make,  as  far  as  possible,  an  extension  of  this 
theorem  to  subsonic  flows.  Although  we  do  not  get  a  result  of  equal  generality, 
(even  assuming  the  free  stream  Mach  numbers  to  be  equal),  our  result  does  have 
suflficient  validity  to  be  applicable  to  the  compressible  free  boundary  problem, 
as  we  shall  show  in  §7,  no.  2.  Another  application  concerns  the  inception  of  sonic 
flow  on  a  profile  as  the  free  stream  Mach  number  is  gradually  increased  (§7, 
no.  1), 

The  basic  extension  of  {B)  to  subsonic  flows  is  the  assertion  of  its  validity 
if  there  exists  a  point  P  on  MN  where  q(P)  »  q(P).  This  additional  hypothesis 
could  be  removed  quite  simply  if,  as  in  the  incompressible  case,  the  flows  for 
varying  free  stream  speed  (i.e.,  varying  Mach  numbers)  were  dynamically  simi¬ 
lar,  but  since  this  is  not  true  in  general,  we  cannot  expect  (B)  to  hold  for  all  sub¬ 
sonic  flows.  On  the  other  hand,  in  several  special  cases  the  desired  similarity 
does  hold:  (i)  when  the  flow  in  D  (or  D)  is  uniform;  (ii)  when  both  flows  are 
given  by  the  Prandtl-Glauert  approximation 

(2)  (1  -  3f*)^„  +  -  pj/-Vv  =  0.  <  1,* 

where  (as  in  the  rest  of  the  paper)  p  »  0  or  1,  depending  on  whether  the  flow  is 
plane  or  axially  symmetric.  In  these  two  cases  of  subsonic  flow,  then,  (B)  holds 
without  restriction.  Theorems  1  and  2  of  §4  contain  the  results  described  in  this 
paragraph;  in  §5  corresponding  theorems  are  given  for  flows  in  a  channel. 

An  important  feature  of  our  results  is  that  we  permit  the  points  M  and  N  to 
be  on  the  axis  in  axially  S3rmmetric  flow.  This  is  accomplished  by  generalizing  a 
lemma  of  £.  Hopf  [4]  concerning  the  behavior  of  a  solution  of  an  elliptic  differ¬ 
ential  equation  at  a  boimdary  point.  This  generalization  also  allows  us  to  elimi¬ 
nate  the  condition  in  (A)  that  P  be  excluded  from  the  axis  in  axially  symmetric 

*  (B)  was  originally  stated  only  for  plane  flows  with  a  proof  depending  strongly  on  a 
result  of  function  theory  (2).  With  the  additional  hypothesis  that  M  and  N  be  regular  points 
not  on  the  axis  it  was  then  proved  [3]  for  axially  symmetric  flows.  The  additional  hypothe¬ 
sis  is  unnecessary,  however,  and  for  this  reason  it  is  omitted  from  the  above  formulation 
(cf.  the  remark  concluding  f4). 

*  Here  the  free  stream  speed  is  varied  without  varying  M,  producing  a  dynamically 
similar,  but  artificial,  flow  to  be  used  for  comparison  purposes. 
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flow  (see  the  remark  following  Lemma  2).  Finally  in  the  cases  (i)  and  (ii)  above 
we  can  dispense  entirely  with  the  requirement  that  M  and  N  be  regular  boundary 
jxiints,  a  condition  which  seems  to  be  necessary  in  the  more  general  case. 

In  [3]  I  noted  some  corollaries  of  (B)  arising  when  the  flow  in  I)  or  jO  is  uniform 
and  giving  explicit  inequalities  for  the  velocity  gradient  along  straight  arcs  and 
at  inflection  points  of  a  streamline.  Completely  analogous  results  hold  when  the 
flow  is  subsonic,  as  we  shall  show  in  §6.  The  paper  concludes  with  a  proof  of  a 
comparison  theorem  of  a  kind  different  from  (A)  or  (B). 


2.  Preliminary  results.  We  consider  an  ideal  compressible  fluid,  and  flows 
which  are  steady,  irrotational,  and  isentropic.  Let  p,  p,  and  q  be  the  pressure, 
density,  and  flow  speed;  we  may  assume  g  »  1  for  limit  speed,  p  =  0  for  the 
corresponding  density,  and  a  fixed  equation  of  state  p  -  pip).  From  Bernoulli’s 
law, 

(3)  f  c*  dp/p  =  ~  9*)>  c*  =  dp/dp  >  0, 

Jo 


p  and  the  sound  speed  c  are  obtained  as  single  valued  functions  of  q.  Introducing 
the  stream  function  ^  and  the  mass  flow 


/ 


(4) 

Q  “  P9  =  1/  '  1  grad  f  | 

we  derive 

(5) 

dQ/dq  =  p(l  —  m*). 

m*  —  9*/c*. 

Thus  as  q  increases  from  0  to'  sonic  speed,  Q  increases  from  0  to  some  value  bo  ; 
hence  in  the  totally  subsonic  range  of  Q,  i.e.,  0  ^  Q  <  6o ,  we  have 

(6)  q  -  9(Q),  p  -  p(Q),  c  -  ciQ). 

This  determined,  the  stream  function  of  a  totally  subsonic  flow  satisfies  the 
quasi-linear  elliptic  partial  differential  equation 

(7)  ((pc)*  -  +  2t/F^„  +  ((pc)*  -  C7*)^,,  -  p(pc)*t/-V,  =  0, 

where  U  —  »  V  *■  |/~V*  • 

If,  now,  ^  and  ^  are  stream  functions  for  two  subsonic  flows  defined  in  the 
same  region,  say  A,  then  in  this  region  w  »  ^  ^  is  a  solution  of  a  linear  elliptic 

partial  differential  equation  loith  no  term  in  u,  namely 

(8)  Biu)  "  Awgm  "I"  2B«a,  -f-  C(j)yf  +  Dwg  (E  —  pCy  *)a>*  ”  0, 


(see  [1],  pp.  235-236).  Explicit  expressions  for  the  coefficients  are  easily  given, 
A  -  (pc)*  -  F*  B  -  l/F,  C  =  (pc)*  -  U\ 

D  -  y-^{iU  +  Die*  -  +  (F  +  V)K}, 

E  -  y-*[iV  +  D(c*  -  ^„)  -\^iU+  D^^\  -  py-*U\ 


2(1  -  m») 


.  d  logp 


+  1, 
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where  k  is  the  curvature  of  the  streamlines,  the  bars  denote  evaluations  for  the 
flow  given  by  and  the  tildes  denote  mean  values.  The  fundamental  Lemma  2 
below  is  proved  under  certain  assumptions  regarding  the  boundedness  of  the 
coefficients  of  (8)  in  the  neighborhood  of  the  regular  boundary  point  P.  In  par¬ 
ticular,  in  plane  flow,  or  in  axially  symmetric  flow  when  P  is  off  the  axis,  all 
coefficients  must  be  bounded  in  the  neighborhood  of  P.  For  this  it  is  sufficient 
to  assume  boundedness  of  the  first  partial  derivatives  of  the  velocity  components 
H  and  €,  or  equivalently,  boundedness  of  the  acceleration  and  the  curvature  (of 
course,  the  curvature  is  bounded  a  priori  since  P  is  a  regular  point).  On  the 
other  hand,  when  P  is  on  the  axis  A,  By~*,  C,  Dy\  and  E  must  be  bounded. 
This  may  be  insured  by  requiring  boundedness  of  the  first  partial  derivatives  of 
the  velocity  components  u,  v,  H,  and  i;,  as  then  the  quantities 

,  4'wy  ,  and  y~^U 

will  be  bounded  for  both  flows.  In  any  event,  we  assume  in  all  applications  of 
Lemma  2  that  the  coefficients  have  the  requisite  behavior. 

3.  Boundary  point  lemmas.  Since  the  solutions  of  an  elliptic  differential 
equation  of  the  form  (8)  satisfy  the  maximum  principle,  that  is,  they  cannot  have 
an  interior  maximum  or  minimum  unless  they  are  constant,  we  see  that  the 
maximum  principle  holds  for  the  difference  w  of  two  subsonic  stream  functions. 
In  addition,  under  the  boundedness  conditions  just  stated,  Hopf  has  shown  [4] 
that  if  u  >  0  in  the  neighborhood  of  a  regular  point  P  on  the  boundary  of  A, 
while  ti>(P)  »  0,  then  the  inward  normal  derivative  of  w  satisfies  the  inequality 

(9)  (d«/dn)(P)  >  0, 

provided  that  P  is  not  on  the  axis  in  axially  symmetric  flow.  When  P  is  on 
the  axis  we  have  the  corresponding  result 

(9a)  OWdyXP)  -  0,  (dVdl/*)(P)  >  0. 

This  is  a  consequence  of 

Lemma  1.  Let  phea  positive  constarU  and  let  u(x,  y)  be  a  solution  of  (8)  defined 
in  a  region  A  tn  the  upper  half  plane.  Let  Pbea  regular  point  on  the  boundary  of  A 
ivith  coordinates  (a,  0),  and  suppose  that  A,  By~*,  C,  Dy^  and  E  are  bounded  and 
AC  —  P*  ^  i,  3  «  const.  >  0,ina  neighborhood  of  P.  If  a  >  0  in  this  neighbor¬ 
hood  and  a)(P)  *  0  then 

lim,-^  y~*(dw/dy)(a,  y)  >  0. 

Proof.  We  shall  assume  familiarity  with  [4].  Let  the  circle  K  associated  with  P 
have  radius  P,  and  therefore  center  at  (a,  R).  We  define 

y)  -  1  - 

where  a  is  a  positive  constant  to  be  determined  later,  and  r*  —  (x  —  a)*  -f 
{y  —  P)*.  One  finds  easily  that 


0  <  p  <  2aRy 


in  K. 


%  > 
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Also  put 


*(X. »)  -  -  e-*’): 

obviously 


A(o,  0)  -  0,  >  0 

A  simple  computation  shows  that 

e"*L{h)  -  2ay^2a{A(x  -  a)*  +  2B(x  -  a)(y  -  R)  +  C{y  -  fl)*} 


in  K. 


—  {A  +  2p(x  —  a)y  +  (p  +  l)^  +  (*  —  o)-D 

+  E{{‘pg/2ay)  +  -  y]}+  {(pC'/j/)(fl  -  g/2oty)]\ 

>  2oty^2a{A{x  -  a)*  +  2B{x  -  a){y  -  R)  +  C(y  -  ft)*} 

-  lA  +  2pVMv-'\B\  +  (p  +  1)C  +  V25»*|fi| 
+  (j)  +  1)B  I  «  I  11. 


the  last  inequality  holding  in  K.  In  view  of  the  ellipticity  condition  and  the 
boundedness  assumptions  we  may  choose  a  so  large  that  L{h)  >  0  in  the  neigh¬ 
borhood  of  P.  It  follow  in  the  same  way  as  in  [4]  that,  for  suitably  small  positive 
numbers  «, 

«  —  >  0 


in  the  neighborhood  of  P.  Hence 

lim  (o,  j/)  ^  lim  (o,  p)  -  2ea(p  -f  1)  fte““**  >  0.  Q.E.D. 
i,-»o  y*  oy  *-.j)  y*  ay 

We  now  specialize  the  preceding  remarks  to  the  situations  envisaged  in 
theorems  (A)  and  (ft).  Let  ^  and  ^  denote  the  respective  stream  functions, 
normalized  so  that 

—  0  on  ft,  ^  —  0  on  ft, 

(10) 

>  0  in  D,  ^  >  0  in  D. 

The  region  A  becomes  the  r^on  D'  common  to  D  and  D,  the  boundary  of  ft' 
then  consisting  of  arcs  of  ft  and  ft.  The  function  u  ^  ^  defined  in  ft',  is  a 
solution  of  (8),  and  in  virtue  of  the  relations  (4),  (5),  (9)  and  (9a)  we  get 

Lemma  2.  //  w  »  ^  ^  is  -positive  in  the  neighborhood  of  a  regular  boundary 

point  P  of  ft',  while  (i>(P)  —  0,  then  5(P)  >  g(P). 

Remark.  Since  in  Lemma  2,  P  is  not  excluded  from  the  axis  in  axially  sym¬ 
metric  flow,  and  since  the  h}rpothe8es  of  Lemma  2  are  verified  in  Gilbarg’s 
proof  of  (A),  [1,  p.  249],  it  follows  that  in  the  statement  of  (A)  the  condition 
that  P  be  off  the  axis  is  unnecessary.  For  the  special  cases  mentioned  in  the 
introduction  we  have  the  following  improvement  of  Lemma  2. 

Lemma  3.  7/  «  —  ^  m  positive  in  the  neighborhood  of  a  boundary  point  P 
of  ft',  if  «(P)  —  0,  and  if  either 

i)  the  flow  in  ft  is  one  of  a  family  of  flows  depending  continuously  on  the  free 
stream  speed,  and  P  is  a  regular  boundary  point  of  ft,  or 
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ii)  both  flovDS  are  given  by  the  PrandU-Glauert  equation  (2), 
then  $(P)  ^  q(P),  equality  holding  only  in  case  ii)  when  §(P)  ■■  0. 

Proof.  By  h3rpothe8i8  there  exists  an  arc  P\PPt  of  the  boundary  of  D'  having 
the  property  that  w  >  0  at  all  adjacent  points  in  D\  Because  w  ^  0  on  PiPPt 
this  arc  must  be  on  the  curve  /S.  If  w  «  0  on  PtP,  let  ^  be  a  regular  point  of 
this  arc;  otherwise  let  il  be  a  point  on  PjP  where  w  >  0.  In  the  same  way  choose  a 
point  B  on  PPj ,  and  join  A  to  P  by  a  curve  T  lying  in  D',  such  that  w  >  0  dh  T. 
Let  be  the  stream  function  of  a  flow  in  D  with  free  stream  speed 
and  set  X  ”  ~  Evidently  x  and  dx/9n  approach  zero  as  .  Since 

u  >  0  on  T,  and  since  at  the  endpoints  of  T  either  u  >  0  or  w  0  and  dw/dn  > 
0,*  it  follows  that,  for  sufficiently  near  q^  , 

^  *  w  +  X  >  0  on  r. 

Because  of  (10)  and  the  fact  that  PiPPj  is  on  S, 

^  ^  0  on  PiPP, , 

so  that,  in  virtue  of  the  maximum  principle,  >  0  in  the  region  bounded 

by  the  arcs  T  and  PiPP* .  Hence 

O^Vdn)(P)  ^  (d^/dn)(P), 

or 

id^iVdy'HP)  ^  OV/aj/*)(P) 

if  P  is  on  the  axis  in  axially  symmetric  flow.  From  these  inequalities  and  relations 
(4)  and  (5)  we  get 

9*(P)  ^  9(P). 

In  case  i) 

$(P)  >  9*(P) 

since  P  is  a  regular  point  of  in  case  ii) 

>  9(P)  -  iU^DqliP) 

and  the  desired  conclusion  is  a  consequence  of  the  last  three  relations. 

The  following  lemma  is  similar  to  the  preceding  two.  Although  it  will  not  be 
needed  in  the  present  paper  it  is  of  interest  because  it  is  applicable  in  some 
situations  where  the  other  two  fail,  notably  when  the  curvature  at  P  is  positively 
infinite. 

Lemma  4.  //w  «  ^  is  positive  in  the  neighborhood  of  a  boundary  point  P  of  D', 
if  <a(P)  “  0,  and  if  i  ^  0  (or  equally  *  ^  0)  in  the  neighborhood  of  P,  then  q(P)  ^ 
q(P),  equality  holding  if  and  only  if  $(P)  —  0. 

*  If  the  endpoints  are  on  the  axis  in  axial  symmetry,  this  is  replaced  by  du/dy  —  0, 
d^u/dy*  >  0,  but  the  conclusion  remains  the  same. 

*  See  [1],  Theorem  2,  or  note  that  x  <  0  in  D  and  apply  Lemma  2,  with  w  —  ^  » 
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Proof.  As  in  Lemma  3  we  find  that  the  function 

w*  »  (1  -  e)^  -  «  >  0, 

is  greater  than  or  equal  to  zero  on  an  arc  PiPPt  of  the  boundary  of  D"  and  greater 
than  zero  on  a  curve  T  joining  Pi  and  Pt ,  provided  that  e  is  sufficiently  small. 
We  shall  show  that  a*  cannot  possess  an  interior  minimum  in  the  neighborhood 
of  P.  For  it  can  be  shown  that  w*  satisfies  the  equation 

(11)  L*{u*)  “  —  (2  —  I  grad  i?’  |  |l  + 

where  L*  is  a  linear  elliptic  operator  of  the  form  (8) ;  in  fact  the  coefficients  of  L* 
are  obtained  from  the  coefficients  of  L  by  replacing  ^  with  (1  —  e)^.  Since  the 
right  hand  side  of  (1 1)  is  negative  by  hypothesis  u*  can  have  no  interior  minimum. 
This  being  shown,  it  follows  that  w*  >  0  in  the  region  bounded  by  the  arcs  T  and 
PiPPi .  Hence 

(1  -  e)QiP)  ^  Q(P), 

and  from  this  inequality  we  derive  q(P)  >  q(,P),  unless  q{P)  =  0.  Q.E.D. 

4.  Under-Over  theorem  for  subsonic  flows.  We  can  now  state  our  main  result. 
Theorem  1.  (B)  holds  for  subsonic  flows  of  a  compressible  fluid,  provided  that 
M  and  N  are  regular  boundary  points  of  D'  and 

(12)  9(p)  -  m 

at  some  regular  point  P  of  MN.  If  both  flows  have  the  same  free  stream  velocity  we 
suppose  additionally  that  the  flow  in  D  or  D  is  one  of  a  family  of  flows  depending 
continumisly  on  the  free  stream  velocity  f  Furthermore  under  these  hypotheses 
equality  can  hold  in  (1)  only  when  the  flows  are  identical. 

Note.  Theorem  1  applies  also  to  linearized  subsonic  compressible  flow  at  fixed 
Mach  number  M  (this  of  course  forces  both  flows  to  have  the  same  free  stream 
velocity).  Indeed  the  proof  below  applies  almost  word  for  word  since  the  stream 
functions  ^  and  ^  of  a  pair  of  such  flows  satisfy  the  same  elliptic  differential 
equation  (2).  Moreover  the  final  hypothesis  of  Theorem  1  is  unnecessary  in  this 
case,  since  constant  multiples  of  the  flow  in  D,  say,  immediately  provide  the 
required  family. 

Proof.  When  the  flows  are  identical  the  equality  in  (1)  is  trivial,  and  we  have 
therefore  to  show  that  inequality  holds  in  (1)  when  the  flows  are  not  identical. 
Define  ^  and  w  as  in  the  remarks  preceding  Lemma  2.  Then  in  virtue  of  (10) 
and  the  geometrical  hypothesis  of  (B)  we  have 


fw  ^  0  on  the  arc  JMP  of  S, 

(13)  -  * 

[<i>  ^  0  on  the  arc  PNJ  of  S. 

*  This  hypothesis  is  verified  for  plane  flows  if  D  or  D  is  a  region  admitting  a  finite  Dirich- 
let  integral.  See  (1),  p.  245,  and  Shiffman,  On  the  existence  of  svbsonie  flows  of  a  compressible 
fluid,  J.  Rational  Mech.  Anal.,  1,  (1052),  pp.  605-552;  for  axially  symmetric  flows  a  cor¬ 
responding  result  is  unknown.  It  may  be  remarked  that  the  family  in  question  need  only 
contain  flows  arbitrarily  near  the  given  one  in  D  or  D. 
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Moreover,  a  level  line  C,  w  —  0,  issues  from  P  into  D'.  To  see  this,  note  that  P 
must  be  the  limit  of  a  set  of  points  where  w  »  0;  otherwise  w  ^  0  near  P  which, 
by  Lemma  2,  contradicts  (12).  If  these  points  were  isolated  then  the  set  of  level 
lines  through  them  would  tend  to  a  limit  curve.  On  the  limit  curve,  <a  « 
du/dn  »  0,  which  gives  a  Cauchy  problem  for  w  having  the  unique  solution 
w  ■  0.  This  is  impossible,  so  the  pmnts  may  not  be  isolated:  that  is,  they  form 
a  curve  «  «  0  entering  D'  at  P. 

Now  consider  the  case  J  *>  « .  Without  loss  of  generality  we  may  assume  the 
free  stream  velocities  to  be  (9„  ,  0)  and  ($„  ,  0),  0  ^  9  <  ir,  in  polar  form. 

1)  9  ^  0,  occurring  only  for  plane  flow.  Here  D'  is  a  sector  like  region  with 
angular  opening  from  0  to  ir.  We  shall  construct  a  curve  in  D\  joining  arc  JM 
of  iS  to  arc  NJ  of  and  containing  exactly  one  point  where.w  »  0.  Define  the 
vectors 

Q  -  (Q«,  t/2),  Q  =  (0«,  x/2  +  &),  W  -  Q  -  Q  =»  lim,.,-,,  grad  «. 

If  W  «  (W,  <r)  in  polar  form  then  obviously  0  +  r/2  <  <r  <  3t/2.  In  virtue  of 
this  inequality  W  has  a  non-vanishing  component  in  the  direction  $/2.  Now  con¬ 
sider  the  set  of  straight  lines  in  D'  joining  JM  to  NJ  and  having  inclination  d/2. 

If  L  is  any  one  of  these  lines  sufficiently  far  from  the  origin  then  du/ds  ^  0  on 
L,  where  «  «■  arc  length  on  L.  It  follows  from  (13)  that  u  must  decrease  con¬ 
tinually  on  L  as  we  go  from  JM  to  NJ.  Thus  w  »  0  at  exactly  one  point  R  of  L, 
as  desired.  Counting  in  C  any  arcs  of  JM  or  NJ  along  its  course,  it  is  evident 
from  elementary  continuity  considerations  and  the  maximum  principle  that 
C  joins  PtoR  and  has  only  the  point  P  in  common  toith  the  arc  MN.  This  defines 
two  (open)  subregions  of  Zy,  say  Di  and  D* ,  (see  Figure  2).  Using  (13),  we  see  * 


Fio.  2 
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that  c>>  ^  0  on  the  boundary  of  A  and  w  ^  0  on  the  boundary  of  A ,  hence 
according  to  the  maxiinum  principle 

w  >  0  in  A  I  w  <  0  in  i-'j 

Therefore,  by  Lemma  2, 

(14a)  §(Af)  >  g(M), 

(14b)  g(N)  >  m), 

from  which  we  derive 

q(M)  ^  I  ^  qjN) 

m  m’ 

or 

q{M)  m 

q{N)  ^  m 

as  desired. 

2)  d  —  0.  Here,  when  we  can  easily  construct  a  curve  L  in  D\  joining 

JM  to  NJ,  and  containing  at  most  one  change  of  sign  of  w.  Following  this  con¬ 
struction,  which  we  omit,  the  remainder  of  the  proof  is  the  same  as  1).  On  the 
other  hand,  when  corresponding  to  equal  free  stream  velocities,  it  is 

no  longer  easy  to  determine  a  curve  L  with  the  required  properties.  We  resort  to 
a  more  delicate  argument. 

As  before  the  level  line  C  extends  to  infinity,  and  divides  D'  into  two  (open) 
subregions.  Let  Z>i  be  the  subregion  bounded  by  the  arc  JMP  and  the  level  line  C. 
We  now  make  use  of  the  assumption  that  the  flow  in  D  (D  works  equally  well) 
is  one  of  a  family  of  flows  depending  continuously  on  the  free  stream  speed;  let 
f  *  denote  the  stream  function  for  such  a  flow  with  free  stream  speed  ql  <  q^, 
and  put  X  “  ^  ~  Evidently  x  obeys  the  maximum  principle.  Therefore,  since 
X  “  0  on  <S  and 

Ihn  ,.r*Jdx/dy  >  0 

we  obtain  x  >  0  in  D.  Now  w  ^  0  on  the  boundary  of  Di ,  for  this  boundary 
consists  of  the  arc  JMP  of  S  and  the  level  line  C.  In  view  oi  the  two  inequalities 
just  written,  w  4-  x  ^  on  the  boundary  of  A  ;  moreover  because  of  the  equality 

«  +  X  “  ^ 


we  see  that  w  +  x  satisfies  the  maximum  principle  and 


hence  we  conclude 


lim 


+  x) 

9y 


>0; 


w  +  X  >  0 


in  A  • 
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By  nuiking  9*  — » 9.  ,  so  that  x 0,  we  obtain  w  ^  0inZ>i  .Butwis  non  constant 
so  that  application  of  the  maximum  principle  in  its  strong  form  gives  w  >  0  in 
Di .  Therefore 

(15a)  $(M)  >  qiM) 

by  I^emma  2.  A  similar  argument  leads  to 
(15b)  qiN)  >  qiN), 

and  the  desired  conclusion  is  a  consequence  of  the  last  two  inequalities.  When  J 
is  a  finite  point,  a  corresponding  proof  is  very  easily  given  since  there  are  no 
difficulties  with  growth  conditions.  We  shall  therefore  go  on  to  the  special  cases 
mentioned  in  the  introduction. 

Theorem  2.  (B)  holds  for  subsonic  flows  of  a  compressible  fluid  if  the  flow  in  D 
(or  D)  is  uniform,  or  if  both  flows  are  defined  by  the  Prandtl-Glauert  equation  (2). 

Proof.  In  both  cases  of  this  theorem  the  function  satisfies  the  same 

equation  as  By  appropriate  choice  of  the  constant  a  we  can  make 

q*iP)  »  m 

at  a  regular  point  P  on  MN  so  that  we  may  apply  Theorem  1.  If  ilf  and  N  are 
not  regular  points,  Lemma  3  must  be  used  instead  of  Lemma  2  in  obtaining  the 
inequalities  (14)  and  (15)  basic  to  the  proof  of  Theorem  1.  We  derive  in  this  way 

q(M)  _  q*(M)  ^  W) 

^  ^  q{N)  “  q*{N)  ^  q(N) 

using  the  fact  that  the  starred  and  unstarred  flows  are  similar.  When  the  flow  in 
D  is  uniform,  equality  can  hold  in  (16)  only  when  the  starred  and  barred  flows 
are  identical,  or  equivalently  when  the  flows  in  D  and  D  are  geometrically  similar. 
When  both  flows  are  given  by  the  Prandtl-Glauert  equation  equality  can  hold 
only  when  the  flows  are  identical  (geometrical  similarity  implying  identity  in  this 
case)  or  when  $(3f )  or  q{N)  —  0. 

Remark.  Since  the  Prandtl-Glauert  theory  reduces,  when  Af  »  0,  to  incompres¬ 
sible  flow  theory,  Theorem  2  actually  contains  as  a  special  case  the  result  that 
(B)  holds  for  flows  of  an  incompressible  fluid. 

6.  Flows  in  a  channel.  Analogues  erf  Theorems  1  and  2  are  available  for  flows 
in  a  channel.  We  shall  be  interested  specifically  in  flows  bounded  by  two  stream 
lines  having  no  points  in  common  other  than  their  extremities,  which,  in  particu¬ 
lar,  may  be  at  infinity;  moreover  the  flow  at  an  extremity  shall  be  uniform  or  of 
simple  source  (or  sink)  type.  If  flows  of  a  real  gas  only  are  considered  it  is  im¬ 
possible  to  define  flows  of  the  t3rpe  described  if  either  extremity  is  at  a  finite 
point.  Since  it  is  useful  to  allow  such  flow  regions  for  comparison  purposes  we 
arrange  for  them  by  the  following  artifice.  Let  d  *  d(Q)  be  defined  for  all  Q  so 
as  to  agree  with  pc  over  the  range  0  S  Q  S  bi ,  where  hi  is  any  number  less  than 
ho ,  and  so  that  the  equation  ' 

(17)  (d*  -  F*)f„  +  2I7F^^  -I-  (d*  -  -  pd*  =  0 

y 
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is  elliptic  over  the  whole  range  0  ^  Q  <  <» .  Equation  (17)  can  then  be  used  to 
define  a  flow  in  the  offending  region.  Thus,  if  ^  defines  a  bona  fide  subsonic  flow, 
if  6i  s  max  Q,  and  if  ^  is  the  streamfunction  of  a  flow  derived  from  (17),  then  the 
developments  of  §3  hold  for  the  difference  w  =  ^  —  yj/  since  both  ^  and  4>  satisfy 
(17).  It  follows  that  the  methods  of  §4  may  be  applied  equally  well  in  the  en¬ 
visaged  flow  situations  even  though  one  of  the  flows  may  not  represent  a  real  gas. 

Theorem  3.  Let  two  subeonic  flaws  of  a  compressible  fluid  he  defined  in  channels 
D  and  D  bounded  respectively  by  streamlines  S,  S*  and  S,  S*.  Let  S  and  S  have 
an  arc  MN  in  common  and  suppose  the  following  two  conditions  are  satisfied: 

1.  The  curves  S*  and  S*  have  a  {possibly  infinite)  arc  JK  in  common,  such  that 
J  is  on  S  and  K  is  on  S.  The  arcs  JM  of  S  and  NK  of  S,  together  with  MN  and 
JK  bound  a  simply  connected  region  JMNK  s  D’  interior  to  D  and  Df 

2.  M  and  N  are  regular  points  and  there  is  a  regular  point  P  on  MN  where 
q(P)  -  q{P).  Then 


(18) 


q{M)  5(M) 
q(N)  ^  $(JV) 


equality  holding  if  and  only  if  the  flows  are  identical. 

Theorem  4.  If  in  Theorem  3  the  flow  in  D  or  D  is  uniform,  or  if  both  flows  are 
defined  by  the  Prandtl-Glauert  equation,  then  the  restriction  2  need  not  be  made. 
These  theorems  are  the  analogues  of  Theorems  1  and  2  and  are  proved  in  the 
same  way  (see  also  [3],  p.  568,  where  some  of  the  details  are  indicated). 

Theorem  5.  If,  in  Theorem  3,  D  is  a  sector  and  the  flow  corresponding  is  of  simple 
source-sink  type  {Figure  3),  then  the  restriction  2  need  not  he  made,  and  the  con¬ 
clusion  may  be  written  in  the  form 


(19) 


pq{M)  /r(iNr)Y^ 
pq{N)  ^  \r{M)) 


where  r  is  the  distance  from  the  vertex  K  in  D. 

Proof.  If  we  write  (17)  in  the  form 

{y’^d)'{i,M  4-  ylfyy  -W~^  ^*)  **  -«  I  grad  4^  j  * 

^  It  is  evident  that  /  is  a  source  (or  sink)  for  the  flow  in  D,  and  Kiba  source  (or  sink) 
for  the  flow  in  D,  See  Figure  3,  where  these  conditions  are  fulfliled. 
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and  note  that  x  »  0  for  the  flow  postulated  in  2),  we  see  that  the  function 

also  solves  (17).  The  inequality  (18)  then  follows  as  in  the  proof  of  Theorem 
2  but  we  prefer  to  state  it  in  the  form 


(20) 


QiM)  Q(M) 

Q(N) 


which  would  occur  if  the  results  of  Lemmas  2  and  3  were  stated  in  terms  of 
Q  rather  than  q.  Since  ^  satisfies  the  equation 


+  in  —  py~^  iv  ^  0 


of  incompressible  fluid  theory,  we  may  determine  the  right  hand  ratio  in  (20) 
from  the  corresponding  incompressible  flow.  In  fact,  if  ^  is  the  potential  of 
this  flow, 

flog  r  plane  flow, 

0  cons  .  axially  symmetric  flow, 

then 

<J(A/)  _  |gr«d»|,  _  /iWy*’ 

llS»d0U  • 


Inequality  (19)  is  now  a  consequence  of  (4),  (20),  and  (21). 

Remark.  In  this  theorem,  as  well  as  in  any  of  the  preceding  ones,  the  flow 
in  Dot  D  need  be  subsonic  only  in  the  subregion  D',  since  the  maximum  princi¬ 
ple  has  not  been  applied  outside  this  region.  This  means  that  Theorem  5  re¬ 
mains  valid  in  some  cases  when  the  flow  in  the  channel  D  is  mixed,  as  in  a  tran¬ 
sonic  nozzle. 


6.  Corollaries.  The  conclusions  of  Theorems  2  and  4  may  be  put  in  more 
convenient  form.  Let  a  denote  arc  length  along  MN,  increasing  from  M  to  N. 
If  P  is  a  point  on  MN  with  arc  length  «,  set  q{P)  “  }(«),  §(P)  *  §(«).  Then  for 
small  positive  h,  the  conclusions  of  Theorems  2  or  4  become 

^  q(»)  <  $(*)  . 

‘q{8  +  h)  ^  ^(a  +  h)’ 

hence 

qia)  -  q{a  +  h)  ^  q{a)  -  q{a  +  h) 
hq(a  +  h)  ^  h9(a  +  h)  ’ 

and  in  the  limit  A  — »  0, 


(22) 

it  follows  that 
(23) 


d  log  9  ^  d  log  $ . 
da  ^  da  ' 

{dq/da  ^0  if  the  flow  in  D  is  uniform, 

\d$/d«  ^0  if  the  flow  in  Z)  is  uniform. 
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Simil&r  inequalities  may  be  expected  when  the  arc  MN  degenerates  to  a  point. 
At  the  inflection  point  thus  created  we  obtain  (23)  again,  where  «  is  now  arc 
length ‘on  S  or  S. 

A  consequence  of  (23)  concerns  aymmeUric  svbsonic  flow  past  an  obstacle  (the 
obstacle  may  be  in  imbounded  flow  or  in  a  channel):  the  flow ‘speed  on  the 
central  streamline  decreases  monotonically  as  this  streamline  is  followed  from 
negative  infinity  to  the  point  on  the  obstacle  where  it  divides.  'This  result  is  of 
course  trivial  and  has  been  taken  for  granted  in  hodograph  investigations,  but 
except  for  convex  obstacles  in  an  unbounded  plane  flow,  I  do  not  know  of  any 
previous  proof. 

For  Theorem  5  the  analogue  of  (22)  is 

d  log  pq  ^  1  +  q 
ds  ^  s 

where  the  arc  length  s  is  measured  from  the  vertex  of  D.  If  use  is  made  of  (3) 
we  get  the  interesting  inequality 

d  log  g  >  1  +  p 

ds  ^  (1  —  m*)»’ 

We  shall  now  seek  exact  solutions  of  the  linearized  equation  (2)  in  order  to 
give  explicit  examples  of  (22)  for  this  case.  Let  us  consider  uniform  symmetric 
flow  of  Mach  number  M  <  \  past  a  wedge  (or  cone)  of  small  angle  a.  Taking 
this  for  the  barred  flow  will  lead  to  comparison  theorems  for  flows  past  obstacles 
like  that  shaded  in  Figure  4.  Introducing  into  (2)  the  new  variables 

€  -  x/Vl  -  M\  n  “  y. 
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’1 


and  polar  coordinates  (r,  ff)  in  the  ((,  if)  plane,  (2)  becomes 

+  r“*  ^1#  +  *  0  (plane  flow), 

(24j  i 

I  r  rl^rr  +  —  ctn  0^1  0  (axlally  symmetric  flow); 

appropriate  boundary  conditions  are 

x)  -  yt>{r,  a!)  -  0, 

(24a)  ^ - 

[tan  a  »  V 1  —  M*  tan  o. 

The  solution  of  (24)  for  plane  flow  is  obviously 

^  =  Ar^  sin  /3(0  —  a'), 

where  /3  =  »•/(»•  —  o')  and  X  is  a  constant.  For  0  =*  o', 

q  > 

=  1(1  -  ilf*  cos*  o')/(l  -  J»f*)]*  (^,/r) 

=  const.  r^‘. 

Let  8  denote  arc  length  on  OA,  measured  from  0.  Then  since 


we  have 


r  *  const.  8, 

d  log  g  _  /3  —  1 
di  8 


Thus,  by  (22),  for  plane  flow  past  the  shaded  obstacle 

(25)  ^  — a_^  ^ 

as  [r  —  a  )s 

For  axially  symmetric  flow,  put  ^  >■  R(r)0(ff).  After  separation  of  variables 
we  find  that 

R  -  r"+', 

where  n  is  a  positive  nunober,  while  6  satisfies  the  equation 

(26)  e"  -  ctn  00'  +  n(n  +  1)0  -  0. 

With  the  substitution 

0  -  (1  -  8*)/(2) 
z  >-  cos  0, 

(26)  beco/nes 

(1  -  zV  -  4z/'  +  {n(n  +  1)  -  2}  /  -  0, 
which  has  the  singular  points  z  —  ±1.  The  solution  regular  at  —1  is 


f(i)  -  Pni(z) 


%  % 
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TABLE  1 


m* 

»  —  t 

a'(*  -  •*) 

0 

0 

0 

1.57 

1 

1 

2.04 

2 

1.85 

2.27 

3 

2.61 

2.44 

4 

3.48 

2.56 

5 

4.41 

2.62 

6 

5.10 

3.14 

00 

00 

where  P,  is  the  Legendre  function  of  order  n;  thus 
.  sin*  BP ni  (cos  B). 

To  satisfy  the  boundary  conditions  we  must  have  .  ,  , 

Pni  (cos  o')  “  0  .  ■  .  . 

P«i  (cos  B)  ^  0,  a'  <  B  <  T. 

We  shall  be  mainly  interested  in  the  value  of  n  corresponding  to  a  given  value 
of  o';  table  1  presents  values  of  n  —  1  for  certain  values  of  o'.* 

Now  for  *■  o' 


9  =  “  const.  r"“‘, 

hence  inequality  (22)  becomes,  for  axially  symmetric  flow  past  the  shaded 
obstacle, 


(27) 


d  log  g  ^  n  —  1 
ds  ^  a  ' 


Values  of  o'(ir  —  o')  are  also  given  in  the  table  in  order  to  compare  formulas 
(25)  and  (27);  the  agreement  is  remarkably  close.  It  would  be  interesting  to 
see  if  n  ^  1  +  o'/x  for  small  o'i 


7.  Applications.  This  section  contains  several  applications  of  previous  results. 

Symmetric  avbaonic  flow  paat  a  ■profile  of  “airfoil”  type.  The  profiles  we  con¬ 
sider  are  symmetric  about  the  z-axis,  the  upper  profile  being  composed  of  three 
arcs  OA,  AB,  and  BC  forming  a  smooth  curve.  The  arcs  OA  and  AB  are  pre¬ 
sumed  convex  to  the  flow  while  BC  is  concave,  so  that  the  trailing  edge  or  tail 
C  is  possibly  cusped.  For  the  present  application  it  is  necessary  to  assume  that 
AB  is  symmetric  with  respect  to  a  line  L  parallel  to  the  ^-axis.  It  is  clear,  then, 
that  the  midpoint  P  of  AB  is  on  L,  and  L  cuts  the  profile  in  its  thickest  section. 
The  resemblance  of  this  profile  to  an  airfoil  justifies  the  heading  of  this  section. 

*  Of  course,  as  far  as  the  compressible  flow  problem  is  concerned  the  interest  is  in  small 
a\  On  the  other  hand,  for  incompressible  flow  (Af  «  0)  the  present  theory  is  exact,  and  the 
comparison  theorem  is  useful  for  large  a  »  a'.  The  table  is  due  to  Jahnke-Emde,  Funktion- 
entafeln. 
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NoAf  it  is  well  known  that  there  is  a  critical  free  stream  Mach  number  Afo 
such  that  the  flow  is  totally  subsonic  for  Mach  numbers  M  <  Mt ,  while  for 
M  ^  Mt  the  sonic  speed  is  reached  at  one  or  several  points  on  the  (upper)  pro* 
file.  We  can  prove  the  following  result:  if,  in  the  flow  at  the  critical  Mach  number, 
the  tonic  speed  is  reached  at  just  one  point  on  the  profile,*  eay  K,  then  K  is  forward 
of  P;  moreover,  if  P  is  on  a  straight  segment  PiPt  of  AB,  then  K  is  forward  of  Pi  . 

For  this  result  the  flow  may  be  plane  or  axially  synunetric  and  may  occur  in 
a  channel  or  an  unbounded  domain.  We  first  prove  a  lemma:  if  Af  is  a  point  on 
AP  and  if  AT  is  its  image  in  L,  then  in  any  subsonic  flow  past  the  profile  the 
speeds  $  at  Af  and  N  satisfy  the  inequality 

(28)  §(Af)  >  iiN). 

To  prove  (28)  we  apply  Theorem  1,  taking  D  to  be  the  upper  half  of  the  flow 
past  the  profile.  For  D  we  take  the  reflection  of  /)  in  L,'  and  we  let  the  flow  in 
D  be  the  reflection  of  the  given  flow  in  D.  It  is  evident  that  q(P)  —  9(P)  so  that 
the  hypotheses  of  Theorem  1  are  satisfied  hence 

g(Af)  ^  j(AO 
q(N)  ^  ' 

But  qiM)  —  q(N),  q(N)  —  $(Af),  so  that 

[5(Af)]‘  >  m)]\ 

and  (28)  follows. 

Now  suppose  K  appeared  on  BC.  Ck)nsider  the  flow  past  the  profile  at  Mach 
number  Afo .  Since  the  arc  BC  is  concave  the  well-known  formula 

dq/dn  »■  xq 

shows  that  the  speed  increases  along  the  normal  to  BC  at  K,  contradicting  the 
fact  that  the  flow  is  not  supersonic.  Suppose  next  that  K  appeared  on  the  arc 
PB.  Then  for  Af  <  Afo  we  have  from  (28), 

qiK')  >  qiK) 

where  K'  is  the  image  of  K,  in  L.  In  the  limit  Af  — >  Af o  we  obtain 

qiK')  -  qiK)  -  c, 

contradicting  the  assumption  that  sonic  speed  occurs  at  just  one  point. 

To  prove  the  second  part  it  is  sufficient  to  show  that  K  cannot  occur  on  PiP. 
Again  we  shall  start  with  a  slightly  more  general  result:  in  any  subsonic  flow 
past  the  profile  the  speed  q  is  monotonically  decreasing  along  PiP.  Consider 
any  two  points  Af  and  N  on  PiP  with  N  nearest  P.  Let  P'  be  the  midpoint  of 
MN,  and  let  L'  be  a  line  parallel  to  the  y  axis  through  P*.  Finally,  let  D  denote 

*  If  this  aMumption  is  not  made,  it  can  only  be  asserted  that  the  set  of  sonic  points  is 
contained  in  the  arc  OAP.  ' 

In  the  definition  of  critical  Mach  number  it  is  tacitly  assumed  that  the  flow  in  D  is 
one  of  a  family  of  flows  depending  continuously  on  the  free  stream  speed. 
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the  reflection  oi  D'mU.  In  this  case  q{P')  ~  $(1^0  so  that  Theorem  1  may  be 
applied  as  before,  with  the  result  that  q{M)  >  q(N),  i.e.  the  speed  is  monotoni- 
cally  decreasing  on  PiP.  That  K  cannot  appear  on  PiP  now  follows  in  the  same 
way  as  before. 

Flows  with  free  boundaries.  Comparison  theorems  (.4)  and  (B)  have  been 
used  with  great  success  in  the  study  of  the  classical  free  boundary  problems  of 
hydrodynamics,  their  application  leading  specifically  to  a  variety  of  uniqueness 
theorems  as  well  as  to  many  qualitative  (geometrical)  results  of  importance. 
The  extension  of  comparison  theorems  to  subsonic  flows  allows  similar  conclu¬ 
sions  to  be  drawn  for  compressible  fluids.  Indeed,  as  Gilbarg  has  observed,  the 
uniqueness  of  finite  cavities  and  jets  carries  over  to  compressible  flows  with  but 
little  alteration  in  the  original  proofs,  [1].  (The  proof  of  uniqueness  for  the  in¬ 
finite  cavity  problem  remains  incomplete  because  no  formula  is  available  for 
asymptotic  shape  of  the  free  boundary,  and  also  for  lack  of  a  sufficiently  general 
proof  of  the  comparison  theorems.”) 

Likewise  Theorems  1  and  2  of  reference  [5],  which  are  of  a  geometrical  nature, 
carry  over  to  subsonic  flows,”  although  the  demonstrations  remain  incomplete 
for  any  axially  s}nnmetric  problem  and  for  the  infinite  cavity  problem.  In  the 
former  case  this  is  because  the  existence  of  flows  in  certain  auxiliary  regions  is 
not  known;  in  the  latter,  the  reason  given  in  footnote  11  stands  in  the  way  of 
a  complete  proof.  Since  the  required  changes  in  the  proofs  are  not  entirely 
trivial,  we  shall  consider  in  detail  the  demonstration  of  Theorem  1  of  [5]  for 
compressible  fluids.  We  shall  assume  the  reader  has  followed  the  proof  given 
there  through  page  565,  as  no  changes  are  needed  up  to  that  point. 

The  first  difficulty  encountered  is  the  existence  of  a  flow  in  the  auxiliary 
region  Ri .  This  is  assured  for  plane  flow,  at  least,  by  the  work  of  Shiffman 
(see  footnote  6);  for  axially  S3rmmetric  flow  it  remains  an  open  question.  In 
any  case,  for  our  present  purpose  we  assume  that  flows  in  Ri  do  exist.  Let  the 
flow  chosen  be  such  that 

(29)  F(P,  «,)  -  V(P,  R) 

for  some  point  P  on  MN,  retaining  the  notation  of  [5].  It  is  convenient  to  in¬ 
terpret  V(P,  R)  as  the  value  Q  at  &  point  P  and  not  as  the  speed  q,  (thus  in  the 
notation  of  the  present  paper,  (29)  would  read  Qi(P)  -  Q(P)).  By  an  argument 
similar  to  that  on  page  567,  and  in  virtue  of  (29),  it  may  be  inferred  that 

(30)  V(N,  Ri)  <  V{M,  Ri). 

The  next  step  in  the  proof  is  to  show  that  a  =  (l/»/y»)  <  1.  This  result  can 
be  obtained  as  follows.  First  observe  that  * 

(31a)  F(Af,  Pi)  <  C/y^  , 

“  That  is,  the  theorems  involve  embedding  a  given  flow  in  a  family  of  flows,  and  it  is 
not  known  that  this  is  always  possible. 

**  Theorem  1  of  [5]  implies  that  a  starlike  obstacle  gives  rise  to  a  starlike  free  boundary, 
a  result  of  importance  in  the  uniqueness  problem. 
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where  C  is  a  constant  depending  only  on  the  strength  of  the  source  in  Rt .  This 
is  an  immediate  consequence  of  the  analogue  of  (^4)  for  flows  in  channels,  the 
flow  in  Ri  being  compared  to  a  simple  source  sink  flow  in  a  sector.  Similarly 

(31b)  ViN,  Ri)  >  C/yn  . 

Hence 

(32)  7(Ar,  fli)  >  o  V{M,  «,). 

From  (30)  and  (32)  we  obtain  a  <  1  as  desired.  (Note  that  the  original  proof 
does  not  work  since  equation  (3)  is  not  true  for  compressible  flows.) 

The  remainder  of  the  proof  (p.  568)  need  not  be  changed,  although  it  should 
be  pointed  out  that  the  existence  of  a  flow  in  Rt  is  by  no  means  evident. 

Further  appUcationa  of  comparison  methods.  As  an  application  of  the  methods 
set  out  in  §4  we  consider  a  type  of  comparison  theorem  different  from  {A)  or 
(B). 

(C)  Let  a  plane  subsonic  flow  having  uniform  free  stream  velocity  be  defined  in 
a  region  D  bounded  by  a  streamline  S  extending  to  ±  « .  We  suppose  that  S  con¬ 
tains  an  arc  a  of  a  circle  whose  interior  falls  entirely  outside  D.  Then  along  the 
arc  a  the  speed  q  is  first  monotonicaUy  increasing  and  then  monotonically  decreasing. 

Proof.  To  fix  the  ideas,  let  .the  circle  have  radius  fo  ,  let  its  center  be  the 
origin,  and  take  the  uniform  flow  in  the  positive  x  direction.  Also  let  thp  stream 
function  ^  be  determined  so  that  ^  0  on  iS,  and  ^  >  0  in  Z). 

Let  r  designate  the  radial  polar  coordinate.  For  r  ^  ro  define  a  circulatory 
flow  by 

(33)  q  =  kr~\  U  «  kyr~*,  v  *  —kxr~*, 

where  A:  is  a  constant  such  that  Ato  ‘  <  q*,  and  —  c*  *  critical  speed.  The 
corresponding  stream  function  is  given  by** 

(34)  ^  =  k  r  (p/r)  dr, 

Jro 

where  p  is  given  in  terms  of  r  by  (33)  and  Bernoulli’s  law  (3).  On  the  boundary 
<S  of  Z>,  (0  »  ^  ^  ^  0,  an^  on  a,  w  »  0.  Moreover,  u  has  a  maximum  principle 

and 

(35)  lim  ^  <  0. 

Now  let  qm  denote  the  maximum  speed  on  v,  and  let  P  be  any  point  on  <r 
where  this  speed  is  attained.  If  M  and  N  are  points  of  0  on  one  side  of  P,  and 
N  is  nearest  P,  it  is  sufficient  to  show 

(36)  q(M)  <  q{N) 
in  order  to  prove  (C). 

•*  Courant  and  Friedricha,  Supersonic  Flow  and  Shock  Wanes,  N.  Y.  Interacience  (1962), 
p.  252. 
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In  (33)  and  (34)  put  k  q(N)ro;  with  this  choice  of  k  one  gets 

(37)  q  ■»  q(N)  **  constant  on  <r. 

It  follows  as  in  the  proof  of  Theorem  1  that  a  level  line  C,u  =0,  enters  D  at  N. 
With  the  help  of  (35)  it  is  easy  to  show  that  C  joins  N  either  to  +  «>  or  to  —  « . 
In  either  case  we  can  apply  the  usual  arguments  based  on  the  maximum  princi¬ 
ple  and  the  boundary  point  lemmas;  depending  on  which  case  actually  occurs 
we  obtain 

(37)  5(P)  >  qiP) 
or 

(38)  qiM)  >  qiM). 

But  qiP)  =  q(M)  =  q(N),  so  that  (37)  contradicts  the  fact  that  the  maximum 
speed  is  attained  at  P.  The  remaining  inequality  (38)  then  proves  (36). 

When  the  circle  falls  entirely  within  D,  a  slightly  refined  version  of  the  above 
proof  shows  that  along  the  arc  a  the  speed  is  first  monotonicaUy  decreasing  and 
then  monotonicaUy  increasing.  These  theorems  remain  true  in  the  d^nerate 
case  when  the  circle  becomes  an  entire  half  plane.  In  this  case  the  results  are 
also  valid  for  axially  symmetric  flows. 

It  is  clear  that  theorems  corresponding  to  (C)  exist  for  incompressible  fluids. 
In  fact  they  take  a  much  more  general  form  due  to  the  linearity  of  the  basic 
equations.  The  analogue  of  (C)  is:  Let  two  flows  of  an  incompressible  fluid  he 
defined  in  regions  D  and  D,  hounded  respectively  by  streamlines  S  and  S.  If  D  3 
D  and  if  S  and  S  have  an  arc  in  common,  then  along  this  arc  the  ratio  q/q  of  the 
speeds  is  first  monotonicaUy  increasing  and  then  monotonicaUy  decreasing. 

j 
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THE  EFFECT  OF  THICKNESS  ON  PITCHING  AIRFOILS  AT 
SUPERSONIC  SPEEDS 

By  John  C.  Martin  and  Nathan  Gerber 

Introduction.  The  development  ol  the  linearized  theory  of  supersonic  flow  has 
permitted  a  first  order  evaluation  of  a  number  of  stability  derivatives.  Second 
order  theories  similar  to  the  one  introduced  by  Busemann  (reference  1)  and  ex¬ 
tended  by  Van  Dyke  (references  2  and  3)  offer  possibilities  of  obtaining  second 
order  evaluations  of  certain  stability  derivatives,  such  as  lift  and  moment  due 
to  steady  pitching,  and  lift  and  moment  due  to  constant  rate  of  change  of  angle 
of  attack.  The  determination  of  the  damping  in  roll  (in  reference  4)  for  certain 
airfoils  is  an  example  of  the  use  of  a  second  order  theory  to  obtain  stability  de¬ 
rivatives. 

In  this  paper  a  second  order  theory  is  developed  for  two  dimensional  pitching 
airfoUs  at  supersonic  speeds.  This  theory  yields  an  expression  for  the  lifting  pres¬ 
sure  due  to  steady  pitching  which  enables  the  stability  derivatives  Ci,^  (lift  due 
to  pitching)  and  Cm,  (mcnnent  due  to  pitching)  to  be  calculated.  Tte  airfoils 
considered  here  have  arbitrary  symmetrical  cross  sections;  however,  the  analysis 
can  easily  be  extended  to  include  airfoils  with  unsymmetrical  cross  sections. 

The  partial  differential  equation  for  airfoils  with  a  steady  pitching  velocity  is 
expressible  in  a  form  independent  of  time.  Work  by  Milton  D.  Van  Dyke  (ref¬ 
erences  2  and  3)  indicates  that  second  order  solutions  of  the  partial  differential 
equation  of  steady  supersonic  flow  can  be  obtained  by  iterative  methods.  The 
equation  considered  here  is  quite  similar  to,  though  not  the  same  as,  the  equa¬ 
tion  of  steady  supersonic  flow.  We  shall  assume  that  the  second  order  solution 
can  be  obtained  by  iterative  methods. 

It  will  also  be  assumed  that  the  characteristics  are  the  same  for  the  first  and 
the  second  order  solutions  (this  assumption  was  made  in  references  2  and  3). 
For  steady  plane  flow  the  second  order  solution  (reference  2)  found  by  using  an 
iterative  method  based  on  the  preceding  assumption  yields  the  correct  second 
order  pressure  of  the  Busemann  second  order  theory.  Unfortunately,  no  such 
justification  o(  this  assumption  is  known  to  the  authors  for  the  flow  associated 
with  pitching  airfoils. 

The  Partial  Differential  Equation.  The  partial  differential  equation  to  be  used 
in  the  following  analysis  is  a  special  case  of  the  two  dimensional  time  dependent 
equation  for  the  potential  function  of  a  non-viscous  compressible  fluid.  This 
equation  is  (see  reference  4) 

where  o*  -  C»*  —  [(7  —  1  )(♦,,*  +  4>,,*  +  24>,)/2] 

This  equation  is  associated  with  axes  fixed  in  space.  For  the  present  problem 
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Fio.  1.  StatioDAry  and  moving  axes. 

it  is  convenient  to  express  the  differential  equation  in  terms  of  a  set  of  axes 
fixed  to  the  airfoil.  Since  an  airfoil  having  a  constant  rate  of  pitch  can  be  con¬ 
sidered  as  fl3ring  in  a  circular  flight  path  with  a  constant  speed,  the  axes  fixed 
to  the  airfoil  must  rotate  with  respect  to  the  stationary  axes  with  a  constant 
angular  velocity  q.  These  two  sets  of  axes  are  illustrated  in  figure  1.  The  rela¬ 
tions  between  the  two  sets  of  coordinates  are 

z  »  xo  cos  gf  +  So  sin  (a)  (2) 

z  ■«  (F/c)  —  Zf  sin  gf  So  cos  (b) 

The  rates  of  pitch  considered  are  small  so  that  gc  F,  where  F  is  the  velocity 
and  c  is  the  chord  of  the  airfoil.  The  radius  of  flight  path  is  F/g,  and  it  is  seen 
that  this  is  very  large  compared  to  the  chord'of  the  airfoil. 

We  shall  assume  that  the  airfoil  has  traversed  only  a  small  arc  of  its  circular 
flight  path  so  that  no  effect  from  its  wake  is  present  in  the  flow  over  it.  Since 
it  is  supersonic,  the  flow  over  the  airfoil  will  become  independent  of  time  after 
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the  airfoil  has  traversed  only  a  small  portion  of  its  circular  flight  path.  The 
flow  will  remain  steady  until  the  airfoil  has  traversed  a  sufficient  portion  of  its 
circle  so  that  the  fluid  immediately  ahead  of  it  is  influenced  by  the  airfoil’s 
own  disturbances.  The  flow  to  be  considered  here  is  the  steady  flow  before  the 
fluid  immediately  ahead  of  the  airfoil  becomes  disturbed.  The  assumption  of  a 
steady  flow  does  not  destroy  the  utility  of  the  results  for  practical  calculations 
since  the  airfoil  will  have  other  motions  in  addition  to  pitching.  The  effect  of 
the  combined  motion  on  the  wake  will  generally  be  such  that  the  wake  will 
not  influence  the  flow  over  the  airfoil.  The  effect  of  the  interaction  of  pitching 
with  other  t3rpe8  of  motions  is  outside  the  scope  of  this  paper;  however,  it  can 
be  shown  that  to  the  second  order  the  effect  on  the  total  lift  and  moment  of 
the  interaction  of  a  constant  angle  of  attack  or  vertical  acceleration  with  steady 
pitching  motion  is  zero. 

Since  the  Tadius  of  the  flight  path  is  very  large,  and  since  the  shock  and 
expansion  waves  produced  by  the  airfoil  will  tend  to  cancel  each  other  at  large 
distances  from  the  airfoil,  the  steady  flow  considered  here  should  be  a  good 
approximation  to  the  flow  over  the  same  airfoil  after  it  has  traveled  its  circular 
flight  path  an  infinite  number  of  times,  provided  the  viscous  wake  is  neglected. 

In  the  new  reference  frame  the  flow  over  an  airfoil  with  a  constant  rate  of 
pitch  is  steady,  and  consequently  partial  derivatives  with  respect  to  time  in 
this  S3r8tem  are  zero  for  the  present  problem.  In  the  coordinates  attached  to  the 
airfoil  equation  (1)  is  to  the  second  order 

+  4>„  “  \M\y  -  l)4»x(4'„  +  •t..)  +  2M'qj^„  +  M’g*. 

(3) 

-  2M'<p*„  +  +  2M'^,^„]/V 

The  rate  of  pitch  is  assumed  to  be  of  the  first  order  so  that  terms  such  as  qx^„ 
are  of  the  second  order. 

The  Pressure  Relation.  The  time  dependent  pressure  relation  is  (from  ref¬ 
erence  4) 

c,  -  -|(*..  +  *jp 

In  the  axes  attached  to  the  airfoil  the  preceding  equation  becomes  , 

C,  -  -  I  i  *,*  +  |i  qz*.  -  I  qx*.  (4) 

Solution  by  Iteration.  It  will  be  assumed  that  equation  (3)  can  be  solved  by 
an  iteration  procedure.  The  first  order  solution  is  taken  as  the  first  approxima¬ 
tion  to  the  solution.  The  first  order  differential  equation  is  obtained  by  neglect¬ 
ing  the  second  order  terms  in  equation  (3),  and  it  is  given  by 

— jSV#*  +  ^11  “  0  (6) 

It  is  assumed  that  the  second  approximation  can  be  found  by  substituting 
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the  first  order  solution  into  the  right  side  of  equation  (3)  and  solving  the  resulting 
nonhomogeneous  equation,  which  from  equations  (3)  and  (5)  is 

+  “  [M'{y  4-  0m)  +  2M'qx4»„  + 

•  •  •  ••  ’  ‘  '  (6) 

.  -2M*qz4»„  4-  2AfW«  4-  2Af*0^„]/F 

The  solution  of  equation  (6)  will  be  referred  to  as  the  second  order  solution. 

Elimination  of  Terms.  It  is  helpful  to  investigate  the  type  of  solution  obtained 
from  equation  (6).  The  first  order  rolution  will  be  of  the  form 

.<  .  0  «  agi(x,z)  4"  qgi(x,z)  4*  tgt(x,z) 

where  c  is  a  tl^ickness  parameter  and  where  a,  q,  and  e  are  snudl  compared  to 
unity.  It  follows  from  the  preceding  expression  and  equation  (6)  that  the  second 
order  solution  will  be  of  the  form  (a  being  the  angle  of  attack) 

0  =  ahi(x,  z)  4-  z)  4'  e%(«,  z)  aqhiix,  z)  +  atAiCx,  z)  4-  z) 

The  terms  a'hi(x,  z),  thz(x,  z),  and  ath%{x,  z)  are  independent  of  the  rate  of 
pitch;  thus  they  dp  not  contribute  to  the  lifting  pressure  due  to  pitching*.  Since 
this  paper  is  concerned  only  with  the  pressure  due  to  the  pitclung,  all  terms  of 
the  forms  ah{x,  z),  «h(x,  z),  and  aeh{x,  z)  can  be  n^lected  hereafter. 

.  The  following  argument  shows  that  9%(x,  z)  and  aqhiix,  z)  do  not  contribute 
to  the  lifting  pressure.  The  thickness  parameter,  c,  is  not  present;  therefore,, the 
airfoil  can  be  considered  a  ^t  plate  insofar  as  these  terms  are  concerned.  If 
the  potential  of  the  flow  on  the  up^r  surface  of  a  flat  plate  is  expressed  as 

*(<*»  ?)  “  +  W*  4"  a*^i'4’  oqhi  4"  q'ht 

the  potential  on  the  lower  surface  is  given  by  '  *  ' 

0(-*a,  — g)  ■■  —agi  —  qgz  4"  4-  txqhi  +  q*hi 

The  potential  difference  is 

A*  —  2agi  +  2ggj  •  f  i 

Since  for  the  flat  plate  the  pressure  difference  between  the  upper  and  lower 
surfaces  can  be  found  directly  from  the  potential  difference,  the  terms  aqht 
and  q\  do  not  contribute  to  the  lifting  pressure. 

The  remaining  term  qht(x,  z)  will  be  found  by  the  use  of  equation  (6).  All 
expressions  multiplied  by  a,  at,  q',  t,  and  aq  will  be  neglected  in  the  process  of 
evaluating  this  term. 

A  further  consideration  of  the  form  of  the  solution  indicates  that  the  second 
order  lifting  pressure  is  linear  in  the  thickness  parameter.  This  can  be  established 
by  considering  a  first  order  solution  of  the  form 

0  “  *)  4-  fjgtix,  z)  4*  *tgt(x,  z) 

*  The  terms  a*kt{x,  t),  and  a*kt{x,  t)  are  associated  with  steady  two  dimensional  super¬ 
sonic  flow  and  can  be  found  by  use  of  equation  (46)  in  reference  (3). 
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The  second  order  lifting  pressure  will  be  of  Uie  f(Hin 

AC,  -  +  q*ili(x)  +  qttitix) 

This  equation  is  linear  in  <i  and  a  ;  thus  the  lifting  pressure  for  various  known 
distributions  can  be  added  to  obtain  the  lifting  pressure  for  new  thickness  dis¬ 
tributions.  For  the  two  dimensional  airfoil  this  is  of  little  value  for  determining 
anal3rtical  solutions,  since  we  shall  determine  the  solution  for  an  arbitrary  thick¬ 
ness  distribu^on.  This  linearity  is  also  true,  however,  for  three  dimensional 
airfoils,  and  for  these  it  should  prove  quite  useful. 

Boundary  Conditions.  Physical  considerations  require  that  the  flow  be  tangent 
to  the  surface  of  the  airfoil,  and  that  all  velocity  perturbations  vanish  upstream 
of  the  airfoil.*  These  boimdary  conditions  may  be  expressed  mathematically  as: 

^(z,  *)  -  0,  <^(x,  f)  -  0 

upstream  of  the  airfoil’s  leading  edge  Mach  sheet,  and 

wVs  0 

where  s(x,  z)  0  is  the  equation  of  the  surface  of  the  airfoil. 

The  equation  of  the  airfoil  may  also  be  expressed  as 

*  -  if(x)  (7) 

Thus 

Vs  -  -itdffdx  +  k 
Since  the  velocity,  a,  can  be  written  as 

u  -•  {{V  —  zq  +  •¥  k(qx  +  0,  +  if'») 

it  follows  that  the  boundary  condition  on  the  body  surface  is 

—  (Y  —  zq  -f-  +  5Z  ■■  0. 

Thus  the  boundary  conditions  for  the  first  order  solution  are  ^(z,  s)  «  0 
upstream  of  the  airfoil’s  leading  edge  Mach  sheet,  and 

!»•  "  —qx  +  Vtfa  (8) 

The  boundary  conditions  for  the  second  order  solution  are  f  (z,  r)  «  0  up¬ 
stream  of  the  airfoil’s  leading  edge  Mach  sheet,  and 

1*— •  “  |»— |».4  (9) 

For  the  airfoils  considered  here  the  first  order  velocity  components  are  dis¬ 
continuous  across  the  Mach  sheet  from  the  leading  edge. 

To  evaluate  the  effect  on  the  second  order  solution  of  the  discontinuities  in 
the  first  order  velocity  components,  we  shall  assume  the  Mach  sheet  from  the 
leading  edge  to  have  a  small  thickness.  Within  this  Mach  sheet  the  first  order 

*  The  condition  of  no  disturbances  upstream  of  the  airfoil  is  a  result  of  assuming  that 
the  airfoil  has  traversed  only  a  small  arc  of  the  circular  flight  path. 
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0.  Ltoding  Edge  Mach  Sheet  b.  Leading  Edge  Mach  Sheet 
With  Zero  Thickneee  With  Assumed  Thickness 


e.  Discontinuity  In  %  AcroM  d.  Plot  Of  Across  Leading 
Leoding  Edge  Mach  Sheet  Edge  Mach  Sheet  With 
Along  The  Lino  Z«Z|  Assumed  Thickness  Along 

The  Line  Z»Z| 

Fio.  2.  An  illustration  of  removing  the  discontinuity  in  Oa  across  the  leading  edge  Mach 
sheet  by  assuming  the  Mach  sheet  to  have  thickness. 

velocity  components  will  be  made  continuous  so  that  the  discontinuities  through 
it  are  replaced  by  continuous  functions.  This  process  is  illustrated  in  figure  2 
for  the  velocity  component  in  the  free  stream  direction.  The  effect  of  the  dis¬ 
continuities  will  be  found  by  obtaining  the  second  order  solution  within  the 
Mach  sheet  and  then  letting  the  thickness  approach  zero. 

Only  the  Mach  sheet  above  the  airfoil  will  be  considered  since  the  Mach 
sheets  above  and  below  are  of  the  same  form.  Since  they  depend  only  on  the 
initial  slope  of  the  airfoil,  the  first  order  velocity  discontinuities  through  the 
leading  edge  Mach  sheet  above  the  airfoil  will  be  the  same  as  those  through 
the  Mach  sheet  above  a  flat  pitching  airfoil  with  a  constant  angle  of  attack  of 
the  amount  —  c. 

The  first  order  potential  function  for  the  flow  over  the  upper  surface  of  a 
flat  pitching  airfoil  at  an  angle  of  attack  —  <  is  given  by 

.  ^  -  [q(x  -  /Sz)V2  -  Vt(x  grf*/2  -  Vtd\/0 

where  the  airfoil  is  approximately  in  the  z  »  0  plane. 


(10) 
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The  discontinuities  in  the  first  order  velocity  components  through  the  leading 
edge  Mach  sheet  are  from  equation  (10) 

“  —qd/P  —  F«//3,  ^  qd  +  V* 

It  will  be  assumed  that  the  Mach  sheet  has  a  small  thickness  (see  figure  2-b). 
The  velocity  components  within  the  sheet  will  be  defined  as  „ . 

=  —(qd  +  V€)(x  —  jSz  +  d  + 

'  (11) 

^  (qd  +  Vt)(x  —  +  d  +  l)/l 

where  I  is  the  thickness  of  the  Mach  sheet  in  the  x  direction.  Note  that  within 
the  Mach  sheet 

— /SVrx  •!-  “  0 

and  that  the  velocity  components  are  continuous  functions  in  the  neighborhood 
of  it. 

From  equations  (6)  and  (11)  the  differential  equation  within  the  Mach  sheet  is 
^  ^dM\y  +  l)qe(x  -  /3r  +  d  +  1)  +jM*qtx 

(12) 

+  +  jM'qt(x  -  +  d  +  0 

It  is  convenient  to  express  Eq.  (12)  in  terms  of  variables  which  lie  along  the 
characteristics.  Let 


{  «  X  —  /te,  ij  -  X  +  /Sx. 

In  terms  of  the  new  coordinates  ((,  i;)  Eq.  (12)  becomes 

,  +  1)4«({  +  <i  +  0  -  4^, «’«<(«  +  <i  +  0 

“  4?i  4^1  ~  ** 

This  equation  can  be  int^prated  to  yield 

*  “  Jf  i^  +  d  +  Dd^dt,- 4^^  mV  ff  (f +  ii)d£di, 

-  ^fMV  //  (f  +  +  Od^di,  -  ~^MV  //  (v  -  ^)d^dn. 

The  potential  on  the  downstream  side  of  the  Mach  sheet  can  be  found  by 
evaluating  the  int^rals  in  the  preceding  equation  and  taking  the  limit  as  1  — >  0. 

The  value  of  the  discontinuity  in  the  second  order  potential  function  across 
the  leading  edge  Mach  sheet  is  (from  the  above  equation) 


f 

0 


(13) 
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Solution  of  the  Partial  Differential  Equation.  The  part  of  the  second  order 
potential  function  which  yields  the  lifting  pressure  due  to  the  pitching  motion 
will  now  be  determined.  The  determinations  of  the  potentials  over  the  upper 
and  lower  surfaces  are  similar;  therefore,  only  the  flow  over  the  upper  surface 
will  be  considered  in  detail. 

The  first  order  solution  is 

0  “  i(l/^)?(x  -  Pz)'  -  -  Pz)  -  i(l//3)9d*  (14) 

It  follows  from  equation  (6)  and  (14)  that  the  second  order  potential  function 
must  satisfy  the  nonhomogeneous  equation 

-  M'q,\nx  -  ^z)  -  [M\y  +  l)//3*][(x  -  /8z)r(x  -  fiz) 

4-  /'(x  -  Pz)]  +  2(fix  +  z)f  (x  -  /3z)/j8}, 

where  the  primes  denote  derivatives  with  respect  to  (x  —  jSz),  and  the  a,  aq, 
at,  and  q*  terms  have  been  neglected.  By  inspection  a  particular  solution  of 
equation  (15)  is  found  to  be 


=  M'qt\-[zS{x  -  fiz)/m]  +  \M%  +  l)«(x  -  /3z)/'(x  -  )8z)/(2/8*)] 

+  [-2xM'{x  -  ffz)  +  (|9*  -  l)zY(x  -  /Sz)  +  0*  -  l)z/(x  -  |8z)//3]/(2^)} 

The  solution  of  equation  (15),  consists  of  plus  a  complementary  function, 
^2 ,  which  must  be  found  so  that  ^  satisfies  the  boundary  conditions  given  by 
equations  (9)  and  (14).  Hence  ^2  must  satisfy 

-/(^*)»  4-  (^»)»  “  0 

and  the  following  boundary  conditions; 


\x~fiM-d  “  ^  \x-fiM-4  —  (17) 

d^l^i/dz  1^  *=  d^/dz  |_o  —  d^\ldz  |  _o 

(18) 

“  [9*7(2/?*)] { +(/?*+  2/3*  -  l)x/'(x)  +  (1  +  /?*  -  2/3‘)/(x)} 


By  inspection  the  complementary  fimction  is  found  to  be 
^2  =  [g€/(2/3*)]  |[MV  -  03*  +  2/3*  -  1)]  (x  -  /3z)/(x  -  ^z) 

+  (-M*7  +  3/3*  +  /3*  -  2)  j[^*/(X) 


(19) 


The  desired  solution  is 


^  “  (9*/ (2d*)]  |m*(M*7  +  1  -  /3*)dxz/'(x  -  /3z) 

-  M*(Af*7  -  2)/3*z*/(x  -  /3z)  +  [-M*/3z  +  i»f*7(x  -  /3z) 

-  03*,+  2d*  -  1)  (x  -  d2)]/(x  -  d*)  +  [-M*y  +  3d*  +  d*  “  2]  dx| 


(20) 
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Equation  (20)  is  the  part  of  the  second  order  potential  function  which  yields 
the  entire  second  order  contribution  to  the  lifting  pressure  due  to  pitching. 

lifting  Pressure.  The  lifting  pressure  distribution  can  be  expressed  as 

lappar  anffM*  "I"  Cp  | lowar  (urfaa* 

From  equations  (4)  and  (20)  it  follows  that  for  symmetrical  airfoUs  the  lifting 
pressure  distribution  is 

AC,  -  -  ^  ^  (M'y  D'ixf'ix)  -  ^  Af’/W]  (21) 

Stability  Derivatives.  The  effect  of  thickness  on  the  lift  and  moment,  Cl,  and 


■■1 


Fio.  3.  VariAtion  of  the  Cl,  of  a  five  per  cent  thick  parabolic  airfoil  with  Mach  number 
for  various  positions  of  the  axis  of  pitch. 
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Cm, ,  due  to  steady  pitching  can  be  found  by  use  of  equation  (21).  The  stability 
derivatives  Cl,  and  Cm,  can  be  expressed  as 


From  the  preceding  relations  and  equation  (21)  the  Cl,  and  the  Cm,  of  an 
airfoil  are 


'  ■  -lM*y  +  OJ*  -  D*  +  M*] 


Fia.  4.  Variation  of  the  Cm,  of  a  6ve  per  cent  thick  parabolic  airfoil  with  Mach  number 
for  various  positions  of  the  angle  of  pitch. 
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and 


-(2MV  +  203*  -  D*  +  M']  £ 


m) 


(23) 


Equation  (23)  indicates  that  the  effect  of  thickness  on  the  Cm,  is  zero  for  an 
airfoil  pitching  about  the  c/2  point  with  a  thickness  distribution  which  is  chord- 
wise  symmetrical  with  respect  to  the  mid-chord  point. 

Figure  3  presents  the  variation  of  the  Cl,  for  a  five  per  cent  parabolic  airfoil 
with  Mach  number  for  various  positions  of  the  axis  of  pitch.  Figure  4  presents 
the  variation  of  the  Cm,  for  a  five  per  cent  parabolic  airfoil  with  Mach  number 
for  various  positions  of  the  axis,  of  pitch. 

.  Concluding  Remarks.  The  airfoils  considered  in  this  paper  have  symmetrical 
thickness  distributions.  But  since  the  flow  over  the  upper  and  lower  surfaces 
of  the  airfoils  treated  here  are  independent  of  each  other,  the  aerodynamic 
properties  due  to  pitching  of  airfoils  with  unsymmetrical  thickness  distributions 
can  easily  be  determined  from  the  results  obtained  here. 

The  limitations  of  the  Busemann  second  order  theory  have  been  investigated 
(see  reference  5).  Since  the  theory  contained  in  the  present  paper  is  closely 
associated  with  the  Busemann  second  order  theory,  it  seems  likely  that  the 
results  presented  herein  have  similar  limitations. 
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LATTICE  THEORETIC  PROPERTIES  OF  FRONTAL 
SWITCHING  FUNCTIONS 

Bt  E.  N.  Gilbert 

1.  Introduction.  It  is  the  aim  of  this  paper  to  determine  the  kinds  of  switching 
operations  which  can  be  performed  by  switching  circuits  which  use  either  no 
negators  at  all  or  very  few  of  them.  Minimizing  the  number  of  appearances  of 
the  negation  sign  (prime)  in  a  Boolean  function  when  the  connectives  and 
(multiplication),  or  (addition),  and  not  (prime)  are  allowed  is  a  mathematical 
problem  which  is  fairly  closely  related  to  this  one. 

Practical  interest  in  our  problem  arises  from  the  fact  that  in  some  types  of 
switching  circuits,  devices  which  perform  negation  are  more  expensive  or  more 
unreliable  than  those  which  perform  other  logical  operations.  For  example,  in 
relay  contact  networks,  negation  is  obtained  through  the  use  of  back  contacts.* 
The  spring  adjustments  on  a  relay  which  has  both  back  and  front  contacts  are 
more  critical  than  the  adjustments  on  a  relay  with  only  front  contacts.  In  the 
case  of  the  new  reed  relays,  front  contacts  are  much  more  easy  to  provide  than 
back  contacts.  Rectifier  switching  circuits  [1]  provide  another  example;  trans¬ 
formers  are  sometimes  used  to  provide  negation  in  rectifier  circuits. 

For  the  sake  of  concreteness  we  will  only  discuss  relay  contact  networks  al¬ 
though  our  results  on  two  terminal  relay  contact  networks  have  wider  applica¬ 
tion — to  rectifier  circuits,  for  example. 

2.  Switching  Functions.  By  an  N-terminal  contact  network  we  will  always  mean 
a  circuit  built  from  relay  contacts  and  interconnecting  wires  and  having  ac¬ 
cessible  terminals  numbered  from  1  to  N.  We  expressly  forbid  an  N-terminal 
contact  network  from  containing  any  relay  windings;  hence  an  N-terminal 
contact  network  is  an  example  of  a  combinational  circuit  (in  the  terminology  of 
Keister,  Ritchie,  and  Washburn). 

Associated  with  an  N-terminal  contact  network  are  two  fundamental  partially 
ordered  systems. 

A.  Let  n  be  the  number  of  relay  magnets  which  control  the  contacts  in 
the  contact  network.  By  a  relay  state  we  mean  a  sequence  of  n  binary  digits 
X  *  (xi ,  •  •  •  ,  x«),  X,  »*  0  or  1.  The  interpretation  of  a  relay  state  x  is  that 
X,  =  0  or  1  according  as  the  i***  relay  magnet  is  turned  off  or  on.  The  set  of 
all  2"  possible  relay  states  becomes  a  partially  ordered  system  if  we  define 
X  ^  y  to  mean  that  Xi  ^  y,-  for  all  i.  Physically  x  ^  y  means  that  every 
relay  magnet  which  is  turned  on  in  state  x  is  also  on  in  state  y.  The  partially 
ordered  system  of  relay  states  is  just  the  Boolean  Lattice  B*  (or  2"  in  the 
notation  of  the  second  edition  of  Birkhoff’s  Lattice  Theory  [2]). 

B.  By  a  terminal  state  we  mean  a  partition  of  the  numbers  1,2,  •  •  •  ,  N 

*  Relay  contacts  are  called  back  (front)  contacts  if  they  are  closed  (open)  when  the  relay 
magnet  is  not  energised  and  open  (closed)  when  the  magnet  is  energized. 
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into  any  number  of  indistinguishable  groups.  Numbers  belonging  to  the 
same  group  of  a  terminal  state  are  meant  to  represent  terminals  which  are 
all  connected  together  (electrically)  by  the  contact  network.  Thus  if  there 
are  6  terminals  and  the  network  connects  terminals  1,  3,  and  6  together, 
2  and  4  together,  and  makes  no  connection  to  terminal  5  we  write  the  ter¬ 
minal  state  as  (1,  3,  6)  (2,  4)  (5).  The  number  of  terminal  states  t(N)  is  not 
a  simple  function  of  N  but  its  generating  function  [3]  is  well  known: 

exp  (exp  f  -  1)  -  2 

For  large  N  good  estimates  of  4(N)  may  be  obtained  from  an  asymptotic 
series  due  to  L.  F.  Epstein  [4].  The  set  of  terminal  states  becomes  a  familiar 
partially  ordered  system,  the  partition  lattice  P(N),  when  we  define  the 
order  relation  ri  ^  rj  to  mean  that  state  ti  is  a  subpartition  of  state  rj . 
By  a  subpartition  of  xt  we  mean  either  xt  itself  or  a  partition  obtainable 
from  xt  by  breaking  down  some  of  the  groups  appearing  in  xj  into  smaller 
groups;  e.g. 

(1)  (2)  (3,  6)  (4)  (5)  ^  (1, 3,  6)  (2,  4)  (5). 

Physically,  xi  ^  rj  here  means  that  every  pair  of  terminals  which  are  con¬ 
nected  together  in  state  xi  are  also  connected  together  in  state  xt . 

Given  an  N-terminal  contact  network,  if  the  relay  state  is  known  to  be  x,  the 
terminal  state  x  is  determined  by  x  and  the  operation  of  the  network  is  com¬ 
pletely  described  by  giving  r  as  a  function  of  x.  Hence  we  define  an  N -terminal 
twitching  function  x  »  /(x)  to  be  a  mapping  of  into  PiN).  Since  such  a  func¬ 
tion  is  specified  by  associating  one  of  t(N)  terminal  states  with  each  of  the  2” 
relay  states  there  are 

switching  functions.  It  is  an  elementary  result  that  every  switching  fimction  is 
physically  realizable,  i.e.  given  any  iST-terminal  switching  function  /(x)  one  can 
build  an  AT-tenhinal  contact  network  for  which  x  —  /(x). 

3.  Frontal  Switching  Functions.  By  a  frontal  network  we  will  mean  a  contact 
network  in  which  all  contacts  are  front  contacts.  By  a  frontal  twitching  function 
we  will  mean  the  switching  function  of  a  frontal  network. 

Clearly  not  all  switching  functions  are  frontal  switching  functions.  For  ex¬ 
ample  if  in  relay  state  x  a  frontal  network  connects  terminals  a  and  h  together, 
then  there  is  at  least  one  closed  path  C^k  joining  a  and  b  in  the  network.  Since 
Cat  contains  no  back  contacts,  turning  on  additional  relays  (to  obtain  a  relay 
state  y  where  x  ^  y)  cannot  open  Ca» .  Hence  every  connection  made  in  state  x 
persists  in  any  other  state  y  where  x  ^  y.  In  fact,  we  have 

Theorem  1.  A  necettary  and  tvfficient  condition  that  an  N -terminal  twitching 
function  f(x)  be  frontal  it  that,  for  all  relay  ttatet  x,  y,  if  x  ^  y  then  f(x)  ^  f(y). 

Proof.  We  have  proved  necessity  in  the  preceding  paragraph.  SuflSciency 
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will  be  proved  with  the  aid  of  some  two-terminal  frontal  networks  which  we 
will  call  M((). 

Let  (  e  B",  say 

f  -  (6,  •••  ,{»)  -  Oorl. 

The  corresponding  network  3/ (|)  is  a  series  connection  of  front  contacts  on  cer¬ 
tain  relays.  M ($)  will  contain  a  contact  operated  by  the  relay  if  and  only  if 

«  1.  The  network  3/({)  is  a  short  circuit  if  {  ^  a:  and  an  open  circuit  other¬ 
wise. 

Let  f(x)  be  a  switching  function  satisfying  the  condition  of  Theorem  1.  For 
each  pair  of  terminals  a,  h  let  be  the  set  of  all  members  {  of  B"  for  which 
/(()  requires  that  a  be  connected  to  6.  Since  Sah  is  itself  a  partially  ordered  sys¬ 
tem  it  has  certain  minimal  elements  To  construct  a  network  for 

fix)  we  need  only  connect  a  to  6  through  networks  •  •  •  i  3f(fr)  in  parallel 

and  repeat  this  process  for  every  other  pair  of  terminals  o',  b'. 

That  the  network  just  constructed  actually  works  may  be  proved  as  follows: 

(i)  If  terminals  a  and  b  are  connected  in  terminal  state  f(x),  then  x  e  Sat. 
Hence  ^  x  for  some  minimal  element  of  Sat  and  the  network  Af  ($*)  provides 
the  desired  connection. 

(ii)  If  a  and  b  are  not  connected  in  state  fix),  then  {  ^  x  is  false  for  all  ele¬ 
ments  (  in  Ba6  (this  follows  from  the  condition  on  fix)  stated  in  the  theorem). 
Hence  none  of  the  direct  paths  joining  a  and  b  are  closed.  The  only  re¬ 
maining  possible  way  that  a  might  be  joined  to  b  would  be  by  way  of  a  “sneak 
path”  through  certain  other  terminals,  say  a  to  ^  ,  <i  to  ^  ,  •  *  •  ,  to  5.  But 
since  terminals  t,  and  <,+i  are  connected  directly  by  a  network  3f({)  only  if  they 
should  be  connected,  this  path  exists  only  if  fix)  requires  a,  ti •  ,tm  ,  b  all 
to  be  connected  together  (which  is  contrary  to  our  assumption). 

The  above  proof  of  Theorem  1  of  course  does  not  completely  settle  the  question 
of  synthesis  in  practical  cases  since  the  network  constructed  by  the  process  out¬ 
lined  can  almost  always  be  much  simplified,  say  by  the  methods  of  Boolean  alge¬ 
bra  [5,  6). 

Theorem  1  shows  that  the  notion  of  frontal  switching  function  is  identical 
with  that  of  isotone  (t.e.  order  preserving)  mapping  from  B"  into  PiN).  We  shall 
need  later  on  in  Theorem  5  an  order  relation  in  the  set  of  all  frontal  switching 
functions.  We  define  fi  ^  ft  to  hold  between  two  switching  functions  if  /i(x)  ^ 
ftix)  for  all  X  c  B”.  The  set  of  all  frontal  switching  functions  F  with  this  order 
relation  is  a  lattice  which,  in  Birkhoff’s  notation  for  cardinal  powers,  would  be 
written 

F  -  (B(iV))*’. 

4.  Production  of  Deaired  Terminal  States.  In  practice  one  is  often  not  as 
much  interested  in  finding  a  network  with  a  specific  switching  function  fix) 
as  in  finding  one  which  is  capable,  for  some  unspecified  states  of  the  relay  mag¬ 
nets,  of  interconnecting  the  terminals  in  certain  desired  ways.  For  example,  in 
designing  a  telephone  switching  circuit,  one  might  want  a  network  to  connect 
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the  terminals  1,  2,  •  •  •  ,N  together  in  pairs  only;  the  ways  the  relays  must  be 
set  need  not  be  prescribed  in  advance.  The  number  of  relays  is  not  prescribed 
either.  All  such  problems  are  solved  with  ^N(N  —  1)  relays  by  joining  each 
pair  of  terminals  through  a  pair  of  contacts  and  operating  each  pair  of  contacts 
by  a  separate  relay.  The  real  problem  is  to  produce  the  states  with  a  network 
which  minimizes  some  measure  of  the  network  cost,  such  as  the  number  of  relay 
magnets. 

Theorem  2.  Let  P  be  a  partially  ordered  system  composed  of  certain  partitions 
of  N  terminals  and  with  the  order  relation  of  P(N).  In  order  that  a  frontal  network 
may  exist  which  produces  all  the  terminal  states  of  P  and  uses  only  n  relays  it  is 
necessary  and  sufficient  that  there  exist  an  isomorphism  between  P  and  a  subset  of 
B*. 

Proof.  If  such  a  network  exists,  it  follows  from  Theorem  1  that  the  network’s 
switching  function  f{x)  defines  an  isomorphism  between  P  and  a  set  of  elements 
of  5"  such  that  f(x)  e  P. 

Conversely  suppose  that  P  consists  of  terminal  states  xi ,  ■  *  ■  ,  Xr  and  let 
there  exist  an  isomorphism  x<  A'(x,)  between  P  and  some  subset  X(P)  of  fi". 
By  Theorem  1  it  suffices  to  show  that  there  exists  an  isotone  mapping  /(x)  of 
into  P(N)  such  that/(X(x,))  =  x,-  for  all  x,-  e  P.  One  such  f{x)  may  be  defined 
as  follows: 

For  each  relay  state  x  e  B*  let  U(^x)  denote  the  set  of  all  x<  of  P  for  which 
A’(x,)  g  X.  Since  C/(x)  is  a  subset  of  the  finite  lattice  P(N)  it  follows  that  l.u.b. 
U (x)  in  PiN)  exists.  Then  define 

fix)  -  l.u.b.  Uix). 

That  this  definition  of  /(x)  is  satisfactory  may  be  proved  by  noting  that 

(i)  if  xi  ^  xj ,  then  C/(xi)  C  (7(xt)  and/(xi)  ^  /(x*), 

(ii)  Xj  e  UiXixj))  and  for  all  x<  in  t/(X(x>)),  A(x,)  ^  A(xy),  or  since  X  is  an 
isomorphism,  x<  ^  xy ;  hence /(X(xy))  *  xy . 

In  terms  of  physical  networks,  the  function  fix)  constructed  by  the  method  of 
the  above  proof  has  the  property  that,  for  every  terminal  pair  a,  b,  a  connec¬ 
tion  between  a  and  b  is  made  in  terminal  state  fix)  if  and  only  if  there  is  a  term¬ 
inal  state  x<  e  P  in  which,  a  and  b  are  connected  and  such  that  A(x,-)  ^  x. 

For  example,  consider  the  isomorphism  between  P  C  P(4)  and  X(P)  C  Bf 
defined  by  Table  I.  The  isomorphism  as  extended  to  a  frontal  function  fix)  is 
defined  on  the  rest  of  B*  by  Table  II. 

In  general  there  will  be  many  other  ways  of  extending  a  given  isomorphism 
and  it  may  be  worth  while  to  search  for  one  which  leads  to  a  simple  network. 
For  example  let  F(x)  be  the  set  of  terminal  states  x<  of  P  such  that  x  ^  A’Cx,); 
another  choice  for/(x)  could  be/(x)  «  g.l.b.  F(x)  in  PiN). 

When  P  is  a  complicated  system,  the  problem  of  finding  an  isomorphism  from 
P  to  part  of  B*  with  n  as  small  as  possible  is  difficult  enough  to  make  Theorem 
2  of  limited  practical  use.  It  does,  however,  provide  some  lower  bounds  on  n 
even  when  the  isomorphism  cannot  be  found.  We  obtain  this  information  by 
considering  properties  of  P  which  remain  invariant  under  isomorphism  such  as 

(1)  the  number  of  elements  of  P 
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TABLE  I 


f  I 

x(wa 

(1)  (2)  (3)  (4) 

0  0  0  0 

(12)  (3)  (4) 

110  0 

(13)  (2)  (4) 

10  10 

(1)  (23)  (4) 

0  110 

(14)  (2)  (3) 

0  10  1 

(1)  (24)  (3) 

0  0  11 

(123)  (4) 

1110 

(1234) 

1111 

TABLE  II 

X 

/(») 

10  0  0 

(1)  (2)  (3)  (4) 

0  10  0 

(1)  (2)  (3)  (4) 

0  0  10 

(1)  (2)  (3)  (4) 

0  0  0  1 

(1)  (2)  (3)  (4) 

10  0  1 

(1)  (2)  (3)  (4) 

110  1 

(124)  (3) 

10  11 

(13)  (24) 

0  111 

(1234) 

(2)  the  length  of  the  longest  chain  in  P  (dimension  of  P) 

(3)  the  largest  number  of  elements  of  P  which  can  be  found  which  are  in¬ 
comparable  with  one  another. 

The  invariance  of  property  (1)  makes  us  conclude  that  2”  must  exceed  or 
equal  the  number  of  elements  of  P.  This  is  clearly  necessary  for  switching  net¬ 
works  of  any  kind;  for  networks  in  which  both  kinds  of  contacts  are  allowed  it  is 
sufficient  to  guarantee  that  the  network  sought  exists.  Some  applications  of  this 
idea  are  given  by  Shannon  [7]. 

Using  (2),  n  must  exceed  or  equal  the  dimension  of  P. 

Using  (3),  Cn.i^m  must  exceed  or  equal  the  largest  number  of  incomparable 
elements  which  can  be  found  in  P* 

For  example  P(4)  contains  the  following  set  of  seven  incomparable  elements: 
(123)(4),  (124)(3),  (134)(2),  (1)(234),  (12)(34),  (13)(24),  (14)(23).  Hence  five 
relays  are  required  for  a  frontal  network  to  produce  all  terminal  states  of  P(4) 
even  though  has  more  elements  than  P(4). 


5.  Two-Terminal  Frontal  Functions.  P(2)  is  the  lattice  of  two  elements 
(1)(2),  and  (12)  (i.e.,  open  circuit  and  closed  circuit).  To  conform  to  the  usual 
Boolean  algebra  notation  for  two-terminal  switching  functions  we  agree  to  let 
0  stand  for  open  circuit  and  1  for  closed  circuit;  then  a  two-terminal  switching 
function**  becomes  a  mapping  of  into  the  two  element  lattice  B  with  elements 


That  Cn.in'/n  IB  the  largest  number  of  incomparable  elements  of  B"  will  be  shown  later. 
*  In  applications  to  rectifier  networks,  let  0  stand  for  ground  and  1  for  positive;  then  an 
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TABLE  III 


• 

4(«) 

1 

3 

2 

6 

3 

20 

4 

168 

6 

7,681 

6 

7,828,364 

0  and  1,0  ^  1.  With  this  change  in  notation  the  notion  of  two-terminal  switch¬ 
ing  function  has  its  usual  significance;  i.e.  as  a  Boolean  function  of  variables 
Xi,  •  •  ’  yXn  where  x<  e  B. 

Theorem  1  can  be  converted  into  a  charactenzation  of  frontal  two-terminal 
switching  functions  in  terms  of  their  representations  as  Boolean  functions.  In 
the  case  of  a  two-terminal  function  the  synthesis  process  of  Theorem  1  always 
results  in  a  series-parallel  network.  Hence  we  conclude: 

Remark  1.  A  Boolean  function  f{x\ ,  •  •  •  ,  x,)  m  a  frontal  two-terminal  switch¬ 
ing  function  if  and  only  if  it  can  be  written  as  an  expression  containing  only  the 
operations  addition  (or)  and  multiplication  (and).  Of  course,  this  observation 
would  have  been  immediately  apparent  if  we  had  restricted  our  attention  to 
series-parallel  networks  only. 

Because  of  Remark  1,  our  frontal  two-terminal  switching  functions  are  pre¬ 
cisely  the  elements  of  the  free  distributive  lattice  FD(n)  generated  by  n  symbols 
Xi,  • '  •  ,  X,  (c/.  Birkhoff,  loc.cit.  pp.  145-146).  The  problem  of  counting  the 
number  ^(n)  of  elements  in  FD{n)  was  proposed  by  Dedekind  and  has  been 
solved  only  for  n  ^  6.  These  results  are  reproduced  in  Table  III.  We  will  use 
later  some  crude  estimates  of  ^(n)  which  are  given  by  the  following  theorem. 

Theorem  3.  The  number  ^(n)  of  elements  of  the  free  distributive  lattice  FD(n) 
(and  hence  the  number  of  frontal  two-terminal  switching  functions  for  n  relays) 
satisfies 

^  ^  -|.  2. 

Proof  of  lower  bound.  We  may  construct  different  isotone  mappings 

of  B”  into  B  as  follows: 

(i)  Map  all  sequences  with  more  than  [n/2]  O’s  into  0. 

(ii)  Map  all  sequences  with  more  than  n  —  [n/2]  I’s  into  1. 

(iii)  The  remaining  Cn.inm  elements  of  B"  (those  with  exactly  [n/2]  O’s)  can 
be  mapped  to  0  or  1  at  will  and  each  such  assignment  completes  the  defi¬ 
nition  of  an  isotone  mapping. 

This  lower  bound  is  about  the  same  as  one  given  by  M.  Ward  [8]. 

The  proof  of  the  upper  bound  depends  on  the  following  lemma. 

element  xe  deecribea  the  condition  of  n  input  leads  and  /(z)  describes  the  corresponding 
condition  of  the  output  lead  of  the  network. 
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Lemma  1.  There  exieU  a  set  of  chains  in  B",  running  from  (0,  •  •  •  ,0) 

to  (1,  •  ‘  ,  1),  such  that  every  element  of  B*  belongs  to  at  least  one  of  the  chains. 

The  lemma  is  proved  by  induction.  Let  r  ^  ^(n  —  1)  and  suppose  C«,r  chains 
have  been  found  running  from  (0,  •  *  *  ,  0)  to  the  Cn.r  elements  of  the  r***  level 
(i.e.  the  elements  with  r  I’s)  of  B*  and  that  every  element  on  levels  0,  1,  •  •  •  , 
r  —  1,  or  fj^longs  to  one  of  these  chains.  To  each  chain  we  adjoin  an  element  of 
level  r  +  1  in  such  a  way  that  the  same  element  is  never  added  to  more  than  a 
single  chain. 

To  show  that  this  is  possible  we  observe  that  we  are  concerned  with  a  form  of 
“marriage  problem”  [6]  and  hence  that  a  solution  exists  provided  that,  for  every 
a,  every  set  of  a  elements  on  the  r***  level  are  comparable  collectively  with  at 
least  a  elements  on  level  r  +  1.  Consider  the  lattice  diagram  for  B*.  From  a 
set  of  a  elements  on  level  r  there  emanate  (n  r)  a  lines  leading  up  to  some 
number,  say  0,  elements  of  level  r  +  L  These  lines  are  included  among  the 
total  number  (r  +  l)/3  of  lines  which  lead  up  to  these  0  elements.  Thus 

(n  -  r)  a  ^  (r  +  1)^ 

and  the  marriage  problem  condition  a  ^  ^  is  satisfied  because  r  ^  ^(n  —  1). 

We  now  have  C,. ,  chains  up  to  level  r  +  1.  The  remaining  Cn.,+i  —  C,., 
elements  of  level  r  +  1  can  be  adjoined  in  any  manner  to  the  original  chains  up 
to  level  r  to  form  chains  of  level  r  +  1.  There  are  then  Cn,r+i  chains  to  level 
r  +  1  such  that  every  element  of  levels  0,  1,  •  •  •  ,  r,  or  r  +1  belongs  to  some 
chain.  The  induction  process  can  be  continued  until  level  n/2  (if  n  is  even)  or 
§(n  +  1)  (if  n  is  odd)  is  reached. 

Clearly  the  same  process  can  be  used  to  build  chains  from  (1, 1,  •  •  •  ,  1)  down¬ 
ward  and  the  chains  on  the  upper  part  of  B*  can  be  joined  to  the  chains  on  the 
lower  part  of  B"  at  the  level  [n/2]  to  form  the  chains  which  cover  all  of 

B". 

Proof  of  upper  bound.  Consider  one  of  the  chains  of  the  above  lemma.  The 
values  of  a  frontal  function /(x)  defined  on  the  n  -f-  1  elements  of  this  chain  must 
form  a  monotone  increasing  sequence;  thus  there  are  only  n  +  2  possible  assign¬ 
ments  of  O’s  and  I’s  to  the  chain.  Of  these,  two  assignments  (all  0  or  all  1)  are 
exceptional  because  they  are  possible  only  if  f(x)  is  identically  0  or  1.  The  num¬ 
ber  of  frontal  functions,  aside  from  0  and  1,  is  certainly  less  than  the  number  of 
ways  the  remaining  n  assignments  can  be  given  to  the  Cn.inm  chains  (disre¬ 
garding  order  relations  between  elements  of  different  chains)  i.e.  less  than 

^Cu.ln/fl 

The  bounds  given  by  Theorem  3  differ  widely.  For  example,  when  n  —  6  they 
are  about  10*  and  3.5  X  10*.  Fortunately  we  are  mainly  interested  in  log  ^(n). 
For  large  n,  we  have  approximately 

y/2/m  2"  ^  log  f (n)  jS  y/2fitn  logi  n  2". 

It  is  clear  that,  although  there  are  enormously  many  frontal  functions  when  n 
is  large,  these  functions  comprise  only  an  infinitesimally  small  fraction  of  the 
total  number  2**  of  possible  switching  functions. 


64 


E.  N.  aiLBERT 


Using  C.  E.  Shannon’s  upper  bound  (6iiC)'  on  the  number  of  two  terminal 
gra(di8  with  K  branches,  we  can  readily  prove 

Theorem  4.  Let  €  >  0.  The  fraction  of  all  frontal  ttoo-terminal  twitching  func¬ 
tions  which  can  represent  frontal  networks  with  less  than 

n  ^ 

contacts  tends  to  zero  as  n  —*  <x>. 

Lemma  1  has  some  other  interesting  consequences.  One  (rf  these  is  the  fact, 
already  used  in  section  4,  that  no  set  of  incomparable  elements  of  B"  can  have 
more  than  Cn.inm  members.  Another  is  an  application  to  punched  card  sorting 
which  was  suggested  to  the  author  by  E.  F.  Moore.  If  we  let  0  and  1  stand  for 
hole  or  no  hole  in  a  punched  card,  an  x  in  B*  represents  a  way  of  punching  a 
card  with  n  possible  places  for  holes.  If  we  are  to  choose  a  set  of  ways  of  punch¬ 
ing  cards  such  that  when  we  sort  for  the  cards  with  punching  x  we  always  find 
X  and  only  x,  then  these  ways  of  punching  cards  must  be  represented  by  a  set  of 
incomparable  elements  of  B".  Hence  the  most  ways  of  punching  cards  is  obtained 
by  choosing  the  C,.(,/j]  ways  of  punching  exactly  [n/2]  holes. 

6.  Non-frontal  Two-terminal  Switching  Functions.  If  /(x)  is  not  frontal  we 
would  like  to  represent  /(x)  in  the  form 

(A)  fix)  -=  F(xi ,  •  •  •  ,  X, ,  ,  •  •  •  ,  yi) 

where  F  is  a  frontal  function  defined  over  B"'*''  and  gi,  is  a  frontal  function  of  / 
{xi,  ,Xn,g\,  •  , g'k-i)-  It  is  always  possible  to  do  this  by  taking  s  n  * 
and  giix)  »  x, .  However,  we  would  like  to  keep  s  as  small  as  possible. 

In  the  case  of  rectifier  circuits  s  is  the  number  of  negators  which  would  be 
needed.  In  the  relay  case  one  might  construct  separate  networks  for  *  ,g, 
and  use  these  to  operate  some  extra  relays  containing  only  back  contacts  to 
obtain  g'l,  •  •  •  ,g\.  Thus  s  in  this  case  measures  the  number  of  extra  relays  needed. 

We  will  show  that  s  need  be  no  greater  than  about  log2  n.  As  a  first  step  w*e  con¬ 
vert  fix)  into  the  following  normal  form. 

Theorem  5.  Given  a  Boolean  function  fix)  compute  the  sequence  of  functions 
^0 ,  ^  ,  •  •  •  defined  by 

Mx)  -  fix) 


(1) 

4»,(x) 

(2) 

Mx) 

fl  if  ^r-iiy)  “ 
[o  otherwise 
♦,(x)  rp'r-iix). 


1  for  some  y  ^  x 


Then  the  sequence  terminates,  i.e.  there  is  a  number  Rif)  ^  n  +  1  such  that 
^rix)  0  for  all  X  if  r  ^  Rif)'  Moreover 


(3) 


*1  >♦,>♦»  >  •  •  • 
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and  .,-1  ,-i  •,.<  .t  .  I  -  f.i  I..  •  . ) 

(4)  '  /(») 

Proof.  The  definition  (1)  of  4>,(a;)  ensures  that  ^r(x)  is  a  frontal  function. 
The  order  relation  appearing  in  (3)  is  the  one  which  was  defined  for  frontal  func¬ 
tions  in  section  3;  thus  (3)  states  that  ^  ,  "  *  form  a  chain  in  FD{n).  Since 
no  chain  in  FD{n)  is  of  length  greater  than  n  -f  1,  the  termination  of  the  process 
will  follow  when  we  prove  (3).  ^  ^ 

Furthermore,  by  (2), 

ir  ^r^r-l  +  +  ^’r. 

But  by  (1)  tifr-i  =  \lfr-i  SO  that  ‘ 

(5)  ^r-l(x)  =  *r(x)  ^rix). 

Using  (2)  and  (5)  r  times  we  obtain  t  ;  «  • 

I.  .  •/(x).-^(x)  ..  1.1 

^  ^i{x)  .  I 


•  I 

SO  that  (4)  will  also  follow  from  (3).  >  <1  •):  .  . 

To  prove  (3)  let  Ir-i  be  the  set  of  elements  of  B"  for  which  ^r-i  —  1.  If 
is  not  identically  0  let  xo  be  a  minimal  element  of  Ir-i  and  let  y  be  any  element 
of  B"  such  that  y  <  Xo .  By  (1),  4>r(y)  *  0  and  ♦r(xo)  *  1 .  By  (2)  and  (5),  ^f(y)  = 
0  and  ^r(xo)  “  0.  By  (p,  ♦,+i(xb)  -  0  and  4>,+i(y)  *  0.  Hence  <  4>,  if 
is  not  identically  zero.  If  ^r-i  is  identically  zero,  4»r(x)  =  0  by  (1)  arid  the  se¬ 
quence  has  terminated. 

Although  equation  (4)  does  have  the  form  (A)  it  is  not  especially  good  for  our 
purpose  unless  the  function  *  0  occurs  in  the  sequence  (3)  at  an  early  stage. 
For  example,  suppose  we  apply  Theorem  5  to  the  Boolean  function 

(1  if  an  odd  number  of  the  variables  Xi ,  •  •  •  ,  Xn  have  the  value  1, 

0  otherwise.  > 

We  then  find  that 


4>,(x)  -  S:(x)  -  < 


1  if  r,  r  -f-  1,  •  •  •  ,  or  n  of  the  variables  Xi ,  •  •  •  ,  x„  have  the 
value  1,  u  '  ‘ 

■  f  .  I  .  . 

[0  otherwise, 

so  that  n  negations  are  needed  in  (4). 


..  1.T"  -1.'  ‘  .  •) 

I'  -  ■  .  .if  ■ 


66 


E.  N.  GILBERT 


1:  '■ 


*  The  synthesis  of  an  arbitrary  function /(x)  can  be  reduced  to  a  canonical  prob¬ 
lem  of  synthesis  of  the  alternating  symmetric  function  i4"(x). 

Theorem  6.  Let  fix)  be  a  Boolean  function  for  which  ♦«+!  —  4»«+i  »•••«= 
“  0.  Then 

fix)  *  ^(*1,4.,,  ...  ,4>,) 
where  Biy)  is  the  function  of  yi,  ...  ,  y,  that 

.4"  =  Bis:,  <s7, ...  ,5:). 

Proof.  For  any  given  relay  state  x  c  we  have,  by  (3), 

4>i  =  4>j  «  • .  •  «  $4  =  1 

♦t+l  *  as  0 

for  some  k  —  kix).  By  (4)  we  conclude  that/(x)  *  1  if  A:  is  odd  and/(x)  ■»  0  if 
k  is  even. 

As  a  simple  example  of  an  application  of  Theorem  6  we  observe  that 

A-  -  57(57'  +  57)  (•••) 


and  hence  that 

fix)  -  4>»(4»;  +  4'i)(4'l  +  4‘i)-*- 


which  reduces  the  number  of  negators  to  about  n/2  at  most. 

A  much  more  economical  synthesis  method  is  obtained  through  the  use  of  the 
following  representation  of  A**  in  the  form  (A)  with  only  s  negators.  The  general  * 
case  is  adequately  illustrated  by  the  case  of  «  ■>  4:  * 

(6)  A“-5}‘y; 

where 

(7)  •  Qi  =»  5i*  giQtgi  +  54'yiyt  -1-  S%*  gigi  +  5i*pi  -|-  5io  ysyi 

+  5ti  gt  +  5i*  g%  -f-  5iJ 

where  , 

(8)  “  5»*  gi  gt  -f  5?*  g\  -|-  5}*  g  5}* 


where 

(9)  gt  “  5»*  gi  -f  5u 


where 

(10)  gx  -  5i‘. 

The  way  this  representation  of  A“  works  may  be  most  simply  described  by 
noting  that  when  kik  >  0)  of  the  16  switching  variables  have  the  value  1,  the 
binary  representation  of  A:  —  1  is 

k  —  1  “=  yi  2*  4-  2*  -f-  2'  -|-  , 
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Replacing  by  /  and  by  4>r  in  (6),  •  •  •  ,  (10)  we  obtain  a  representation  of 
type  (A)  for  any  Boolean  function  f(x)  for  which  the  chain  (3)  is  of  length  16 
or  less.  i 

Since  we  can  express  any  Boolean  function  /(x)  with  xe  B"  in  the  form  (A) 
using  no  more  than  about  log}  n  negators  it  is  of  interest  to  see  if  any  further 
reduction  beyond  log}  n  is  possible.  Actually  the  best  reduction  which  might  be 
obtained  in  general  can  only  replace  log}  n  by  A'(n)  log}  n  where  A'(n)  remains 
bounded  away  from  0  as  n  — >  « .  For  if  every  Boolean  function  of  n  variables 
can  be  expressed  in  the  form  (A)  with  only  «  negators,  2*"  must  be  less  than  the 
number  of  ways  of  choosing  the  «  +  1  frontal  functions  of  n  +  s  variables  F, 
gii  tOt’ 

2*"  ^  [^(n  +  s)Y^\ 

Using  the  upper  bound  on  ^(n  +  «)  derived  in  Theorem  3  we  find  that  the  small¬ 
est  value  a  =  «(n)  which  satisfies  this  inequality  is 

a(n)  W  i  log}  n  ; 

approximately  for  large  n. 
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A  GENERAL  SOLUTION  OF  THE  TWO-FREQUENCY  MODULATION 
PRODUCT  PROBLEM.  IL‘  TABLES  OF  THE 
FUNCTIONS  A^n(h,  k) 

By  Robert  L.  Sternberg 

1.  Introduction.  The  purpose  of  this  paper  is  to  provide  tables  and  evaluation 
methods  for  the  functions 

(1.1)  A„n(h,  k)  =  (2/t*)  jj  (cos  u  k  cos  v  —  A)  cos  mudu  cos  nvdv 

for  m,  n  =  0,  1,  I  A  I  ^  2,0  <  k  ^  1  where  R  is  the  region  defined  by 

(1.2)  R:  cos  u  +  k  coa  V  ^  h,  0  ^  u,  v  ^  r, 

and  subsequently  also  to  tabulate  briefly  the  first  six  higher  order  functions 
Amnih,  k).  These  functions  arise  in  the  problem  referred  to  in  the  title  and  the 
theory  of  their  application  and  a  number  of  their  properties  have  been  develoj;)ed 
in  Part  I  of  this  paper  by  the  present  writer  with  H.  Kaufman  [4]  and  in  the 
earlier  papers  of  W.  R.  Bennett  [1],  [2]. 

The  methods  provided  for  evaluation  of  the  functions  (1.1)  are  indicated  in 
§2  in  the  description  of  the  construction  of  the  table  and  consist  mainly  of  special 
numerical  integration  schemes  based  on  approximation  of  the  region  R  defined 
by  (1.2)  by  suitable  polygonal  regions.  Reference  is  also  made  to  several  known 
formulas  of  Bennett  [1]  for  evaluation  of  the  functions  (1.1)  for  A  =  0  in  terms  * 
of  tabulated  complete  elliptic  integrals  and  to  the  double  power  series  expansions  ' 
given  in  Part  I  of  the  present  paper.  ‘ 

The  tables  provided  are  six  decimal  tables  of  the  four  basic  functions  A«)(A,  k), 
Aioih,  k),  Aoi(fc,  k)  and  .4u(/i,  k)  for  h  =  — 2(0.2)2,  k  =  0.001, 0.01, 0.1  and  1.0  and 
of  the  first  six  higher  order  functions  Anih,  k),  Amih,  k),  Anih,  k),  i4u(A,  k), 
Auih,  k)  and  Aox(h,  k)  for  h  “  —  2(0.2)2  and  k  0.1  and  1.0.  Each  entry  in 
the  former  set  of  tables  is  believed  to  be  accurate  to  one  unit  in  the  last  place 
given  w'hile  those  in  the  latter  set  of  tables  may  have  errors  ranging  somewhat 
larger  with,  in  particular,  a  maximum  error  of  about  three  units  in  the  last 
place  being  possible  in  the  case  of  A|#(1.8,  1)  *  Am(1.8,  1). 

Viewing  the  functions  A*«(A,  k)  as  new  special  functions  of  mathematical 
physics  a  name  for  them  seems  desirable  and,  hence,  in  rec(^ition  of  the  original 
work  of  W.  R.  Bennett  [1],  [2]  in  connection  with  their  theory  and  application, 
the  present  writer  wishes  to  take  this  opportunity  to  propose  that  these  func¬ 
tions  be  hereafter  known  as  “Bennett  functions.” 

2.  Construction  of  the  table.  We  shall  first  describe  the  computation  of  the 
four  basic  functions  An(h,  k),  Au(h,  k),  An(h,  k)  and  Au(h,  k). 

To  b^in  with  for  positive  values  of  h  in  case  (o)  of  Part  I,  i.e.,  for  A  —  fc  ^  1 

*  Presented  to  the  American  Mathematical  Society  at  their  New  York  Meeting  April  24, 
1953. 
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the  tabular  entries  are  trivial  and  are  all  zero  by  formula  (4.3)  of  Part  I.  For 
positive  values  of  h  not  in  case  (o)  and  k  =»  0.001  and  0.01,  and  also  for  A  •=  0, 
k  «  0.001,  the  functions  were  computed  from  the  approximate  formulas 

A»(h,k)  S  (2/t*)  53^0  [Aui+iAsin  -|-  (sin  u<+i  —  Am.+OAp,], 

i4io(A,  k)  =  (2/ir*)  ^Z.0  [k  sin  «,+iA  sin  t)< 

+  (iui+i  +  i  sin  2w,+i  -  A  sin  w<+i)At),], 

(2.1)  .4oi(A,  k)  S  (2/t*)  [kui+iA(ivi  -f  J  sin  2t>,) 

+  (sin  Ui+i  -  Am,+i)A  sin  t>J, 

i4ii(A,  k)  ^  (2/t*)  2Z"-o  [k  sin  Ui+iA(^Vi  -|-  J  sin  2t>,) 

+  (i^i+i  +  i  sin  2m,+i  —  A  sin  u,+i)A  sin  pj, 

where  («o  ,  t'o)  *  (mi  ,  0)  and  the  u,+i ,  v,+i ,  (t  =  0, 1,  •  •  •  ,  n)  are  the  coordinates 
of  suitably  chosen  points  lying  near  but  not  necessarily  on  the  curve 

(2.2)  cos  u  ■+■  A  cos  V  >=  A 

which  bounds  the  region  R  in  (l.l)-(i.2)  and  where  Av,-  *  p,+i  —  r,-,  A  sin  v,  = 
sin  r,+i  —  sin  Vi  and  Adv,-  -f-  J  sin  2v,)  s  i  sin  2v,+i  —  —  i  sin  2vi . 

Formulas  (2.1)  are  readily  obtained  by  approximating  the  region  R  in  (1.1)  — 

(1.2)  by  a  set  of  n  +  1  rectangles  having  sides  parallel  to  the  w,  v-axes  mth  the 
(t  -|-  l)-th  rectangle  having  the  vertices 

(2.3)  (0,  Vi),  (w.+i ,  Vi),  (m.+i  ,  p.+i)  ,(0,  p.+i),  (f  =  0,  1,  •  •  • ,  n), 

with  (m,+i  ,  p,+i)  located  as  described.  By  plotting  the  curve  (2.2)  and  the  above 
mentioifed  rectangles  accurately  together  with  suitable  level  curves  of  the  inte¬ 
grand  function  cos  m  -f-  A  cos  v  —  A  it  was  found  possible  to  obtain  the  desired 
final  accuracy  of  1  X  10“*  units  after  round  off  with  the  aid  of  the  formulas 
(2.1)  with  values  of  n  ranging  from  one  to  fourteen  for  A  0.001  and  0.01. 

For  positive  values  of  A  not  in  case  (o)  of  Part  I  and  A  0.1  the  formulas 
(2.1)  are  impractical  to  apply  and,  hence,  in  this  range  the  functions  were  com¬ 
puted  from  the  more  suitable  approximate  formulas 
( 

«= p  g  [*  (^ + Ij)  ^  ^  (“<■’<«  - 

A 

- w*+i . 

T 

.  *  *  ‘  . 

AM, «  a  i  §  [-|  (^5^3  4  +  ..J 

(2.4)  >  /  \  “1 

-  ^  ^  +  I  (UiVn-i  -  M.+lP.)J  +  ^  «»+l  . 
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11^.1 

i 


A„(h, «  a ^  g  ^ <“■  + 

-  *“•  (^) 

+  5  ^  ‘’’  5  (“•  *’<+»  “  Wf+I*'.)  j  +  ^  R.h-1  . 

^u(k,  k)  cos  (u,  +  C,) 


+ 


+  Ar 

A  008  («,  -  0.)  -  g  ^ 


Ai;{ 


2Au.  +  Av 


:) 


A  cos  (2m, •  +  V,) 


(2.5) 


h  /  At>.-  \ 

2  \Au,  —  Ac,/ 

-  ''‘>  ~  Kau.  + 

-  i  (ST^.)  ^  2»<)  +  I  (^‘  +  *•  ^  »<] . 

where  («o  ,  vo)  =  (co8~‘(h  —  k),  0)  and  the  m,+i  ,  r.+i ,  (t  =*  0,  1,  •  •  •  ,  n)  now 
are  suitably  chosen  accurate  solutions  of  the  equation  (2.2)  with,  in  particular, 

(m,+i  ,  VnAri)  “  (0,  coti~'(h'  -  k'))  iu  case  (i),  Part  I, 

(u,+i ,  Vn+i)  -  (co8“‘(h  +  k),  r)  in  case  (ii),  Part  I, 

» 

where  k'  =  (h/k),  k'  =  (l/fc)  and  as  before  Ac,-  »  r.+i  —  v,- ,  A  cos  v,-  *  cos  i;,+i  — 
cos  V,’  and  so  forth.  Similarly  as  in  the  case  of  (2.1)  formulas  (2.4)  may  be  derived 
by  approximating  the  region  R  in  (1.1)-(1.2)  by  a  set  of  n  +  1  trapezoids  having  ^ 
three  sides  parallel  to  the  u,  v-axes  with  the  (t  +  l)-th  trapezoid  having  the 
vertices 

(2.G)  (0,  Vi),  {ui  ,  i-.),  (u,+i  ,  t>,+i),  (0,  Vi+i),  (*  »  0,  1,  •  •  •  ,  n), 

with  (ui ,  t',)  and  (u,>i ,  v,>i)  on  the  curve  (2.2).  Again  by  accurately  plotting 
the  curve  (2.2)  and  the  above  mentioned  trapezoids  together  with  suitable  level 
curves  of  the  integrand  function  cos  u  -h  k  cos  r  —  h  it  was  found  possible  to 
obtain  the  desired  final  accuracy  of  1  X  10~*  units  after  round  off  with  the  aid 
of  the  formulas  (2.4)  with  n  —  7  for  A:  —  0.1. 

For  positive  values  of  h  not  in  case  (o)  of  Part  I  and  Ac  —  1.0  the  functions 
Aoo(h,  1),  Au(h,  1)  »  Aoi(h,  1)  and  Aii{h,  1)  were  computed  from  approximate 
formulas  quite  similar  to  (2.4)  but  differing  in  such  a  manner  from  those  formulas 
as  to  take  advantage  of  the  symmetry  of  the  region  R  about  the  line  u  ^  v 
for  Ac  »  1.0  to  simplify  the  ultimate  calculation. 

Finally,  for  h  »=  0  and  k  «*  0.01,  0.1  and  1.0  the  functions  were  computed 
from  the  formulas 

A«o(0,  1)  -  8/t*,  A„(0,  k)  -  (4/0(2E(A:)  -  (1  -  A:*)/C(A:)1,  k  9^  I, 
Am(0,  A:)  «=  i,  Aoi(0,  A:)  -  JAc,  all  k, 

(2.7) 

Aii(0,  1)  =  8/3ir  , 

An(0,  k)  -  (4/3t**)[(1  +  k*)E(k)  -  (1  -  A:*)/i:(A:)l,  k  9^  I, 
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where  K(k)  and  E{k)  are  respectively  the  complete  elliptic  integrals  of  first  and 
second  kind  with  modulus  k  as  tabulated  by  Fletcher  [3].  These  formulas  have 
been  given  by  Bennett  [1 ;  pp.  234-235].  For  negative  values  of  h  the  functions 
Aooih,  k),  Aio{h,  k),  i4oi(/»,  k)  and  Au(h,  k)  were  computed  uniformly  by  the 
identities  (4.8)  of  Part  I  from  the  already  computed  values  of  these  functions 
for  positive  h.  This  then  completed  the  basic  table. 

In  an  effort  to  ensure  accuracy  a  number  of  checks  were  carried  out.  In  par¬ 
ticular,  for  I  A  I  -|-  A:  ^  0.7  the  tables  of  the  four  basic  functions  were  checked 
to  full  accuracy  by  computation  with  the  double  power  series  (5.3),  (5.4),  (5.5) 
and  (5.6)  of  Part  I  using  from  thirty  to  forty  terms  in  each  series  and  employing 
the  error  estimate  (5.7)  of  Part  I  or  a  slightly  sharper  version  of  the  latter. 
About  half  of  the  remaining  entries  in  the  table  were  checked  by  re<;omputation 
using  the  formulas  (2.1)  or  (2.4)  but  employing  a  different  set  of  points 
(m.+i  ,  Wi+i),  (t  =  0,  !,•••,«)  from  that  used  in  the  original  computation. 
The  actual  arithmetic  was  performed  mainly  on  a  desk  calculator  and  in  part 
on  I.  B.  M.  equipment;  in  either  case  nine,  ten  or  eleven  digits  were  carried  and 
the  final  answers  were  rounded  to  six  decimals. 

The  computation  of  the  non-trivial  values  of  the  higher  order  functions 
.4jo(A,  k),  Anih,  k),  Axih,  k),  .4«(A,  k),  An(h,  k)  and  An(h,  k)  was  carried  out 
principally  with  the  aid  of  the  recursion  identities  (4.6)  and  (4.7)  of  Part  I  to 
evaluate  these  functions  in  terms  of  the  four  basic  functions  already  tabulated. 
Thus,  in  particular,  seven  place  rounded  off  values  of  .4oo(A,  k),  Aw{h,  k),  Aoi(/»,  k) 
and  A  ii(h,  k)  were  substituted  in  the  formulas  (4.7)  of  Part  I  and  values  of  the 
higher  order  functions  were  then  computed  from  those  formulas  to  as  many 
significant  figures  as  possible.  Although  this  process  resulted  in  sufficiently 
accurate  values  of  the  higher  order  functions  in  most  instances,  the  values  of 
Am(h,  0.1),  Aei{h,  0.1)  and  Aii(h,  0.1)  had  to  be  computed  separately  due  to 
loss  of  signiffcant  ffgures  in  application  of  the  recursion  identities.  Hence,  the 
•non-trivial  values  of  the  three  functions  mentioned  with  A;  »  0.1  were  computed 
directly  from  approximate  formulas  analogous  to  (2.4)  or  from  the  formulas 

.4»(0,  1)  -  A«(0,  1)  -  8/9t*, 

Am(0,  k)  -  (4/9t*)(2(2  -  k*)Eik)  -  (1  -  A:*)A'(A:)],  A;  1, 

(2  8) 

yl„(0.  A:)  .  (4/9tV)[2(2A:*  -  l)E(k)  +  (2  -  3A:*)(1  -  ifc*)A(A:)],  k  ^  1, 

Ajo(0,  k)  “  Aji(0,  k)  »  Aij(0,  k)  *  /loi(0,  k)  »  0,  all  k^ 

of  Bennett  (1 ;  p.  234-235);  the  latter  formulas  were  also  used  to  partially  check 
the  calculations  done  with  the  recursion  identities.  The  dire<*t  calculation  of 
the  functions  Anih,  0.1),  An(h,  0.1)  and  Auih,  0.1),  like  the  calculation  of  the 
four  basic  functions,  was  carried  out  in  such  a  manner  as  to  yield  rounded  off 
six  place  values  accurate  to  1  X  10~*  units.  The  somewhat  larger  possible  inac¬ 
curacies  in  the  tables  of  the  higher  order  functions  referred  to  in  the  introduction 
occur  in  the  values  obtained  exclusively  by  the  recursion  identities. 

Acknowledgement.  The  author  wishes  to  acknowledge  his  indebtedness  to 
Mrs.  S.  S.  Fahlquist,  Mrs.  C.  F.  Ramsey  and,  particularly.  Miss  Shirley  Rose  of 
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An(h,  k) 


h 

h 

0.001 

OjOI 

0.1 

1.0 

2.0 

0.000  000 

0.000  000 

0.000  000 

1.8 

.000  000 

.000  000 

.000  000 

.006  268 

1.6 

.000  000 

.000  000 

.000  000 

.024  682 

1.4 

.000  000 

.000  000 

.000  000 

.064  253 

1.2 

.000  000 

.000  000 

.000  000 

.094  487 

1.0 

.000  004 

.000  137 

.004  362 

.144  416 

0.8 

.000  206 

.002  048 

.020  329 

.203  074 

0.6 

.000  295 

.002  952 

.029  470 

.269  368 

0.4 

.000  360 

.003  690 

.036  880 

.342  032 

0.2 

.000  436 

.004  369 

.043  682 

.419  554 

0.0 

.000  600 

.006  000 

.060  000 

.500  000 

-0.2 

.000  664 

.006  641 

.066  418 

.680  446 

-0.4 

.000  631 

.006  310 

.063  120 

.667  968 

-0.6 

.000  706 

.007  048 

.070  530 

.730  632 

-0.8 

.000  796 

.007  962 

.079  671 

.796  926 

-1.0 

.000  996 

.009  863 

.096  638 

.855  684 

-1.2 

.001  000 

.010  000 

.100  000 

.906  613 

-1.4 

.001  000 

.010  000 

.100  000 

.946  747 

-1.6 

.001  000 

.010  000 

.100  000 

.975  418 

-1.8 

.001  000 

.010  000 

.100  000 

.993  742 

-2.0 

0.001  000 

0.010  000 

0.100  000 

1.000  000 

Cl  ^  CO  00  o 
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Aitih,  k) 

An{h,  k) 

0.000 

000 

0.000 

000 

.000 

000 

.005 

441 

.000 

000 

.018 

306 

.000 

000 

.033 

958 

.000 

000 

.048 

507 

.002 

227 

.058 

842 

.001 

083 

.062 

662 

.000 

601 

.058 

536 

.000 

349 

.045 

999 

.000 

163 

.025 

729 

.000 

000 

.000 

000 

-.000 

163 

-.025 

729 

-.000 

349 

-.045 

999 

-.000 

601 

-.058 

536 

-.001 

083 

-.062 

662 

-.002 

227 

-.058 

842 

.000 

000 

-.048 

507 

.000 

000 

-.033 

958 

.000 

000 

-.018 

306 

.000 

000 

-.005 

441 

0.000 

000 

0.000 

000 

0.000 

000 

0.000 

000 

.000 

000 

.004 

706 

.000 

000 

.013 

303 

.000 

000 

.019 

875 

.000 

000 

.021 

395 

.000 

488 

.017 

339 

-.000 

052 

.009 

231 

-.000 

016 

.000 

077 

-.000 

007 

-.006 

378 

-.000 

003 

-.006 

738 

.000 

000 

.000 

000 

.000 

003 

.006 

738 

.000 

007 

.006 

378 

.000 

016 

-.000 

077 

.000 

052 

-.009 

231 

-.000 

488 

-.017 

339 

.000 

000 

-.021 

395 

.000 

000 

-.019 

875 

.000 

000 

-.013 

3a3 

.000 

000 

-.004 

706 

0.000 

000 

0.000 

000 
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ON  THE  DEGREE  OF  CONVERGENCE  OF  SOLUTIONS  OF 
DIFFERENCE  EQUATIONS  TO  THE  SOLUTION  OF 
THE  DIRICHLET  PROBLEM^ 

By  J.  L.  Walsh  and  David  Young 

1.  Introduction.  Although  finite  difference  methods  are  finding  frequent  use 
in  the  solution  of  boundary  value  problems  associated  with  partial  differential 
equations  of  elliptic  type,  little  appears  to  be  known  about  the  accuracy  of 
these  methods.  The  object  of  the  present  paper  is  to  study  degree  of  convergence 
of  the  difference  equation  solution  of  Laplace’s  equation  in  the  square,  as  the 
mesh  size  approaches  zero,  under  various  continuity  hypotheses  on  the  boundary 
values.  Gerschgorin  [2]*  has  given  some  error  bounds  but  these  involve  bounds 
on  certain  partial  derivatives  of  the  solution  in  the  closed  region.  Finite  bounds 
for  these  derivatives  may  not  exist  and  even  when  they  do  exist  are  very  hard 
to  find  except  under  very  stringent  assumptions  on  the  boundary  values.  The 
only  available  error  bounds  not  involving  higher  derivatives  of  the  solution 
are  the  non-explicit  bound  given  by  Rosenbloom  [10]  and  the  explicit  error 
bounds  given  by  Wasow  [13]  and  by  Walsh  and  Young  [12]  for  the  case  of  the 
rectangle.  In  [13]  very  severe  differentiability  conditions  were  imposed.  In  [10] 
and  [12]  uniform  error  bounds  were  obtained  which  are,  in  general,  much  too 
large  for  a  particular  point.  For  instance  in  [12],  the  uniform  error  was  shown 
to  vanish  of  the  order  h*'^,  where  h  is  the  mesh  size,  provided  the  boundary 
values  satisfy  a  Lipschitz  condition  of  order  one.  For  this  case  we  now  show 
that  the  error  tends  to  zero  as  the  first  power  of  h  uniformly  on  any  closed  inte¬ 
rior  region. 

We  also  obtain  other  results  on  the  degree  of  convergence  uniformly  in  any 
closed  interior  region  of  the  square  expressed  in  terms  of  assumed  modulus  of 
continuity  of  the  given  function,  or  modulus  of  continuity  except  for  finite 
jumps,  or  modulus  of  continuity  of  the  derivative,  or  total  variation. 

Our  results  can  be  easily  extended  to  rectangles,  and  it  is  hoped  that  they  will 
give  some  indication  as  to  the  situation  to  be  exppcted  for  more  general  regions. 

i 

2.  Explicit  solutions.  As  general  background  for  our  treatment  we  state 

Theorem  2.1.  Let  R  denote  a  bounded  plane  region  whose  boundary  S  consists 

of  a  finite  number  of  mutually  disjoint  Jordan  curves,  and  let  the  function  F(x,  y) 
be  bounded  on  S  and  continuous  on  S  except  perhaps  for  a  finite  number  of  points 
Q.  Then  there  exists  a  unique  function  u{x,  y)  harmonic  and  bounded  in  R,  and 
continuous  in  SI  R  +  S  except  at  the  points  Q,  and  equal  to  F(x,  y)  on  S. 

If  the  functions  m*(z,  y)  harmonic  in  R  are  bounded  in  their  totality,  if  each 
function  is  continuous  in  Q  except  perhaps  in  the  points  Q,  and  if  Uk(x,  y)  approaches 

>  This  research  was  supported,  in  part,  by  the  Office  of  Ordnance  Research,  U.  S.  Array, 
under  Contract  DA-36-OM-ORD-966  with  the  University  of  Maryland.  This  paper  was  pre¬ 
sented  to  the  American  Mathematical  Society,  Feb.  28,  1963. 

*  Numbers  in  brackets,  [  ),  refer  to  the  bibliography  at  the  end  of  the  paper. 
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u(x,  y)  uniformly  on  every  dosed  arc  of  S  containing  no  point  Q,  then  Uk(x,  y) 
approaches  u(x,  y)  uniformly  on  every  closed  point  set  of  Q  containing  no  point  Q. 

Both  parts  of  Theorem  2.1  are  conveniently  proved  by  use  of 

Lemma  2.2.  Under  the  conditions  of  Theorem  2.1,  let  v(x,  y)  be  harmonic  in  R, 

I  v(x,  y)  I  not  greater  than  M  in  R,  and  lim  sup  |  v(x,  y)\  ^  e  as  (x,  y)  in  R  ap¬ 
proaches  an  arbitrary  point  of  S',  where  S'  is  a  closed  subset  of  S  containing  no 
point  Q.  Let  Si  be  a  closed  subset  of  S  containing  in  its  interior  aU  the  points  of 
S  —  S'.  Then  on  any  closed  subset  Stofil—  Si  we  have 

I  v(x,  y)  I  ^  Mu(x,  y)  +  «, 

where  w(x,  y)  is  the  harmonic  measure  at  (x,  y)  of  Si  with  respect  to  SI. 

Lemma  2.2  is  proved  by  merely  studying  lim  sup  and  lim  inf  of  v(x,  y)  as 
(x,  y)  in  R  approaches  points  of  S.  The  existence  of  ti(x,  y)  in  Theorem  2.1  is 
shown  by  the  Cauchy  condition  for  uniform  convergence  from  I^mma  2.2  by 
use  of  a  bounded  sequence  of  suitably  chosen  boundary  values  F*(x,  y),  each 
continuous  on  S,  equal  to  F{x,  y)  on  S  except  in  a  neighborhood  of  each  point 
Q,  where  the  neighborhoods  shrink  indefinitely.  Of  course  if  5*  is  fixed,  w(x,  y) 
approaches  zero  uniformly  on  Si  as  the  set  <81  shrinks  and  approaches  the 
point  set  Q.  The  uniqueness  of  u{x,  y)  is  a  consequence  of  Lemma  2.2.  The 
latter  part  of  Theorem  2.1  then  follows  readily  from  Lemma  2.2.  For  a  discus¬ 
sion  both  of  the  Dirichlet  problem  and  harmonic  measure  the  reader  may  refer 
to  Nevanlinna  [8],  Chapter  II. 

Henceforth  throughout  this  paper  we  shall  consider  R  as  the  square  0  <  x  <  1, 
0  <  y  <  1,  and  we  shall  assume  that  F{x,  y)  satisfies  the  conditions  given  in 
Theorem  2.1  and  that  F{x,  y)  tends  to  a  limit  as  (x,  y),  on  S,  approaches  a  point 
of  discontinuity  Q  in  each  of  the  two  directions.  At  such  a  point  Q  we  ordinarily 
take  the  average  of  the  two  limits  as  the  value  of  F{x,  y). 

The  most  common  finite  difference  analogue  of  the  Dirichlet  problem  is  con¬ 
structed  as  follows.  With  mesh  size  h  *  1/A,  where  A  is  a  positive  integer,  we 
seek  a  function  Ua(x,  y)  which  satisfies  the  difference  equation 

M^(x  +  A,  y)  +  ua{x  -  h,y)  a-  Ua(x,  y  +  h) 

(2.1) 

-f  Ua(x,  y  -  h)  -  iuA(x,  y)  -  0 

at  the  interior  nodes  (x,  y),  that  is  points  of  R  such  that  x  and  y  are  integral 
multiples  of  h,  and  which  equals  F(x,  y)  at  the  boundary  nodes.  Functions 
satisfying  (2.1)  are  said  to  be  discrete  harmonic  and  are  discussed  in  [3]. 

By  linearity  of  the  Dirichlet  problem  and  its  difference  analc^e  it  is  sufficient 
for  a  study  of  the  degree  of  convergence  of  Ua(x,  y)  to  u(x,  y)  to  assume  that  the 
boundary  values  are  determined  by  Fi(x,  y),  where  Fi{x,  y)  vanishes  except 
when  y  ■■  0,  and 

Fi{x,  0)  -  Fix,  0),  0  <  X  <  1 

(2.2) 

Fi(0,  0)  -  i  Lim».^+F(x,  0),  Fi(l,  0)  -  i  Lim;^i_F(x,  0). 

Evidently  F(x,  y)  is  the  sum  of  Fi(x,  y)  and  three  other  similar  functions. 

Since  the  values  of  UAix,  y)  at  the  comers  of  the  square  do  not  appear  in 
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(2.1),  we  can  double  Fi(x,  y)  at  the  points  (0,  0)  and  (1,  0)  without  changing 
v)  or  u(x,  y)  except  at  these  two  points.  With  Fi{x,  y)  thus  modified  we 
let,  for  convenience. 


fix)  »  Fiix,  0), 


0  ^  X  ^  1. 


Evidently /(x)  is  piecewise  continuous  on  /:  0  ^  x  ^  1,  that  is  to  say,  continu¬ 
ous  on  I  except  possibly  for  a  finite  number  of  finite  jumps.  Moreover  /(x) 
satisfies  the  conditions 


m  ^  mix+)  +  Six-)], 

/(O)  =/(0-|-),  /(l)  -/(1-) 


0  <  X  < 


where /(x-H)  *  Lim(_,+/(0  and/(x— )  =  Limi_^/(0. 

Since  our  study  of  w(x,  y)  and  M.t(x,  y)  will  involve  only  subregions  of  the 
square  not  containing  either  of  the  points  (0,  0)  and  (0,  1),  it  is  sufficient  for 
us  to  assume  that  on  S 


uix,  y)  »  0, 
m(x,  0)  -  fix), 


O^x^l 


and  that  for  nodes  on  S 


Uiix,  j/)  “  0,  ’  y  >  0 

«^(x,  0)  -  fix). 

We  now  prove 

Theorem  2.3.  Thx  unique  solution  of  the  above  Dirichlel  problem  is  given  by 
5.4)  uix,  y)  =  53«-i  sin  nirx  Win,  y),  if  >  0, 

m(x,  y)  =  fix),  if  y  =  0, 


sinh  nir 


[  fix)  si 

Jo 


sin  nwx  dx. 


Proof.  The  series  in  the  right  member  of  (2.4)  converges  for  y  >  0;  let  u*(x,  y) 
denote  the  right  member  of  (2.4).  Let  the  functions  m*(x,  y),  k  *  1,  2,  •  •  •  , 
be  the  arithmetic  means  of  the  first  k  partial  sums  of  (2.4).  Since  (C,  1)  sum- 
mability  is  regular  it  follows  that  m*(x,  y)  approaches  u*ix,  y)  for  y  >  0.  More¬ 
over,  in  any  closed  subinterval  of  I  not  containing  points  Q,  which  are  either 
points  of  discontinuity  of  fix)  or  the  points  x  *  0,  x  *=  1,  Mt(x,  0)  approachcis 
fix)  uniformly.  Therefore  in  any  closed  subset  of  0  not  containing  any  point  Q 
the  sequence  m*(x,  y)  approaches  m*(x,  y). 

Moreover,  for  each  fc,  wt(x,  y)  is  harmonic  in  R,  continuous  in  SI  and,  since 
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by  a  well  known  property  of  (C,  1)  summability  of  Fourier  series,  |  ut(x,  0)  |  ^ 
M,  where  M  *  L.U.B.  ]  /(x)  |  ,  for  x  c  7,  we  have  1  Rt(x,  y)  1  ^  M  in  0. 
Therefore  the  hypotheses  of  the  second  part  of  Theorem  2.1  are  satisfied  and 
y)  converges  to  u(x,  y)  uniformly  in  any  closed  subset  of  0  containing  no 
point  Q.  Therefore  except  at  the  points  Q  we  have  «(x,  y)  =  u*(x,  y).  But  by 
(2.4)  the  equality  also  holds  at  the  points  Q,  and  the  theorem  is  proved. 

Theorem  2.3  is  valid  under  the  hypothesis  of  Theorem  2.1  on  F{x,  y),  without 
assuming /(x+)  and/(x— )  to  exist. 

For  the  difference  equation  problem  it  is  known,  see  for  instance  [7],  [9]  or 
[12],  that  the  unique  solution  is 

(2.7)  Ua{x,  y)  “  6,(A)  sin  nrx  W(m,  y) 

for  nodes  (x,  y)  such  that  y  >  0,  where 

(2.8)  ii.(A)  -  (2/ A)  Ey-i/W/A)  sin  (nrj/A), 

and  for  each  integer  n  such  that  \  ^  n  ^  A  —  \  the  number  m  is  defined  im¬ 
plicitly  by 

(2.9)  sinh  mT/2A  =  sin  nrl2A. 

To  study  the  degree  of  convergence  of  u^(x,  y)  to  m(x,  y)  as  ^4  — >  «  we  define 
for  each  j/o  such  that  1  ^  t/o  >  0 

(2.10)  E(A,  yo)  =  L.U.B.  |  u.(x,  y)  -  u(x,  y)  | , 

the  least  upper  l>ound  being  taken  over  all  mesh  points  (x,  y)  such  that  1  ^ 
y^J/o,0^x^l.  Typical  Tesults  will  be  of  the  form 

E{A,  yo)  =  Om)) 

where  <f>(A)  is  to  be  evaluated  as  some  non-negative  function  of  A  which  tends 
monotonically  to  zero  as  A  — »  ».  The  constant  factor  implied  by  0(4>(A))  de¬ 
pends  on  yo  but  not  on  A. 

3.  Preliminary  results.  We  now  show  that  the  degree  of  convergence  of 
Wx(a;,  y)  to  u(x,  y)  depends,  essentially,  on  the  degree  of  convergence  of  the 
6, (A)  in  (2.8)  to  the  Fourier  coefficients  On . 

Theorem  3.1.  If  /(x)  is  piecewise  continuous  and  if  there  exist  functions  0(A) 
and  ^(n)  of  the  positive  integers  A  and  n,  respectively,  such  that  LimA-.«>0(A)  =  0, 
and  such  that  for  some  s  >  0,  we  have  0(n)  =  0(n’),  and 

(3.1)  I  a„  -  6,(A)  I  ^  0(n)0(A),  (n  =  1,  2,  •  •  •  ,  A  -  1), 

then 

(3.2)  E{A,  yo)  =  0(A-*),  t/0(A)  =  0(A-‘) 

=  O(0(A))  otherwise. 

Here  E{A,  yo)  is  defined  by  (2.10) /or  1  ^  yo  >  0. 

Proof.  Subtracting  (2.4)  from  (2.7)  we  get  for  y  >  0 
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I  u(x,  y)  -  Ua{x,  y)  |  ^  Ei{x,  y)  +  Ei{x,  y)  +  Ei{x,  y) 

where 

Ei{x,  y)  -  I  o,  sin  nirx  W(n,  y)  \ 

Bi(x,  y)  -  I  231-i  K(A)  sin  nirx  {W{n,  y)  -  W{m,  y))  | 

Et{x,  y)  »  I  SlJ-i  (o«  —  ^n{A))  sin  nvx  W(n,  y)  | . 

It  is  easy  to  show  that 

(3.3)  W{n,  y)  ^  g-",  0  ^  y  ^  1, 

see  for  instance  [9].  Next,  since  f(x)  is  piecewise  continuous,  it  follows  that  for 
some  M  we  have  |  f(x)  |  ^  M;  hence  |  |  ^  2M,  Therefore 

Ei(x,  y)  ^2MZ  e-'-  ^  “----■ ,  (y  ^  yo  >  0)- 

it-it  1  —  er^* 

For  fixed  yo  >  0,  we  have  Ei(x,  y)  —  0(^4“*). 

Again,  since  |/(x)  |  ^  ilf,  we  have,  by  (2.8),  |  6»(A)  |  ^  2Af.  Moreover,  in 
[12],  Section  6,  it  is  shown  that 

I  W(m,  y)  -  W{n,  y)  |  ^  QA-*yn*c-*"' 

where 

Q  -  (xVl2)  coth  B,  B  -  2  sinh~'(l). 

Therefore  we  have  for  1  ^  y  ^  yo  >  0, 

E,{x,  y)  ^  2MQA-'^v  ZllUV*"' 

^  2MQA-'  ^  Q»(y.)A-*, 

where  Q}(yo)  depends  only  on  yo .  This  follows  since  the  infinite  series  converges. 
Finally,  we  have  by  hjrpothesis  and  (3.3) 

'  s 

for  y  ^  yo  >  0.  Since  ^(n)  =  0(h*)  by  h3rpothesis,  it  follows  that  the  infinite 
series  converges.  The  theorem  now  follows. 

Next,  we  prove 

Theorem  3.2.  If  f(x)  has  the  property  that  for  some  K  and  some  y  >  1,  ]  o,  |  ^ 
K/n"*,  n  *  1,  2,  •  •  •  ,  then 

,  B(A,  yo)  -  0(A-^,  ify^2 

(3.4) 

-  0(A-*),  ify>  2. 

Proof.  It  is  easily  verified  that  the  Fourier  series  for  f(x)  converges  absolutely 
find  uniformly  for  all  xe  J  to f{x)^  and  that /(x)  is  contiuuous, 
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Now,  it  is  known,  see  Wasow  [13],  that  if  f(x)  m  sin  nvx  where  the 

a«  are  given  by  (2.6),  then 

(3.5)  a«  —  hn(A)  ■»  —  i<hkA+»  —  (htA-n). 

Hence,  we  have  for  all  n  such  that  1  ^  n  ^  A  —  1 

I  “  6«('^)  I  “  I  <hiA+n  ~  OtkA-n  | 

(3.6)  ^  K  Zr.»  [(2Jk^  +  n)-’  +  (2kA  -  n)-^ 

^  (2K/A^  EZ.i  (2*  -  1)-’  -  0(A-') 

since  the  infinite  series  converges.  The  result  now  follows  by  Theorem  3.1. 

Obviously  more  delicate  conditions  than  those  of  Theorem  3.2  can  be  used, 
with  correspondingly  more  delicate  results. 

We  shall  also  make  use  of  the  following  theorem. 

Theorejh  3.3.  Let  f(x)  have  the  property  that  there  exists  a  monotone  decreasing 
sequence  of  positive  numbers  ci ,  cs ,  ■  ■  •  tending  to  zero,  and  for  each  N  there  exists 
a  trigonometric  sum  Sm{x)  of  the  form 

Sn(x)  *  ]C^-i  otff.n  sin  nrx 

such  that 

\f(x)  -  Sm(x)  I  ^ 
uniformly  for  0  ^  x  ^  1.  Then 

,EiA,  yo)  -  0(«.)  if  A-'  -  0(.,) 

-  OiA-')  if  -  OiA-'). 

Proof.  By  (2.6)  and  (2.8)  we  have  as  in  [11],  Sec.  5, 

a„  —  bniA)  “  2  (S^(x)  sin  nirx  dx  +  2  f  [fix)  —  <S4(x)]  sin  nirx  dx 

-  i2/A)  S  (S^O’M)  sin  nirjM  -  i2/A)  ^  [fij/A)  -  SA(iM)]  sin  nvj/A. 

J-i  i-i 

But  it  is  easy  to  show,  (see  for  instance  [4],  Chapter  IV),  that  forn  ..4  —  1, 
we  have 

(2/ A)  2  SaU/A)  sin  (nrj/A)  =  2 

Therefore  for  n  ^  ^4  —  1  we  have 
(3.8)  1  a,  -  bniA)  1  ^  4.4  . 

The  result  follows  from  Theorem  3.1. 

4.  Step  functions  and  polynomials.  We  shall  now  discuss  the  convergence  of 
^>t(2>  y)  to  u(x,  2/)  as  i4  takes  on  a  sequence  of  different  values  A\,  At,  •  •  •  such 


SAix)  sin  nrx  dx  =  a^.*. 
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that  for  each  k,  Ak+i  is  an  int^^l  multiple  of  .  It  is  evident  that  Ak  ia  & 
multiple  of  X  y  for  all  j  ^  k.  Therefore,  if  for  some  k,  the  point  (x,  y)  is  a  node 
of  the  net  with  mesh  size  AiT^,  then  it  will  be  a  node  of  all  finer  nets  of  the  se¬ 
quence.  Thus  with  a  given  sequence  {i4*j  the  points  of  11  are  divided  into  two 
classes:  those  which  are  nodes  of  some  net  and  those  which  are  not.  We  shall 
refer  to  points  of  the  former  class  as  mesh  points. 

Let  us  now  consider  the  case  where  /(x)  is  the  characteristic  function  of  a  sub¬ 
interval  [a,  $\  of  I. 

Theorem  4.1.  Let  fix)  =  1,  a  <  x  <  /3, /(a)  —  fifi)  *  J  except  that  /(a)  — 
/(0+)  t/  a  *■  0,  /(/3)  =  /(I  — )  t//3  *«  1,  and  fix)  »  0  elsewhere  in  the  interval  I. 
Then 

(4.1)  EiA,  yo)  - 

If  both  of  the  points  (a,  0),  (jS,  0)  are  mesh  points  then 

(4.2)  EiA,  yc)  -  OiA-\ 

Proof.  By  Theorem  3.1  it  is  sufficient  to  study  the  difference  a,  —  bniA) 
for  each  n.  Let  p,  q  denote  respectively  the  smallest  integer  not  less  than  Aa 
and  the  largest  integer  not  greater  than  A0.  By  (2.6)  we  have  at  once 

(4.3)  On  ”  (2/nT)[cos  nra  —  cos  nx/S]. 

Next,  it  is  easily  seen  that 

M  KiA)  -  Zi-i/O'M)  sin  nrj/A 

(4.4) 


“  HUp  sin  nwj/A  -  [(1  -  fiph))  sin  nrph  +  (1  -  fiqh)) 

sin  nwqh] 

But  by  a  well-known  formula  for  the  sum  of  a  series  of  sines,  see  for  instance 
[11],  we  have 

sin  nvj/A  =  J  cot  (nT/2i4)  •  (cos  pnx/A  —  cos  qnir/A) 

(4.5) 

+  J(sin  pnir/A  -f  sin  qnir/A). 

Now  if  the  points  (a,  0)  and  (j9,  0)  are  mesh  points  and  if  il  is  sufficiently  large 
so  that  they  are  nodes  of  ^he  net  with  mesh  size  1/A,  then  the  second  term  of  the 
last  member  of  (4.4)  equals  —  ifsin  nxp/A  -|-  sin  nxg/A],  and  we  have 

(4.6)  6«(A)  —  (1/A)  cot  (nT/2A)(co8  nra  —  cos  nx/3). 

We  now  observe  that  for  0  <  x  ^  ^x  we  have 

(4.7)  0  ^  (1/x)  -  cot  X  ^  (4/x*)  X. 

For  the  series  for  cot  x 


cot  X 


—  Hx  —  — 


has  radius  of  convergence  x,  see  for  instance 
for  P(x)  where  P(x)  is  defined  by 


j,  page  418.  Therefore  the  series 


cot  X  —  X  *  —  xP(x) 
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has  the  same  radius  of  convergence,  and  moreover,  all  coefficients  in  the  expan¬ 
sion  of  P(x)  are  positive,  ([6],  page  204).  Therefore  P{x)  is  an  increasing  func¬ 
tion  of  X,  and  its  maximum  value  in  the  interval  0  ^  x  ^  x/2  is  given  by  (2/t)*. 
Therefore  (4.7)  follows.  But  by  (4.3)  and  (4.6)  we  have 

(4.8)  a,  —  6«(i4)  «  (cos  nxa  —  cos  nr0)[(2/nir)  —  cot  (nT/2A)]. 

By  (4.7)  we  have 

(4.9)  0  ^  (2/nT)  -  A~^  cot  (nir/2A)  ^  2n/irA*, 
and 

(4.10)  I  o«  —  bn(A)  I  ^  I  cos  nxa  —  cos  nvff  \  (2n/rA*). 

Thus  (4.2)  follows  from  Theorem  3.1. 

To  prove  (4.1)  we  rewrite  (4.5)  in  the  form 

t,  S  (-  T 

By  (4.4)  we  have  , 

MX)  -  i  C8C  g  (coe  -  coe  <li^)  +  » 

-  j  +  T)]  +  * 

t  where  (A/2)6  —[(1  —  f(ph))  sin  nrph  -|-  (1  —  f(qh))  sin  nirqh]  and  where 

<1  “  (p  —  i)  —  Aa,  «j  “  (g  —  i)  -  Afi.  Evidently  1  <i  1  <  1,  |  €i  |  <  1,  and 
I  5  I  ^  2/ A.  Actually  B  vanishes  if  neither  of  the  points  (a,  0),  (fi,  0)  are  nodes. 

Now  using  the  power  series  expansion  for  the  function  esc  x,  it  can  be  shown 
that 

0  ^  CSC  X  —  (x“*)  ^  Hx,  0  <  X  ^  t/2, 

where  H  ■■  (2t  —  4)/t*.  Hence  forn  ^  A  we  have 

0  ^  CSC  (nT/2A)  -  (2A/nT)  ^  H{nx/2A). 

Moreover 

I  cos  [nxa  -f-  (eiUx/A)]  —  cos  nxa  \  ^  |  ci  |  nxJA, 

I  cos  [nx0  —  (t^nx/A)]  —  cos  nx0  |  ^  |  «j  |  nx/A. 

It  then  follows  that  for  all  n  ^  A 

I  a,  -  6,(A)  I  ^  Hnx/A'  -j-  (x/A)  [  | .,  |  -j-  |  ^  |  ]  +  (2/A)  ^  Q,/A, 

where  Qi  is  independent  of  A  and  n.  Equation  (4.1)  follows  by  Theorem  3.1. 

By  linearity  of  the  difference  and  differential  equations  we  have 
Theorem  4.2.  Let  f{x)  be  constant  in  each  of  the  intervals  0  ^  x  <Xi,Xi<x< 
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,Xn-i  <  X  <  Xn,Xn  <  X  ^  \,and foT eochiUtfiXi)  ■«  i[/(x,+)  +  /(x<— )]. 

Then 

(4.11)  E{A,y^)  -  0(^-‘) 

and  if  aU  the  points  Xi ,  x* ,  •  •  •  ,  x,  are  mesh  points 

(4.12)  E{A,  yo)  -  0(A-*). 

Next  let  us  consider  the  case  where /(x)  is  a  linear  function,  say,  cx  +  d  where 
c,  d  are  constants.  By  Theorem  4.1,  letting  a  0,  |3  1,  it  is  suflScient  to  as¬ 

sume  d  ■=  0,  for  otherwise  we  could  subtract  d  from  /(x)  and  the  degree  of  con¬ 
vergence  >vith/(x)  *  d  is  0(A~*). 

Theorem  4.3.  If  f(x)  »  cx  then 

(4.13)  EiA,  yo)  ~  OiA-*). 

Proof.  From  (2.6)  we  get  a,  *  (— 1)"'*’*  2c/n»  and  by  (2.8) 
bniA)  =  {2c f  A*)  sin  nrjfA. 

The  last  expression  can  be  summed  by  differentiating  with  respect  to  X  the 
identity 

sin  |(A  —  1)X  cos  f  AX 
sin  ^X 

thereby  obtaining,  after  reduction,  and  letting  X  “  nr/ A 
K{A)  -  (-!)"■''  (c/A)  cot  {nr/2A). 

Using  (4.9)  one  can  show  that 

(4.14)  1  a,  -  K{A)  I  ^  {2cn/rA\ 
and  the  result  follows  by  Theorem  3.1. 

We  remark  that  for  Theorem  4.3,  it  is  not  required  that  A  tend  to  infinity 
in  the  manner  prescribed  at  the  beginning  of  this  section.  This  is  true  for  poly¬ 
nomials  as  well.  In  fact  we  have 
Theorem  4.4.  If  fix)  ^  x',  (p  ^  2),  then 

(4.15)  '  EiA,  yo)  -  OiA-*). 

Let/t(x)  s  x'  —  X.  Evidently /j(0)  *  /i(l)  —  0  and/i(x)  has  a  bounded  second 
derivative  in  the  interior  of  I.  It  is  easy  to  show  by  repeated  integration  by  parts 
that  the  Fourier  coefficients  tend  to  zero  like  n“*  as  n  — ►  <x;  hence  the  theorem 
follows  immediately  by  Theorems  3.2  and  4.3.  The  extension  to  the  case  where 
fix)  is  an  arbitrary  polynomial  is  immediate. 

6.  Piecewise  continuous  functions.  For  the  case  of  continuous  boundary 
values  we  prove 

Theorem  5.1.  Let  fix)  be  continuous  in  the  interval  0  ^  x  ^  1.  Iff  is  not  con¬ 
stant,  then 


—  23  cos  \j 
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where  u(S)  is  a  nwdxdus  of  continuity  of  f(x),  in  the  sense  that  for  points  of  I  the 
inequality  |  Xi  —  Xi  |  ^  i  implies  \  f{xi)  —  f(xi)  |  ^  u(d). 

Proop.  As  before  we  let  g(x)  *  f(x)  sin  n»x.  Now,  if  |  xi  —  Xj  [  <4,  then 

I  g(Xi)  —  gixi)  I  ^  I  f(xi)  —  f(Xi)  I  I  sin  nxxi  |  +  |  /(xj)  |  |  sin  nrx,  —  sin  nxxi  ] 

^  «(4)  +  Mnri  » 

since  |  sin  nxx*  —  sin  nxxi  |  ^  nx4.  Here  M  denotes  the  maximum  of  |/(x)  |. 
Therefore,  u>,(4),  a  modulus  of  continuity  of  g{x),  is 


"•(^)  ^  MnrS. 

Now  by  Theorem  1  of  [11]  we  have 


(5.2) 


i  I  a»  —  b„{A)  I  -  /  g{x)  dx  —  (1/A)  £  g(J/A) 


0  j-l 

^  w(A"‘)  +  MnrA~\ 


^  w,(A“‘) 


Since  /(x)  is  not  constant,  «(A  *)  0  and  A~^  »  0(w(A  *)),  see  Theorem  2.4 

of  [1].  We  have 

§  I  o,  -  bnU)  I  ^  il/nx«(A-‘)  [l  + 


The  theorem  follows  from  Theorem  3.1. 

Corollary.  If  /(x)  satisfies  a  Lipschitz  condition  in  I  of  order  a  for  some  a 
such  that  0  <  a  ^  1,  then 


(5.3)  E{A,  yo)  -  O(A-). 

Next,  we  prove 

Theorem  5.2.  Let  f(x)  be  continuous  in  I  and  have  a  derivative  f'(x)  except 
perhaps  for  a  finite  number  of  points  of  I  and  let  /'(x)  be  piecewise  continuous  in  I. 
Let  hi(x)  be  the  unique  function  such  that  hi{Q)  ^  0,  hi{x)  is  continuous  in  /,  and 
the  function  ht(x)  =  /'(x)  —  hi(x)  is  a  step  function.  ///(O)  —  /(I)  —  0  and  if 
wi(4)  is  a  modulus  of  continuity  of  Ai(x)  in  I  then 

E{A,  yo)  -  0(A-‘«,(2A-‘)),  if  Mi)  ^  0, 

(5.4) 

«  0(A"‘)  if  Mi)  -  0. 

Proof.  Evidently  /(x)  s  /^(x)  +  /j(x)  where  /i(x)  s  j  h\{x)  dx  and  /j(x)  » 

^(x)  dx.  Moreover,  for  0  <  x  <  1,  f\{x)  =  hi{x)  and  /j'(x)  *  A*(x)  except 

where  f'{x)  is  not  defined  or  is  not  continuous. 

Since /j(0)  ■»  0,  the  function /i(x)  »  /j(x)  —  /j(l)x  vanishes  at  the  end  points 
of  I.  This  function  is  a  broken  line  function  and  by  the  method  used  in  [5],  pp. 
13-14,  it  is  readily  shown  that  its  Fourier  coefficients  are  of  orfer  n~*  as  n  -+  <» . 
By  Theorems  3.2  and  4.3  the  theorem  is  true  for  /i(x). 

Next,  since  /i(0)  —  0,  the  function  fo{x)  *  /i(x)  —  /i(l)x  vanishes  at  the 
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end  points  of  I.  We  can  extend  the  domain  of  fi{x)  so  that/4(— x)  * 
fi(x  +  2)  *  Mx),  and  ft{x)  is  continuous  everywhere.  Since  fi(x),  and  hence 
//(x),  are  uniformly  continuous  in  the  interior  of  I,  it  follows  that/iCx)  has  a  right 
hand  and  a  left  hand  derivative,  respectively,  for  x  »  0  and  x  «  1.  Hence,  by 
the  construction  of  Mx),  fi(x)  exists  for  x  «  0  and  x  =  1,  and,  in  fact,  Uix) 
exists  and  is  continhous  everywhere.  Moreover  Uix)  has  a  modulus  of  contin¬ 
uity,  which  does  not  exceed  2ui(j),  for  j  ^  1.  By  [4],  p.  12,  for  each  k, 
there  exists  a  trigonometric  (sine)  sum  <St(x)  of  order  k  such  that 

(5.5)  |/4(x)  -  S*(x)  1  =  0(k-^u,i(2k-^)) 

as  A;  — »  00 .  The  theorem  now  follows  by  Theorems  3.3  and  4.3. 

Corollary.  Under  the  hypotheses  of  Theorem  5.2  and  the  additional  require- 
ment  that  hi(x)  satisfy  a  Lipschitz  condition  of  order  a,  0  <  a  ^  1,  tn  every  interval 
of  continuity,  then 

(5.6)  E{A,  y,)  -  0(lM‘+“). 

Next,  we  consider  the  case  where  /'(x)  has  bounded  variation. 

Theorem  5.3.  Let  f(x)  be  continuous  in  /,  let  /(O)  =  /(I)  =  0,  and  let  f'(x) 
exist  except  for  a  finite  number  of  points.  If  f'(x)  has  bounded  variation  in  /,  then 

(5.7)  E(A,  yo)  =  0(1/A'). 

Proof.  Using  the  indicated  generalization  of  Corollary  I  of  [4]  page  50,  we 
have 

(5.8)  I  a,  I  ^  2F/nV* 

where  V  is  the  total  variation  of  f'(x).  The  result  now  follows  from  Theorem  3.2. 

Now,  given  a  function  fix)  continuous  except  for  a  finite  number  of  finite  jumps 
we  can  express  /(x)  in  the  form 

fix)  *  /i(x)  +  /*(x)  +  /i(x) 

where /i(0)  =  /i(l)  «*  0  and  /i(x)  is  continuous  in  the  closed  interval  0  ^  x  ^  1* 
/i(x)  is  a  step  function,  and  /i(x)  is  a  linear  function.  Using  Theorems  4.2  and 
4.3  we  can  assert  the  following 

Theorem  5.4.  Theorems^  5.2  and  5.3  remain  valid  if  roe  remove  the  require¬ 
ment  fiO)  “  /(I)  *  0.  Moreover,  if  fix)  is  continuous  except  for  a  finite  number  of 
finite  jumps  then 

(a)  Theorem  5.1  remains  valid 

(b)  Theorems  5.2  and  5.3  remain  valid  if  all  jumps  of  fix)  occur  at  mesh  points 

(c)  WithoiU  restriction  on  the  points  at  which  fix)  haa  finite  jumps  Theorems  5.2 
and  5.3  remain  valid  if  we  replace  the  conclusion  of  each  by 

(5.9)  EiA,  y,)  -  0(A-‘). 

6.  Functions  of  bounded  variation.  Our  next  result  is 

Theorem  6.1.  If  fix)  is  piecewise  [contintums  and  has  bounded  variation  in 
the  interval  0  ^  x  ^  1,  then 

(6.1)  EiA,  y.)  -  0(A-‘). 
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Proof.  Let  g{x)  »  /(x)  sin  nirx.  If  F  is  the  total  variation  of  /(x)  then  the 
total  variation  of  g{x)  does  not  exceed  V  +  2Mn.  Using  Theorem  2  of  [11]  we  get 

(6.2)  i  I  o»  -  5,(i4)  I  =  I  j[  g^x)  dx  -  j  53  P  I  ^  » 

The  result  now  follows  by  Theorem  3.1. 

We  remark  that  Theorems  2.1  and  2.3  can  be  extended  to  include  cases  where 
/(x)  has  an  infinite  number  of  jumps  and  has  bounded  variation.  Theorem  6.1 
is  also  true  under  these  weaker  hjrpotheses. 

7.  Continuous  functions;  an  example.  Even  for  continuous  boundary  values, 
the  degree  of  convergence  may  be  arbitrarily  slow,  as  we  now  prove.  We  let  u(x,  y) 
be  the  solution  of  the  Dirichlet  problem  and  denote  the  solution  of  the  difference 
equation  with  mesh  size  —  2“^  by  m*^’(x,  y). 

Theorem  7.1 .  Let  the  sequence  of  positive  numbers  Sj  approach  zero  monotonicaUy 
asj  becomes  infinite.  Then  there  exists  somef(x),  continuous  in  I  withf(0)  —  /(I)  = 
0,  such  that  u(x,  0)  *  /(x)  and 

(7.1)  Lim^.,.  Aj/ij  »  00 
where 

(7.2)  i,  -  «“(}.  })  -  u(i,  }). 

Proof.  For  each  positive  integer  k  we  define  a  continuous  function  Unix,  0) 
in  I  equal  to  unity  in  the  interior  points  of  the  grid  with  mesh  size  A~*,  satisfying 
the  inequalities  0  ^  ut(x,  0)  ^  1  on  7  and  such  that  the  corresponding  solution 
Uk(x,  y)  of  the  Dirichlet  problem  satisfies  the  condition  M*(i,  J)  * 

We  now  prove  the  existence  of  m*(x,  0).  With  mesh  size  Ak~^,  define  Vk(x,  0) 
as  unity  in  the  interior  nodes  of  I,  as  zero  outside  the  {-neighborhoods  of  these 
points,  and  as  linear  in  each  interval  in  which  the  function  is  not  otherwise  de¬ 
fined.  Then  the  corresponding  harmonic  function  vt(x,  y),  using  boundary  values 
zero  on  the  remaining  three  sides  of  Q,  approaches  zero  in  the  point  (},  4)  ^ 
{  — »  0.  Choose  3  so  small  that  for  the  corresponding  harmonic  function  Vk^\x,  y) 
we  have  §)  <  With  mesh  size  define  Ft(x,  0)  as  unity  except  in 

{-neighborhoods  of  the  midpoints  B  of  the  sub-intervals  of  I  bounded  by  succes¬ 
sive  interior  nodes,  and  in  the  first  and  last  intervals  bounded  by  successive 
nodes  define  Vk(x,  0)  as  unity  except  in  one-sided  {-neighborhoods  of  x  »  0  and 
X  «  1  respectively;  define  Vk{x,  0)  as  zero  in  the  points  0, 1  and  B,  and  as  linear 
in  each  interval  in  which  the  function  is  not  otherwise  defined.  Then  the  cor¬ 
responding  harmonic  function  Vk(x,  y),  using  boundary  values  zero  on  the  re¬ 
maining  sides  of  the  square,  approaches  in  the  point  (i,  })  as  3  — ^  0.  Choose 
3  so  small  that  for  the  corresponding  harmonic  function  Vk^\x,  y)  we  have 
§)  >  we  need  merely  set 

u*(x 

Evidently,  we  have  0  ^  u*(x,  0)  ^  1  for  0  ^  x  ^  1. 


[W'CJ,  J)  -  +  [1  -  W”(J,  J)K'"(a!,0) 
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In  order  to  assure  that  the  boundary  values  are  continuous  at  every  boundary 
p<wt  of  the  square  including  the  comers,  we  require  u*(x,  0)  ■■  Ut(z,  1)  *■  0. 
We  note  that  in  the  above  construction  Ut(x,  0)  fulfills  this  condition. 

The  corresponding  discrete  harmonic  function  Uk^^\x,  y)  for  mesh  size 
satisfies 

«.“(»,»)  -H  jSt 

(7*3)  .f. 

.  0  <  J)  a  K  j  >  t. 

These  inequalities  follow  from  the  symmetry  of  the  problem  with  respect  to  the 
four  sides  of  the  square.  We  set  ^  ^  it  follows  from  the  con¬ 
tinuity  of  u*(z,  0)  that  for  each  k  we  have  — >  u*(|,  i)  —  as  j  »  « .  This 

follows  by  Theorem  5.1. 

We  now  introduce  the  function 

u(x,  0)  -  Et.1  0) 

where  the  positive  integers  n*  become  infinite  monotonically,  and  are  to  be  speci¬ 
fied  later.  By  the  Weierstrass  M-teat,  this  series  converges  uniformly  on  I,  so 
u(x,  0)  is  continuous  on  /.  Likewise  the  series 

u(x,  y)  -  SiE.1  2~*u,*(x,  y) 

converges  uniformly  in  the  closure  of  the  square  to  a  function  harmonic  in  the 
interior  of  the  square.  (See  Theorem  2.1.) 

We  have  at  once  from  (7.3) 

A,  -  u‘"(J,  J)  -  n(J,  §)  -  H  E:ii  2"* 

-  E..«  -  M)  2-*  +  M  E..sy  2-*, 

which  with  the  choice  j  *  n,  becomes 

(«.*'"''  -  H)  2"*  +  %  2-*. 

For  definiteness  we  choose  ni  »  1  and  then  for  r  >  1  choose  the  successive  n, 
(>n_i)  so  large  that  we  have 

I Z.-!  2-*  I  <  Me  2-', 

which  is  possible  because  * »  and  choose  n,  also  so  large  that 

tn,  <  l/16i»2'~* 

which  is  possible  since  Bj  — » 0.  Then  we  have 

>  He  2"'  >  ri,, , 

hence 

Anjtn,  —*  *> 

and  the  theorem  is  established. 

The  theorem  involves  merely  degree  of  convergence  at  a  particular  point, 
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namely  i),  but  thereby  includes  results  on  degree  of  uniform  convergence  in 
any  region  containing  that  point.  Of  course  an  arbitrary  mesh  point  interior  to 
the  given  square  can  be  treated  by  similar  methods. 
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THE  LOADED  VIBRATING  NET  AND  RESULTING  BOUNDARY- 
VALUE  PROBLEMS  FOR  A  PARTIAL  DIFFERENCE 
EQUATION  OF  THE  SECOND  ORDER 

By  Tomlinson  Fort 

1.  The  Equation  of  Motion.  Let  us  be  given  a  rectangular  net  of  weightless 
cords  loaded  at  each  point  of  intersection  (xi ,  yj)  with  a  particle  of  mass  m. 
We  shall  furthermore  assume  vibrations  small  and  perpendicular  to  the  plane 
of  the  net  when  the  net  is  at  rest.  We  thus  assume  the  tension  in  each  string 
constant  throughout  its  length.  A  portion  of  the  net  is  shown  in  the  accom¬ 
panying  figure.  Denote  the  tension  in  the  string  over  (x<,  (x,.  yy),  (x„ 

j/y+i)  by  Ti  and  in  the  string  over  (x<_i.  yy)  (x,-.  xy),  (x<+i,  yj)  by  Ty.  We  assume 
Tt  and  Ty  independent  of  t.  We  also  assume  vibrations  so  small  that  we  can  re¬ 
place  sin  0  by  tan  0  where  0  is  an  angle  of  the  type  indicated.  Denote  the  ver¬ 
tical  coordinate  of  Pyy  by  Uyy.  Under  the  circumstances,  as  outlined,  the  motion 
of  P,y  is  determined  by  the  following  differential  equation. 

(1) 


ip  u<-n,y  up'  _  jp^  Uty  u«— i,y  |  tp^  u<,y+i  wy 


Xn-i  —  Xi 


Xi  ~  Xt— 1 


Vm  -  Vi 


-  Ti 


yj "  Vi-i  * 


1,2, 


m]j  -  1,2, 


For  convenience  in  writing  we  let 

Ty 


Hi,j) 


Hi,j) 


Ti 


m(xi+i  —  X,)  ’ 

Equations  (1)  can  then  be  written 

d^Uij/dt*  =  A,{b(i  —  1,  y)A,u<_i,yj 

+  -  l)A,ii..y-i)}  i  =  1,  2, 


miyj+i  -  yy) 


(2) 


,  m;  ;  -  1,  2,  •  •  •  ,  n. 


Equations  (2)  are  a  set  of  ordinary  differential  equations  with  constant  coeffi¬ 
cients.  We  proceed  by  letting  u.y  =  j).  Substitute  in  (2)  and  divide  by 

c**.  We  obtain  * 


A<{6(t  -  l,i)A.«(t  -  l,i)|  +  Ay(fc(t,j  -  l)A,i;(t,i  -  1)} 

-  s'v(i,  ;■)  -  0  t  «  1,  2,  •  •  •  ,  m;  j  -  1,  2,  •  •  •  ,  n. 

For  future  convenience  we  replace  —  «*  by  X  and  write 

Ai{6(i  -  l,j)A,f;(t  -  l,y)} 

+  Ay{A:(t,j  -  l)Ayf;(»,i  -  l)j  +  Mi,  j)  “  0 

We  note  that  b(i,  j)  >  0  and  k(i,  j)  >  0.  We  have  here  mn  lineai  algebraic 
equations  in  v(l,  1)  *  •  •  v(in,  n)  which  must  be  satisfied  in  order  that  (2)  have 
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a  solution  of  the  form  indicated.  We  shall  impose  the  additional  restriction 
Uoy  =  Mio  =•  Mm+i.y  =  ‘Ui.n+i  ”  0;  t  »  1,  -  m;  j  —  1,  •  •  •  ,  n.  These  necessitate 

v(0,j)  -  t>(t,  0)  =  v(m  +  1,  j)  «  vii,  n  +  1)  *■  0 
(4) 

.  t  *  1>  2,  •  •  •  ,  m;  y  =  1,  2,  •  •  •  ,  n. 

We  designate  by  the  term  fundamental  rectangle  the  set  of  points  i,  j  where 
*  =  0,  •  •  •  ,  m  +  1,  y  “  0,  •  -  •  ,  n  +  1  with  the  exception  of  the  point  (0,  0) 
(0,  n  +  1)  (m  +  1,  0)  (m  +  1,  n  +  1) 

We  shall  study  solutions  of  (3)  subject  to  boundary  conditions  (4). 

2.  The  Characteristic  Equation.  Write  down  equations  (3)  for  t  —  1,  *  *  *  ,  m; 

j  <*=  1,  2,  ■  *  ■  ,  n  and  then  substitute  in  them  form  (4).  There  results  a  set  of 

mn  homogeneous  linear  equations  in  v(l,  1)  •  •  •  v(m,  n).  In  order  for  these  to 
have  a  solution  not  identically  zero  it  is  necessary  and  sufficient  that  the  de¬ 
terminant  of  the  coefficients  vanish.  This  determinant  equated  to  zero  is  an 
equation  in  X  to  be  called  the  characteristic  equation  for  our  problem.  Its  roots 
will  be  called  characteristic  values.  The  determinant  itself  will  be  called  the 
characteristic  determinant.  The  order  in  which  these  equations  and  the  vari¬ 
able  in  them  are  arranged  is  not  of  great  importance.  However,  the  following 
order  is  adopted: 

v{m,  n),  •  •  •  ,  i;(l,  n),  t>(l,  n  -  1),  •  •  •,  »(1,  1),  v(m,  n  -  1),  •  •  •  , 

v(2,  n  -  1),  v(m,  n  -  2),  •  •  •  ,  t>(2,  m  -  2),  •  •  •  ,  v(m,  1),  •  •  •  t/(2,  1) 

Each  equation  will  be  designated  by  the  pair  of  numbers,  (t,  f)  and  the  v’a  will 
be  arranged  in  the  same  order  as  the  equations. 


96 


TOMLINSON  FORT 


0,  t) 

0.1) 

(1.1) 

(1.1) 

(1.1) 

0.1) 

0. 1) 

0.  1) 

0.1) 

(«.  *) 

x  +  s 

0. 1) 

to.  1) 

0 

■ 

e 

6(3, 1) 

0 

0 

0 

0,1) 

»0. 1) 

X  + A 

0. 1) 

6(1.  t) 

■ 

0 

0 

6(1, 1) 

0 

0 

(I. ») 

0 

6(1,  1) 

X  + A 
(i.t) 

0 

0 

0 

0 

0 

(1.  t) 

0 

0 

6(1.1) 

im 

6(1,  1) 

0 

6(1.  1) 

0 

0 

(I.  J) 

0 

0 

0 

6(1.  1) 

X  +  A 
(1.  1) 

0 

0 

0 

6(1,  1) 

-  0. 

0.») 

to.  1) 

0 

0 

0 

0 

x  +  s 

0, 1) 

6(1, 1) 

60,  1) 

0 

0.1) 

0 

60, 1) 

0 

6(1,  1) 

0 

6(1, 1) 

X  + A 

0. 1) 

0 

60. 1) 

0,1)  1 

0 

0 

0 

0 

0 

60, 1) 

0 

X  + A 

0. 1) 

60, 1) 

0,  1) 

0 

0 

0 

0 

6(1.  1) 

0 

6(3.  1) 

60,  1) 

X  +  « 
0.1) 

We  write  equation  (3)  in  ordinary  form.  It  is 
HiJMi  +!,;)  +  Hi  -  !,;>(»  -  I,  j)  +  Hi,j)v(i,j  +  1) 

(6)  +  m,j  -  l)v(i,j  -  1)  +  [X  -  +  Hi  -  l,j) 

+  Hi,j)  +  Hi,J  -  “  0;  HiJ)  >  0,  HiJ)  >  0. 

For  brevity  we  let 

-  -[HiJ)  +  Hi  -  ij)  +  Hi,j)  +  HiJ  -  i)} 


.HEOREM  1.  The  characteristic  determinant  is  symmetrical  with  reference  to  its 
incipal  diagonal. 

Proof :  For  example  by  (5)  we  see  that  6(t,  j)  occurs  in  the  (i,  j)  row  and 
(t  +  1,  j)  column  also  in  the  (t,  j)  column  and  (i  -f  1,  j)  row. 

We  shall  write  down  the  characteristic  equation  for  m  »  n  «  3.  This  is  for 
simplicity  in  exposition  only.  No  arguments  at  any  time  will  be  special  to  this 
case. 

We  now  prove  a  lemiqa  following  closely  a  proof  in  Perron.* 

Lemma:  Consider  the  equation. 


(6) 


On  “f*  dll*  '  •  *  Oi,  +  du2 


o«i  +  dnlZ 


"4'  dfmZ 


Suppose  that  on  ,  •  •  •  ,  o^a  ,  *  •  •  ,  dn  ,  *  •  •  ,  dm. ,  are  real  and  that  a„  a,, 
and  dp^  »  d„  and  that 

*  Algebra  von  Oskar  Perron  II  s.  20. 
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dlt  •  •  •  dial  ^  0 


dnl  •  •  •  d«»l 

and  that 

^  9  and  i  dp^pXf  ^  0 

for  all  real  valttee  of  Xi  Xn  not  all  zero  then  the  roots  of  equation  (6)  are  all 

real  and  non-negative. 

Proof:  Consider  the  equations 

(7)  +  df^)x,  -  0,  g  -  1,  2,  •  •  •  ,  n 

In  order  for  there  to  be  a  solution  of  these  equations  not  identically  zero  it  is 
necessary  and  sufficient  that  the  determinant  of  the  coefficients  be  zero.  This 
}deld8  equation  (6).  We  shall  assume  z  and  Xi ,  •  *  •  ,  x.  so  chosen  that  Xi ,  *  •  •  , 
Xa  are  not  all  zero  and  yet  that  equations  (7)  are  satisfied.  Suppose  that  x,  is 
complex  and  denote  its  conjugate  by  2, .  Then  multiply  equations  (7)  through 
by  2,  and  sum  form  1  to  n.  We  have 

(“m  +  d^)x,2,  -  0 
or 

Z^^l]^]a.l  dpfXp2f  ■■  1 

Moreover  since  ~ 

Now  the  last  sum  is  the  conjugate  of  the  first  and  since  they  are  equal  they  are 
real.  Let  x,  —  f,  +  V— 1«, ,  then 

2Zp— iS«— 1 0p«^p^«  “  ®p*^p^*  ”1“  iE3p“iS^i  ®p«*p*9 

y/ — l!^p— 1^9-1  ®P9(^r*P  fp*9) 

But  the  latter  sum  is  zero.  Consequently 

E5-iLi-»«P9Xp«9  ^  0 

Similarly 

^P9*P^9  ^  9 

Consequently  z  ^  9 

Theorem  2.  The  roots  of  the  characteristic  equation  are  all  real  and  positive. 
Proof :  If  we  write  the  characteristics  equation  in  the  form  (6)  we  have 

yiZTl  dmaX^c  "  X*  4-  X*  +  *  •  •  +  Xmn 


and 

-  Z;:f  Zv:'  *(•'. 
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where  each  of  ,  Sp,  ,  c,, ,  is  0  or  1.  An  inspection  of  the  characteristic 
determinant  shows  these  formulas.  The  non-negative  character  of  the  roots 
then  follows  as  a  result  of  the  lemma  just  proved.  It  can  be  shown  in  a  variety 
of  ways  that  roots  are  actually  positive.  An  easy  way  is  to  suppose  that  j) 
is  a  characteristic  function  and  that  X  —  0.  Since  Vi(t,  j)  0  it  must  have  a 
maximum  or  minimum  different  from  zero.  Suppose  a  maximum.  We  mean  by 
this  that  there  must  be  at  least  one  point  (i,  j)  such  that  vi(i,  j)  ^  vi(t  —  1,  j), 
vi(i  -h  1,  j),  Vi(t,  j  —  1),  (t,  j  +  1)  with  the  equality  mark  not  holding  in  all 

instances.  This  is  inconsistent  with  (5) 

3.  The  solution  K(i,  j).  In  order  to  continue  our  study  we  shall  remove  the 
requirement  v(m,  n  +  1)  =*  0  but  retain  the  other  boundary  conditions  of  (4). 
We  thus  require  that  v{i,  j)  be  zero  at  all  points  of  the  boundary  of  the  funda¬ 
mental  rectangle  except  at  the  point  (m,  n  -1-  1).  We  solve  the  resulting  linear 
equations.  Write  down  the  equations  letting  (t,  j)  range  over  ail  interior  points 
of  the  rectangle.  We  now  have  mn  homogeneous  linear  equations  in  mn  -{■  1 
unknowns.  We  shall  consider  the  matrix  of  the  coefficients.  We  arrange  the 
equations  and  the  unknowns  in  the  order  previously  used  except  that 
v{m,  n  -f  1)  will  be  put  first  in  the  arrangement  of  the  unknowns.  This  matrix 
for  the  case  m»n»3istobe  viewed  if  one  takes  the  matrix  of  the  charac¬ 
teristic  determinant  of  (5)  and  puts  a  first  colunm  consisting  of  k{3,  3)  followed 
by  eight  O’s.  The  values  v(f,  j)  sought  will  be  proportional  to  the  determinants 
formed  from  this  matrix  by  striking  successive  columns  of  the  matrix  and  al¬ 
ternating  sign.  For  definiteness  we  shall  let  w(t,  j)  be  precisely  these  deter¬ 
minants  with  alternating  signs  prefixed.  The  sign  prefixed  to  v}(in,  n  -|-  1)  is 
to  be  plus.  Now  tv(i,  j)  is  a  solution  of  equation  (3)  and  satisfies  the  boundary 
conditions  (4),  except  possibly  that  tp(m,  n  -|-  1)  ^0.  We  notice  that  the  de¬ 
terminant  obtained  for  w{m,  n  +  1)  is  the  characteristic  determinant. 

Theorem  3.  The  function  w(i,  j)  is  a  polynomial  in  \  of  the  following  form 

where  A  (X)  is  of  lesser  degree  in  X  and  B  >  0. 

Proof:  We  shall  develop  the  determinant  for  w(l,  2)  formed  from  the  matric 
for  m  “  n  “  3  as  above  describedCsee  chart  I).  This  will  serve  to  illustrate  a 
general  procedure. 

We  develop  this  determinant  by  minors  of  those  columns  which  contain  no 
X  so  long  as  this  is  possible.  First  we  foUow  the  principal  diagonal  and  obtain 
k(3,  3)6(2,  3)6(13)A:(12)X‘  +  (terms  of  less  degree  in  X).  Consider  some  other 
succession  of  minors.  For  example  consider  k(3,  2)  times  its  cofactor.  We  obtain 
this  cofactor  by  striking  the  (3,  3)  column  and  the  (3,  2)  row  and  attaching 
the  proper  sign.  Now  choose  an  element  in  the  (3,  2)  column.  We  choose  5(2,  2) 
and  form  the  product  k(3,  3)k(3,  2)6(2,  2)  multiplied  by  the  cofactor  of  6(2,  2) 
in  the  determinant  just  obtained.  We  now  proceed  to  the  (2,  2)  column.  We 
choose  k(2,  2)  noticing  that  to  obtain  its  cofactor  we  do  not  strike  a  row  that 
contains  X.  We  have  now  k(3,  3)k{3,  2)6(2,  2)A;(2,  2)  multiplied  by  a  determinant 
of  the  fifth  order  containing  five  X’s  no  one  of  which  is  in  the  same  row  or  col- 
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umn  as  any  other.  This  succession  of  minors  has  consequently  lead  us  to  the 
product  :tk(3,  3)k(3,  2)b(2,  2)k{2,  2)X*.  As  a  matter  of  fact  the  term  is  positive. 
This  follows  from  the  fact  that  ^(3,  3)A;(3,  2),  6(2, 2),  k(2,  2),  X,  X,  X,  X,  X  which 
we  have  multiplied  together  can  be  put  into  the  principal  diagonal  by  inter¬ 
changes  of  rows  and  of  columns  as  now  to  be  explained.  The  explanation  is  in 
general  terms:  We  put  the  elements  in  question  into  the  principal  diagonal  of 
the  characteristic  determinant  by  a  rearrangement  of  the  number  pairs  (t,  f). 
The  determinant  for  v(p,  q)  and  its  rearrangement  are  gotten  by  striking  from 
the  original  characteristic  determinant  and  its  rearrangement  the  (m,  n)  row 
and  the  (p,  q)  column.  Hence  the  determinant  that  we  have  is  the  minor  of  the 
element  in  the  (m,  n)  row  and  (p,  q)  column.  Now  every  element  in  the  char¬ 
acteristic  determinant  is  put  into  its  new  position  by  the  interchange  of  rows 
with  rows  and  a  like  interchange  of  columns.  Such  an  operation  on  any  deter¬ 
minant  leaves  it  unchanged  in  value.  If  the  determinants  are  expanded  by 
minors  of  the  same  row  in  its  old  position  and  in  its  new  position  we  have  an 
identity.  Hence,  the  minor  of  an  element  in  one  position  must  equal  the  minor 
of  that  element  in  its  new  position.  Consequently  the  minors  in  question  in  our 
problem,  namely  from  the  original  characteristic  determinant  and  from  its 
rearrangement  are  equal.  Hence  the  sign  of  our  product  is  positive. 

Let  us  temporarily  return  to  the  m  —  n  «  3  case.  In  the  expansion  of  u>(l,  2) 
each  term  containing  X*  corresponds  in  the  rectangular  figure  to  a  path  from 
(3,  4)  to  (3,  3)  to  (1,  2)  by  the  smallest  number  of  stepm  namely  4.  This,  (3,  4) 
to  (3,  3)  to  (3,  2)  to  (2,  2)  to  (1,  2)  corresponds  to  k(3,  4)A:(3,  3)6(2,  2)A:(2,  2) 
X*.  The  total  coefficient  of  X*  is  the  sum  of  such  products.  A  large  number  of 
steps  will  result  in  a  product  of  less  degree  in  X.  In  general  the  coefficient  of  the 
highest  power  of  X  in  the  expansion  of  w(p,  q)  is  the  sum  of  products  obtained 
by  following  paths  from  (m,  n)  to  (p,  q)  each  step  being  either  downward  or  to 
the  left.  (When  a  step  is  to  the  left  a  factor  involving  6  is  obtained.  Thus  if  the 
path  leads  from  (i,  j)  to  (t  —  1,  j)  the  factor  6(i,  j)  is  introduced.  If  the  path 
leads  downward  to  (i,  j  —  \)  the  factor  k{i,  j)  is  introduced).  The  degree  of 
w{m,  n)  is  by  inspection  mn.  The  degree  of  w(i,  j)  is  mn  minus  the  above  mini¬ 
mum  number  of  steps,  namely,  mn  —  (m  —  i)  —  (n  —  j)  —  1. 

We  remove  the  highest  common  factor  from  w(i,  j),  »  ■«  1,  •  •  •  ,  »i;  j  —  1, 
•  •  •  ,  n.  We  now  have  a  solution  which  we  denote  by  V{i,  j)  which  is  identically 
zero  in  (t,  j)  for  no  value  of  X  and  which  satisfies  the  conditions  of  being  zero 
at  all  points  of  the  boundary  of  our  fundamental  rectangle  unless  it  is  at 
(m,  n  -)-  1).  Let  us  suppose  that  the  highest  common  factor  which  we  have  just 
removed  is  of  degree  p.  Now  the  highest  pow’er  of  X  in  w(t,  j)  is  mn— 
(m  —  t)  —  (n  —  j)  —  1.  This  is  at  least  mn  —  n  —  m  -f-  1.  Hence,  p  ^  mn  — 
n  —  m  -|-  1. 

We  now  state  the  following  theorem  based  on  theorem  II. 

Theorem  4.  The  solution  V(i,  j)  is  a  polynomial  in  X  of  the  form 

where  ii(X)  is  of  lesser  degree  in  X  and  p  ^  mn  —  m  —  n  -|-  1  and  5  >  0,  and 
where  p  is  independent  of  t,  j. 
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A  second  and  immediate  result  is  the  following  theorem 

Theorem  5.  //  X  >  0  is  su^iciently  large  V(i,  j)  aUemates  in  sign  over  the  in¬ 
terior  lattice  arrangement  of  our  fundamental  rectangle.  If  \  <  0  is  sufficiently 
large  numerically  V(i,  j)  retains  the  same  sign  over  the  interior  lattice  arrangement 
of  the  fundamental  rectangle. 

4.  Nodal  Lines  and  the  Zeros  of  V{m,  n  +  1).  We  make  a  plot  of  z  »  7(t,  j) 
by  erecting  at  points  fi,  f)  of  the  fundamental  rectangle  Z-coordinates  equal  to 
V{i,  j).  This  constitutes  a  complete  graph  of  the  function  z.  However,  we  connect 
the  points  [i,j,  F(t,i)l,  [/  +  1,;,  V(i  +  1,  j)]  and  [i,j  +  1,  F(t,  j  +  1)]  also 
[t  +  1,  j,  V{i  +  1,  i)](t,  j  +  1,  V(i,  j  +  1)]  and  [i  +  1,  i  +  1,  V{i  +l,j+  1)] 
by  plane  triangular  regions.  These  triangles  form  a  surface  over  our  funda¬ 
mental  rectangle  which  we  shall  call  the  roof. 

Theorem  6.  The  roof  never  meets  the  horizontal  plane  (z  =•  0)  in  an  isolated 
point. 

This  would  be  inconsistent  with  equation  (5).  Assume  V{i,  j)  —  0.  Then  it 
is  impossible  for  V(i  —  1,  f)V(i  -|-  1,  j),  T(t,  j  —  1),  V(i,  j  -f  1)  all  to  have 
the  same  sign  and  have  (5)  satisfied. 

A  point  in  which  a  straight  line  connecting  [»,  j,  V (t,  j)]  ^Ih  [t  +  1,  V (i  -1-  1,  j)] 
or  with  [i,  i  +  1,  V^(i,  j  +  1)]  intersects  the  horizontal  plane  is  called  a  node. 

A  line  in  which  the  roof  cuts  the  horizontal  plane  is  called  a  nodal  line. 

Theorem  7.  When  X  varies  no  nodal  line  on  the  fundamental  rectangle  ever 
lifts  out  in  whole  or  in  part  nor  does  any  nodal  line  enter  by  the  reverse  process. 

Proof:  No  nodal  line  ever  lifts  out  in  whole  or  in  part  because  in  order  for  this 
to  happen  it  would  be  necessary  to  have  points  at  which  V (t,  j)  is  zero  com¬ 
pletely  surrounded  by  points  at  which  V{i,  f)  is  of  fixed  sign  or  zero  but  not 
all  zero.  This  is  inconsistent  with  equation  (5).  For  the  same  reason  no  new 
nodal  line  can  enter  by  the  reverse  process.  It  is  well  to  remark  again  at  this 
juncture  that  V{i,  j)  is  never  identically  zero  in  (t,  j).  The  highest  common 
factor  in  X  was  removed  from  w(i,  j)  to  form  V(i,  j).  By  the  same  means  we 
can  show  the  truth  of  the  following  two  theorems: 

Theorem  8.  Every  nodal  line  either  crosses  the  fundamental  rectangle  from 
boundary  to  boundary  or  is  a  closed  curve  within  the  fundamental  rectangle. 

Theorem  9.  No  nodal  line  ever  disappears  by  complete  fusion  with  another 
nodal  line. 

As  an  immediate  consequence  of  the  previous  theorems  we  have  the  follow¬ 
ing  theorem: 

Theorem  10.  The  only  way  that  the  number  of  nodal  lines  on  the  fundamental 
rectangle  can  decrease  when  X  decreases  is  by  exit  of  a  nodal  line  at  (m,  n  -f  1). 

We  next  prove  the  following  theorem. 

Theorem  11.  When  X  decreases  any  node  of  V(i,  j)  on  the  interval  n  <  y  < 
n  -f  1  moves  continuously  upward. 

Proof:  Let  X  -  X  -f-  AX  where  AX  >  0  and  denote  the  corresponding  func¬ 
tions  by  a  dash  thus  V{i,  j),  we  then  readily  verify  the  following  identity. 
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AilK*-  -  -  l,j)  -  Hi  -  -  hj)^iV(i  -  l,i)} 

(8)  +  AAHi,  j  -  l)Vii,  j  -  l)Aj?{i,  j  -  1) 

-  k(ij  -  l)?ii,j  -  DAjVdJ  -  1)}  -  -V(i,j)?(i,  y)AX 

Apply  the  operator  SX-i  or  the  equivalent  ^  both  sides 

of  (8).  Let  I  AX  I  be  80  small  that  >  0  if  vii,j)  ^  0.  We  arrive  at 

(9)  V(m,  n)AjV^(m,  n)  —  ^^(m,  n)AjV(m,  n)  >  0 

We  note  that  we  have  the  strict  inequality  since  V (»,  j)  fd  0  in  i,  j.  We  note 
from  (9)  that  if  |  AX  |  is  sufficiently  small  F(m,  n)  and  V(m,  n  +  1)  are  not 
simultaneously  zero. 

The  theorem  is  immediately  drawn  from  (9)  with  the  knowledge  that  all  the 
functions  involved  are  polynomials  in  X. 

We  have  noted  that  when  X  is  very  large  the  F(t,  j)  alternate  in  sign  and 
that  when  X  is  negative  and  numerically  large  they  are  all  of  the  same  sign. 
We  note  that  when  X  is  positive  and  large  the  number  of  nodal  lines  is  m  +  n  — 
1,  and  that  when  X  is  negative  and  numerically  large  the  number  of  nodal  lines 
is  zero.  We  also  recall  that  all  characteristic  values  are  positive.  We  now  con¬ 
clude  theorem  XI. 

Theorem  12.  All  charaeterivtic  valuer  are  positive  and  these  exist  at  least  m  + 
n  —  1  distinct  characteristic  value  of  X  which  we  denote  hy  p  ^  0, 1,  "  •  ,  m  + 
n  —  2,  such  that 

0<Xo<***<  Xai+Ii— S  X|K.(.II_S 

and  such  that  when  X  »  X,  then  V{i,  j)  is  a  characteristic  function  and  it  has  at 
least  p  nodal  lines  on  the  fundamental  rectangle.  All  other  characteristic  values  are 
roots  of  the  greatest  common  devisor  of  w(i,  j),  t  «  1,  •  •  •  m.  j  “  1,  •  •  •  ,  n. 

In  the  count  of  nodal  lines  if,  when  X  varies,  two  nodal  lines  should  meet  at 
one  or  more  points  they  are  still  counted  as  two  nodal  lines.  It  has  been  pointed 
out  that  two  nodal  lines  never  completely  amalgamate. 

6.  The  Symmetrical  ^uare.  Suppose  m  »  n  and  &(t,  j)  >»  k(j,  x). 

Theorem  13.  Under  the  above  hypotheses  w(i,  f)  —  w(j,  »). 

Proof:  We  recall  that  w{i,  j)  is  given  by  a  determinant  formed  from  the  char¬ 
acteristic  determinant  by  striking  out  the  (m,  n)  row  and  the  (t,  j)  column 
multiplying  by  lfc(m,  n)  and  then  prefixing  the  proper  sign,  positive  if  (t,  j)  lies 
immediately  to  the  right  of  (m,  n)  and  alternating  thereafter.  Rewrite  the 
characteristic  determinant  with  an  interchange  of  i  and  j  throughout.  This 
amounts  to  an  interchange  of  rows  and  a  like  interchange  of  columns.  It  does 
not  alter  the  value  of  the  characteristic  determinant.  Now  in  place  of  &(t,  j) 
write  k{j,  i)  and  in  place  of  k(i,  j)  write  b(j,  t).  The  characteristic  determinant 
is  now  in  its  original  form.  Moreover,  the  position  of  (j,  i)  relative  to  (m,  n)  is 
the  same  as  was  the  position  of  (t,  j)  previous  to  the  interchanges. 
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It  is  suggested  that  the  reader  carry  out  the  above  indicated  steps  on  the 
characteristic  determinant  for  m  »  n  »  3  as  exhibited  in  §2. 

We  now  give  several  simple  theorems. 

Theorem  14.  If  y(i,  j)  is  a  solution  of  (5)  satisfying  the  conditions  y{0,  t)  =« 
V(t,  0)  -  y{i,  0  -  yii  -  1,  i)  -  y{i,  t  -  1)  »  0,  t  -  1,  •  •  •  ,  n,  y(t,  j)  = 
0  throughout  the  fundamental  square,  1  ^  ^  n,  1  ^  y  ^  n. 

Proof:  The  square  can  be  filled  in  by  use  of  equation  (5)  point  by  point  be¬ 
ginning  with  the  lower  left  hand  comer.  It  is  immediately  seen  that  all  values 
are  zero. 

Theorem  15.  V{i,  t),  V{i  —  1,  07(1,  t  —  1)  are  not  all  zero,  1  ^  t  ^  n. 

Proof:  The  theorem  follows  from  the  fact  that  V{i,  j)  ^  0  over  the  funda¬ 
mental  square. 

Let  us  now  consider  the  diagonal  of  the  fundamental  square  from  lower  left 
to  upper  right.  On  this  diagonal  are  located  the  points  (1,  1),  (2,  2),  •  •  *  .  We 
consider  the  sequence  of  points  on  this  line  with  coordinates  (§,  i),  (1,  1), 
(1-1-  §,  1  -f  §),  (2, 2),  (2  -I-  i,  2  -I-  i),  •  •  •  (n,  n),  (n  -f  J,  n  -f  i).  These  constitute 
a  set  of  (2n  •+•  1)  equally  spaced  points.  We  denote  them  by  p  =«  0,  1,  •  •  •  , 
2n.  We  define  w(i  +  §,  i  +  i)  to  equal  w(i  -|-  1,  i)  which  equals  w(i,  i  -|-  1). 
We  now  let 

A  similar  definition  is  given  to  V{p)  and  to  S(p)  =*  Hp)- 

It  follows  from  (5)  and  the  symmetry  of  tc(i,  j)  and  of  V(i,  j)  that  both  w(p) 
and  V(p)  satisfy  the  equation^ 

(10)  A{8(p)Ay(p)}  +  \\y{p  -f-  1)  =»  0 

This  is  a  Sturm-Liouville  normal  equation  in  one  variable.  A  fairly  complete 
theory  for  it  is  known*. 

Theorem  16.  7(1)  0 

Proof:  If  7(1)  -  0,  since  7(0)  =  0,  then  7(p)  =  0,  p  =  0,  •  •  •  , 
2n.  If  7(p)  »  0  then  V{i,  j)  *  0  over  the  fundamental  square.  This  is  contrary 
to  the  fact. 

For  definiteness  we  assume  7(1)  »  7(1,  1)  >  0. 

Theorem  17.  The  roots  of  w(l,  1)  are  aU  positive. 

Proof:  Expand  the  determinant  for  ts(l,  1)  in  terms  of  the  minors  of  the  (1, 1) 
row.  We  have  [A:(l,  1)  -|-  6(1, 1)]*Z)  where  D  is  a  determinant  of  the  type  treated 
in  lemma  1. 

Theorem  18.  7(1,  1)  is  a  constant 

Proof:  7(1,  1)  7(1)  is  the  result  of  removing  a  polynomial  factor  from 

ir(l,  1).  It  consequently  is  a  real  polynomial  with  no  imaginary  zeros  that  does 
not  vanish.  It  consequently  is  a  constant. 

Theorem  19.  w{j)  =  cw{\)V{j)  *  cu?(l,  l)7(y) 

Proof:  This  theorem  follows  from  the  readily  proved  fact  that  two  solutions 

*  Fort,  T.:  Finite  Differences  and  Difference  Equations  in  the  Real  Domain.  Chapter  X. 
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of  (10)  both  zero  when  p  >>  0  are  proportional.  Here  c  is  independent  of  X,  but 
u>(l,  1)  is  in  general  dependent  upon  X. 

Corollary: 

w(n  +  1,  n)  -  cw(l,  l)V(n  +  1,  n) 

Now  it  is  known  that  as  X  decreases  the  nodes  of  V(p)  which  may  lie  in  the 
interval  1  <  p  <  2n  move  continuously  from  lower  left  to  upper  right.  In  other 
words  nodal  lines  of  ^(t,  j)  move  continuously  outward  along  this  diagonal 
line.  We  are  now  in  a  position  to  state  the  following  theorem. 

Theorem  20.  There  are  precieely  2n  —  1  positive  characteristic  valves  X,  such 
that  when  X  «=  X,  then  V(n  +  1,  n)  ■=  0  with  precisely  q  nodal  lines  crossing  the 
diagonal  running  from  the  lower  left  to  upper  right  comer  of  the  fundamental  square. 
Moreover  X,+i  >  X,  >  0 

We  note  that  we  have  not  proved  that  there  are  not  other  characteristic 
values  for  which  w(i,  j)  a  0.  For  such  a  characteristic  value,  if  there  are  such, 
there  must  be  some  other  solution  not  identically  zero;  also  such  characteristic 
values  must  be  zeros  of  to(l,  1). 

6.  The  Factorable  Case.  If  k(i,  j)  =  3f(t)N(j)  and  6(t,  j)  «*  then 

equation  (3)  can  be  written 

D(j)Ai{Bii  -  l)Aiy(i  -  1,  j)}  +  Af(t){A/N0’  “  l)A4/(t,i  -  1)} 

(11) 

+  hy(i,j)  -  0. 

If  now  we  assume  y(ij)  —  s(i)r(j)  and  divide  through  by  y(i,  j)D(j)M(i)  we  , 
get  , 

A<{g(t  -  l)A<s(t  -  1)}  ,  -  l)A,r(j  -  1)}  .  .  q 

»(5  r(j) 

Here  we  have  the  sum  of  a  function  of  i  plus  a  function  of  j  equal  to  a  constant- 
Each  of  the  functions  is  consequently  a  constant.  We  consequently  write 

(12)  A.{B(i  -  l)A<«(t  -  1)}  +  Vs(i)  -  0 
and 

(13)  -  DAyrO'  -  1)}  4-  flr(j)  -  0 
where  »  +  p  “  X 

If  now  «(t)  is  a  solution  of  the  one  dimensional  Sturm-Liouville  system  con¬ 
sisting  of  (12)  and  the  boundary  conditions  <(0)  —  «(n  1)  0;  and  if  r(j) 

is  a  solution  of  the  one  dimensional  Sturm-Liouville  system  consisting  of  (13) 
and  the  boundary  conditions  r(0)  -=  r(n  -|-  1)  *•  0;  then  r(t)«(t)  is  a  solution  of 
the  two  dimensional  Sturm-Liouville  system  consisting  of  (11)  together  with 
the  boundary  conditions  y(i,  0)  *  y(i,  n  -|-  1)  *  y(0,  j)  -  y(n  -1-  1,  j)  -  0 
t  —  1,  2,  •  •  •  ,  n,  “  1,  2,  •  •  •  ,  n.  The  characteristic  value  is  the  sum  of  the 
respective  characteristic  values. 
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THE  CONVERGENCE  OF  THE  SOLUTIONS  OF  A  CLASS 
OF  ITERATIVE  DIFFERENCE  EQUATIONS 

Bt  J.  Samoloff 


Introduction.  This  note  stems  from  a  study  of  Iterative  processes  involving 
Mean  Value  functions.  There  is  an  extensive  literature  on  General  Mean  func¬ 
tions  [1],  and  on  Iterations  [2],  [3]  (G.  Jessen,  K.  Knopp,  H.  Geppert,  G.  Aumann, 
etc.).  The  condition  of  positive  Separation,  as  introduced  in  the  following  para¬ 
graphs,  is  equivalent  to  one*  of  G.  Aiunan’s  [4]  conditions,  although  the  present 
author  arrived  at  the  idea  independently. 

As  used  in  this  article,  a  (weak)  Mean  is  a  real  valued  fimction  of  real  vari¬ 
ables,  whose  functional  values  all  lie  between  the  greatest  and  the  least  of  the 
independent  variables.  In  symbols 

max  (xj)  ^  /(xi ,  •  •  •  X,)  ^  min  (xj)  (1) 

Note  that  this  condition  immediately  implies  that 


lim.ii /(xi ,  •  •  •  X,)  ■  X  (2) 

Henceforth  we  shall  assume  (or  define) 

/(x,  X,  •  •  •  x)  *  X  (3) 

if  /  is  a  mean. 

t 

The  Problem.  We  shall  introduce  and  apply  a  general  result  concerning  the 
convergence  of  the  special  iteration  process  afforded  by  the  order  difference 
equation 

<*«+»  -  /(fl- ,  o,+i ,  •  •  •  o,+^i),  n  -  0,  1,  •  •  •  (4) 

with  prescribed  initial  values  oo ,  ui ,  •  *  •  a^t .  As  a  simple  example,  the  sequence 
{a,}  defined  by  a,+»  —  i(a,  -f  o,+i)  converges  for  all  choices  of  a« ,  ui ,  to  the 
function  l^iqo  +  2ai).  This  is  a  special  case  of  example  1,  discussed  later. 

We  notice  that  if  /  is  a  mean  satisfying  (1)  and  the  p-tuple  of  initial  values  is 
selected  from  a  bounded  region  C  defined  by  the  inequalities 


A  2:  all  (ay)  ^  B  (5) 

then  all  the  members  of  the  solution  sequence  {a.}  will  likewise  stay  in  the  r^on 
C.  This  means  that  the  sequence  must  either  converge  or  oscillate  finitely.  The 
introduction  of  the  Separation  conditions  (12)  on  /  is  one  way  of  ensuring  con¬ 
vergence,  as  we  shall  see. 

•  max  (*y)  -  /  i  p(mAX  (xy)  -  min  (xy)) 

/  —  min  (xy)  2  p(max  (xy)  —  min  (xy))  for  some  fixed  p  >  0. 
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SefMrations  of  Means.  Let /(P)  —  /(xi ,  •  ••  x,)  be  a  mean  function  of  the 
real  p-tuple  P  —  (xi ,  •  •  •  x,)  defined  on  the  region  C  (5)*.  Let 


S  **  max  (x,)  —  min  (xy) 


(6) 


Then  the  Separation  numbers  S,  t,  (called  the  Upper  Separation  and  Lower 
Separation,  respectively,  of  /  on  the  region  C),  are  defined  by 

<S  —  Inff  /max  (zf)  —  /\ 

>11  ftC  i  - i -  ( 

"  I  (7) 

«  “  Inf  //  —  min  (xy)  \ 

»ii  fic  \ ; - r 

I,  6  J 


It  is  clear  that  for  a  mean,  the  numbers  S  and  s  are  finite;  in  fact  we  immediately 
deduce 

0  ^  5  ^  1,  0  ^  ^  1  (8) 

and 

5  4-  «  ^  1  (9) 

Setting 

S'  -  1  -  5,  (10) 

the  following  inequalities  may  be  readily  shown  to  hold: 

S'  max  (xy)  4-  S  min  (xy)  ^  ^  «  max  (xy)  4-  «'  min  (xy)  (11) 

For  e.g., 

(1  —  S)  max  (xy)  4-  S  min  (xy)  —  /(P)  —  max  (xy)  —  /(P)  —  SS 

s]  a  0 

by  definition  of  S. 

So  far,  our  function  need  only  satisfy  (1).  We  now  define  a  Strong  Mean  as  a 


mean  for  which 

5  >  0, 

s  >  0. 

(12) 

Then  by  virtue  of  (9) 

0  <  S  <  1, 

0  <  «  <  1. 

(13) 

t 


Intuitively,  this  conveys  the  idea  that  the  values  of  the  function  /  are  to  lie 
strictly  between  the  greatest  and  least  of  its  variables,  being  separated  from 
them  by  at  least  a  certain  positive  fraction  of  4  «  max  (xy)  —  min  (xy),  r^rd- 
less  of  where  in  C  the  interval  S  may  be  placed. 

*  Thinking  of  (xi ,  •  •  •  as  the  coordinates  of  a  point  in  Euclidean  p-space,  C  is  a  square 
in  two  dimensions,  a  cube  in  three  dimensions,  with  the  “straight  line”  xt  -  Xf  <■••••■  z, 
as  a  main  diagonal. 

t  or  Greatest  Lower  Bound  (g.l.b.). 
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Ebcamples  of  strong  means  are  the  classical  functions 

SR. (M) 

where  Wf  >  0,  w/  »  1,  and  ^  ie  any  (strictly)  monotonic  function,  d~' 
being  its  inverse. 

Many  functions  not  of  this  form,  but  satisfying  (2),  are  strong  means  if  the 
r^on  C  is  suitably  chosen:  e.g. 

f(xi ,  X,)  -  x5  +  x»  —  xi  (15) 


is  a  strong  mean  for 

0  >  ^  ^  ^  B  >  -i 

For  if  xi  >  x« , 


and 


Xi  —  /  _  Xi  —  x«  +  X*  —  X* 
X\  "  Xj  X|  “  x% 


1  +  Xj  +  Xi 


f  —  Xt  ^  x\  —  x\ 
Xi  —  X*  Xi  —  X* 


“(X|  +  Xi) 


(16) 


Hence  for  positive  separations  the  points  (xi ,  Xt)  must  lie  between  the  lines 
Xi  +  X]  0  and  Xi  +  Xt  -■  —  1,  and  since  the  region  C  in  two  dimensions  is  a 
square  with  the  line  xi  »  xj  as  a  diagonal,  it  must  be  the  r^on  specified  by 
the  inequalities  (16). 

It  should  be  noticed  that  the  distinction  between  weak  and  strong  means, 
although  essential  to  our  proofs  to  follow,  is  really  a  matter  of  restricting  the 
region  C.  For  instance,  the  last  example  (15)  becomes  a  weak  mean  if  we  allow 
^  -  0,  B  -  -i. 

We  shall  now  state  our  theorem,  give  a  few  applications  and  conclude  with 
the  proof.  The  proof,  incidentally,  emplojrs  only  the  most  elementary  ideas  of 
analysis,  but  perhaps  in  a  somewhat  detailed  manner. 

Theorem.  Let  /(xi ,  •  •  •  x,)  be  a  strong  mean  on  C:  A  ^  Xy  ^  B;  then  the 
solution  sequence  {a«}  of  the  difference  equation 

®«+»  “  /(<*•  »  ®1»+I  »  *  •  •  ®l»+lH-l) 

converges  uniformly  for  all  sets  of  initial  values 

(oo ,  Oi ,  •  •  •  ,  <v-i)  e  C 

to  a  function  F{<kt ,  *  *  *  a^-x)  which  is  uniquely  defined  by  the  properties 

(a)  lim.n  F(ao ,  •  •  •  o^i)  *  x 

(b)  F(ao  ,  oi ,  •  •  •  o^i)  ■  F[ai ,  o*  ,  •  •  •  a^i ,  /(a#  ,  •  •  •  o^i)] 

Corollaries: 

(i)  F(ao ,  •  •  •  o^i)  is  continuous  on  C  if  /(do ,  •  •  •  (V-i)  is. 

(ii)  If  /  is  homogeneous  (of  degree  one),  so  is  F. 

(iii)  F(ao ,’  •  •  •  o^i)  is  a  mean  on  C. 
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Examples.  In  the  following  examples  the  use  of  the  theorem  enables  us  to 
conclude  that  the  solution  sequence  (a«)  converges  uniformly  to  a  continuous 
function  F(ao ,  *  *  *  a^i),  and  to  establish  the  formula  for  F  by  using  the  unique¬ 
ness  conditions  (a)  and  (b). 

1.  If  n  -  0, 1,  •  •  •  where  toj  >  0,  X?  *  “  1» 

Oy  >  0,  i  -  0, 1,  •  •  •  p  -  1. 

Then  linu^  {a.}  exists  and  is  equal  to 

where  v  —  (p  —  j)  wy .  For  as  is  easily  verified,  the  proposed  expression 

satisfies  the  uniqueness  conditions  (a)  and  (b)  of  the  Theorem.  Elxplicit  expres¬ 
sions  for  F(ao  •  •  •  a^i)  can,  however,  only  be  obtained  in  special  cases. 

To  show  how  to  proceed  in  attempting  to  apply  the  Theorem  to  a  given  equa¬ 
tion  of  the  form  (4),  where  /  is  not  a  Mean,  we  adduce  example 

2.  0,14.1  “  Ok  “  k. 

It  will  turn  out  that  in  order  to  apply  the  theorem,  we  shall  have  to  restrict 
k  as  well  as  the  initial  value  oo .  We  write 

Ok4*  *  0I41  —  A;  “  0^41  -f-  0k41  —  o* 

-=  /(o,  ,  0,41) 

and  f(xi  Xf)  *  —  z*  +  x*  -f  z*  is,  as  we  have  seen,  a  Strong  Mean  for  0  > 

Zj 

Hence  the  solution  sequence  converges  if  we  choose  —  §  <  ^  <0.  But  k  = 

— 0|  +  Oo.  Hence  we  must  choose  — ^  <  oo  <  0,  0  <  A:  <  ^. 

It  can  be  verified  by  other  methods  that  the  example  converges  for  the  stated 
values  of  k  and  Oo  .  In  this  case  the  limit  is 

-  Vl  +  4A:}  -  i{l  -  y/l  +  4(oi  —  Oi)}  -  F(ao ,  oi) 

and  it  is  easily  verified  that  this  satisfies  the  uniqueness  conditions. 

In  general,  to  apply  the  theorem  to 

qii4j*  ■“  /(®«  »  * ' '  Ok4ih-i)  k 

where  the  R.H.S.  does  not  satisfy  (2),  if  /  is  a  continuous  function  ,  we  write 

OK4r4t  "  /(Ok41  '  '  ’  ®«4»)  "b  ®«+P  “  /(®«  '  *  *  Ok4i»-i) 

“  •  •  •  On4y) 

and  ^  satisfies  2.  Next  we  investigate  whether  C  exists  such  that  ^  is  a  strong 
Mean  on  C,  and  choose  Oo ,  Oi  •  •  •  0^1  and  k  accordingly. 

Proofs.  We  shall  first  prove  the  convergence  of  (0.) . 

Let  jS,  8  be  the  separations  of  f  on  C. 

From  the  inequality  (1)  we  conclude  that 
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max  (Om,  •  •  •  Om+p-i)  —  min  (o*  ,  •  •  •  a»+^i) 

(A) 

^  max  (a,  ,  •  •  •  a,+^i)  -  min  (o,  ,  •  •  •  o,+^i) 

if  m  ^  n  ^  0. 

Let 0,+,  —  max  (a,), a,+i  —  min  (a<),  forn  t  ^  n  +  p  —  1. 

Then  O^^^p  —  1,  0^/^p  —  1.  Ifgr-f,  the  proof  is  trivial,  by  the 
remark  (A).  Suppose  g  >  1.  Then  using  the  inequalities  (11) 

®*+*  Gii+i  *“  fl«+i 

^  S'  max  (oy)  +  S  min  (oy)  —  min  (oy) 

«  S'[max  (ay)  -  min  (oy)],  n-\-g-p^j^n  +  g-  \ 

^  5'(max  {a/)  —  min  (oy.)],  n  —  p^j'^n  —  \ 

by  (A).  Similarly,  \i  g  <1, 

<in+0  —  On+l  “  a«+*  ~  f(f^n+l-p  i  *  *  *  On+l-l) 

^  s'[max  (ay)  —  min  (ay)l,  n  —  p^j'^n  —  1. 
In  either  case,  letting  p  »  max  (S',  s'), 

0  ^  max  (a,)  —  min  (a,),  n^i^n  +  p—  1 

^  p  [max  (ay)  —  min  (ay»)],  n  —  pgj'^n—  1 

<  p^fmax  (a*)  —  min  (a*)J,  O^n  —  mp^k^n  —  (m  —  l)p— 1 

<  p"[max  (a*0  —  min  (a**)},  0  ^  fc'  ^  p  —  1 

where  0  <  p  <  1,  and 

m  «  [n/p]  «  greatest  integer  ^  n/p. 

Finally,  0  ^  max  (a.)  —  min  (a,)  ^  p"*  |  A  —  5  |  for  all  »  such  that  n  ^  t  ^ 
n  •+■  I,  and  arbitrary  <  >  0,  by  (A). 

This  proves  the  uniform  convergence  of  {a„}  on  C,  since  p  is  independent  of 
a* ,  •  •  •  ap—i .  ' 

The  necessity  of  the  conditions  (a)  and  (b)  on  F(ao ,  •  •  *  a^i)  now  follows  as 
a  corollary. 

To  prove  the  sufficiency,  let  ^(oo ,  *  *  *  a^i)  be  any  function  8atisf3ring  (a) 
and  (b).  By  property  (b)  we  notice  that 

^(®«*  >  ‘  ‘  *  ®«+j»-l)  *  ^  { G»+l  »  *  '  *  >  /(o»  »  '  '  *  0»+i»-l) } 

*  •  <*»+»} 

where  (a,)  satisfies  (4). 

Since  this  is  true  for  all  n  ^  0, 

^(oo  •  •  •  a^i)  -  ^(ai ,  •  •  •  a,)  -  •  •  •  -  ^(a,  ,  •  •  •  a,+^0 

and  since  lim.^Ma.  «  F(ao  •  •  •  a^i),  it  follows  from  condition  (a)  that 
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^(oo  •  •  •  o^i)  -  F(ao  •  •  •  o^i) 

This  completes  the  proof. 
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REGULAR  AND  IRREGULAR  COULOMB  WAVE  FUNCTIONS  . 
EXPRESSED  IN  TERMS  OF  BESSEL-CLIFFORD  FUNCTIONS* 

By  Milton  Abramowitz 

1.  Statement  of  Problem.  Coulomb  wave  functions  are  defined  as  the  solutions 
of  the  differential  equation 

where  L  is  a  positive  integer  and  i;  is  a  continuous  parameter  defining  the  energy 
values.  In  the  quantum  mechanical  applications  the  regular  and  irregular 
solutions  of  (1.1)  identified  as  Ftin,  p)  and  p)  are  normalized  so  that  as 

p  — ^  00 

(1.2)  Gr,(i»,  p)  -f  iF till,  p)  ~  exp  [»(p  —  i;  In  2p  —  Lr/2  +  ai)\ 
where  at.  “  arg  r(L  +  1  +  tn)- 

For  the  past  several  years  the  Computation  Laboratory  of  the  National 
Applied  Mathematics  Laboratories  of  the  National  Bureau  of  Standards  has 
been  actively  engaged  in  tabulating  the  solutions  of  (1.1).  Thus  far,  there  has 
appeared  the  first  volume  [1]  and  the  second  is  now  nearing  publication.  In 
addition  there  has  been  lately  developed  a  comprehensive  program  for  carrying 
out  the  computations  on  the  National  Bureau  of  Standards  Eastern  Automatic 
Computer  (SEAC).  According  to  present  plan  it  will  be  possible  to  tabulate  the 
*  functions  Ft.  and  Gl  for  L  ~  0(1)25  and  ri  and  p  in  the  range  from  0  to  100. 
Although  the  results  obtained  here  will  be  generalized  for  any  L,  for  the  sake 
of  simplicity  we  shall  confine  the  discussion  to  the  case  L  —  0.  The  explicit 
expression  for  Ft  is 

(1.3)  Ftiv,  p)  “  C*(ij)p#«(ii,  p) 
where 

(1.4)  Ci(r/)  =«  2irij(e*’'  —  1)“‘ 
and 

(1.5)  *o(rf,  p)  -  lII-iA,p"~‘ 
and  where  the  coefficients  are  given  by 

(1.6)  «  1,  A*  «  tf,  n(n  —  1)A,  -  2ijA,_i  —  A,_i  forn  >  2. 
The  explicit  expression  for  Go(v,  p)  is 

(1.7)  Go(n,  p)  -  Do(n)Ot(v,  p);  F>o(v)Co(v)  “  1 
where 

*  Preparation  of  this  paper  was  sponsored  (in  part)  by  the  Flight  Research  Laboratory, 
Wright  Air  Deyelopment  Center,  USAF. 
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(1.8)  0o(ij,  p)  -  2i>p4>o(»?,  p)Pni  2p  +  in'VCn)]  4-  h(v,  p)- 
In  (1.8)  the  expressions  for  qo(v)/2v  and  ^o(n,  p)  are 

(1.9)  q,(n)/2v - 1  +  27  +  Ri.Pt  {r'(i  +  twr(i  +  ti»)} 

where  y  —  .5772156649  ...  is  Euler’s  constant,  and 

(1-10)  p)  “  2^-0  o.p", 

the  coefficients  a.  being  defined  as 

oo  -  1,  fli  *  0,  n(n  —  l)an 

(1.11) 

—  2iki«-i  —  a«_j  —  (2n  —  l)2fiAn  forn  ^  2 

where  the  coefficients  A,  are  given  by  (1.6).  The  general  expressions  for  Ft(»j,  p, 
and  p)  may  be  found  in  [1]. 

While  the  expression  for  Foiri,  p)  is  relatively  simple  and  lends  itself  to  calcula¬ 
tion,  the  formula  for  Go(ii,  p)  is  unwieldy  and  provides  numerous  pitfalls  to  the 
computer.  In  the  cases  where  L  0  the  expressions  are  so  involved  that  the 
direct  evaluation  of  Cri,(nt  p)  from  its  series  representation  becomes  a  formidable 
task.  In  particular  we  note  that  when  ij  is  large  with  respect  to  p  the  expression 
for  9o(ii,  p)  usually  results  in  the  difference  between  two  nearly  equal  terms  and 
there  is  a  considerable  loss  in  significant  figures.  For  example  when  ij  =»  lO, 
p  »  1  we  find 

Mn,  p)  “  -12940.54119,  f4>o(n,  p)  “  205.34038, 

2i7[ln  2p  -I-  go(fi)/2v]  »  63.019955 

and  therefore  6o(n,  p)  ~  .0005.  In  this  case  there  has  been  a  loss  of  eight  sig¬ 
nificant  figures.  In  the  present  article  we  shall  develop  an  expression  for  6o 
which  overcomes  this  difficulty.  We  shall  give  a  series  expansion  in  terms  of  the 
functions  z*'*Kn{2‘s/z)  suitable  for  large  i;  and  small  p  in  which  it  will  be  possible 
to  tell  immediately  the  proper  number  of  figures  to  be  carried  in  the  calculation. 
Furthermore,  the  coefficients  in  this  series  have  the  property  that  they  are  the 
same  ones  required  in  the  determination  of  p4>o(i;,  p).  The  results  as  given  are 
not  essentially  new,  having  been  discussed  previously  by  Breit  and  others 
[2  to  6]. 

2.  Derivation  of  Series  Expansions  for  p^o(v>  p)  6o(V)  p)* 

If  we  make  the  substitution  2vp  Hn  (1.1)  for  the  case  L  »  0  we  get 

(2.1)  ty''  +  [«/4i,‘)  -  \\y  -  0. 

When  ij  — ►  00  this  equation  approaches  ty"  —  y  ^  0  for  which  the  general 
solution  is  y  =  at*Ii(2y/t)  -|-  ^*Ki(2-\/t).  It  is  therefore  plausible  to  express 
the  solutions  of  (2.1)  in  terms  of  the  functions  C''ln{2>/t)  and  r'*Kn(2yA). 
However,  in  order  that  we  shall  be  concerned  with  only  one  set  of  recurrence 
relations  and  the  final  result  can  be  expressed  by  a  single  formula  let  u,  stand 
for  either  of  the  functions  t*'*In(2y/i)  or  cos  nT’t*''Kn(^y/i).  We  then  have 
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(2.2)  tul  +  (1  —  n)un  -  u,  -  0, 

(2.3)  Un  -  U«_1  , 

(2.4)  tUn  «  (n  -I-  l)w,+i  +  ti,+j . 

Now  let  Ho  stand  for  either  p*o(i»>  p)  or  0o(ij,  p)  and  we  write  formally 

(2.5)  Ho(ii,  p)  -  x2IlLi5«w»(0;  t  “  2i;p 

with  the  understanding  that  u,  s  t*''ln(2y/l)  when  Ho  ^  P^(n>  p)  sod  u« 
cos  nT-C'*Kn{2y/t)  when  Hoin,  p)  -  0»(ij,  p).  Here  X  is  a  constant  to  be  chosen 
from  the  conditions  at  p  0.  From  (1.5)  above  we  note  that  when  p  »  0, 
p4>o  *  0  and  (d/dp)(p#a)  »  1.  Also  from  (1.8)  and  (1.10)  when  p  »  0  we  have 
00  *  1.  Furthermore  we  have  for  t  -  0,  t*'*I,(2y/l)  —  0,  (d/dp)(t*Ii(t))  —  2ri, 
coanir-r''Knit)  -  (-l)"(n  -  1)1/2. 

Now,  substituting  (2.5)  in  (2.1)  we  get 

(2.6)  Z-i  bn[tu:  +  (</4i,*)u,  -  u,}  -  0 
Making  use  of  the  relations  (2.2)  to  (2.4)  we  then  get 

Sr-i5ii{(»  —  l)u,_i  +  M,  +  ((n  +  l)/4ij*]u,+i 

(2.7) 

+  (l/4i,V+*  -  ti»)  -  0 

or 

(2.8)  23^-1  *>-{4i7*(»  -  l)u«-i  +  (n  +  l)u,+i  +  u,+t)  *  0. 

Setting  the  coefficients  of  Un  equal  to  zero  we  get 

(2.9)  4i;*n5,+i  +  nbn-i  +  6,_*  «  0 

For  n  —  1  we  get  &j  —  0  and  forn  —  2  we  get  4t>*6»  +  ih  =■  0  so  that  all  coef¬ 
ficients  bn  forn  >  2  can  be  generated  in  terms  of  hi  from  (2.0).  Since  (2.1)  is  a 
linear  differential  equation  we  may  choose  bi  «■  1  and  it  remains  to  identify  X. 
For  the  regular  solution  since  (p*#)'  *•  1  for  p  —  0  we  find  X  =■  l/(2i;)  and  for 
the  irregular  solution  since  0o  “  1  for  p  —  0  we  must  have 

xZ:;-t(-l)"M(n  -1)1-1 

Summarizing  our  results  we  then  have 

(2.10)  p^(ij,  p)  -  (l/2ij)2Zt-i  M"^*/,(2\//),  /  —  2i7p 

(2.11)  eo(ij,  p)  -  x2Z:.i  (-l)"6,r'X(2\/<),  t  -  2vp 

where 

(2.12)  6i  -  1,  5,-0,  4n*n5,+i  +  nbn-i  +  5,_,  -  0,  (n  >  2) 

2X-'  -  ^’Lxi-iybnin  -  1)1 
We  have  further  from  (2.3) 

(2.13)  _  (d/dpKp^)  -  E"^obn+ir'X(2Vt) 

(2.14)  (d/dp)(eo)  -  2„xE::-o  (-  l)"5.+,r'X(2>/i) 
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The  advantage  of  these  expressions  is  obvious.  We  need  only  compute  one 
set  of  coefficients  for  both  the  regular  and  irregular  solutions.  From  the  known 
behavior  of  the  functions  /.(z)  and  KJjt)  we  know  how  many  figures  to  carry 
in  the  computation.  For  some  purposes  it  will  be  sufficient  to  use  only  the  first 
term  in  these  expressions.  Finally,  it  should  be  mentioned  that  should  one 
need  values  of  Fl  and  Gl  ,  for  values  other  than  L  0,  it  is  probably  easier  to 
use  (2.10)-(2.14)  (when  17  >  p)  to  determine  Fo  and  (to  and  their  derivatives 
and  then  generate  the  values  for  L  >  0  by  the  recurrence  relations  [1].  Although 
in  general  there  will  be  a  loss  in  accuracy  due  to  successive  application  of  the 
recurrence  formula,  by  starting  with  enough  figures  one  may  end  up  with 
sufficient  accuracy  in  the  values  desired. 

From  the  asymptotic  expansion  for  In{z)  and  K^(z)  we  have  /,(«)  e ’/■%/ 2irz 
and  Kn{z)  ~  y/ t/2z  e~*  for  z  sufficiently  large.  Replacing  the  Bessel  functions 
in  (2.10)  and  (2.11)  by  these  expressions  and  keeping  only  the  first  terms  in  the 
series,  we  obtain  since  hi  =*  I, 

(2.15)  p4»o(i»,  p)  V l/8inj(p/2i7)V'^*’' 

(2.16)  80(17,  p)  ~  \/ir(2i7p)*e"*‘^*’' 


3.  Convergence  of  (2.10)  and  (2.11).  In  order  to  study  the  convergence  of  the 
series  representation  obtained,  we  must  first  obtain  an  estimate  for  the  coef¬ 
ficients  bn  in  (2.12). 

Let  us  put  T  ■«  4i7*  and  6*  ■=  exp  [^(n)].  If  we  further  write  4>(n  -}-  o)  = 
^(n)  -f  a^'(n)  neglecting  the  derivatives  of  higher  order  than  the  first  we  get 

(3.1)  TTia  +  cm-l-l=0;  a*  exp  [^'(n)], 
and  therefore 

(3.2)  a*  ■=  —  (1/t)  —  (l/rotn). 

Thus,  if  n  is  large  the  solution  of  this  equation  is  approximately 

(3.3)  a^(-T)"‘ 
and  we  get  ultimately  thdt 

(3.4)  I  1  (217)”" 


From  the  series  expansion  for  /.(()  we  have 


(3.5)  r'*/,(2V() 

and  therefore 


•  .t+n 

V  ^ _ 

^  r(«  +  i)r(n  +  « +  1) 


(3.6)  1  bnr''ln(2Vi)  1  <  /3i("«Vn!(2i7)" 

where  /3i  is  a  constant  independent  of  n.  Thus  (2.10)  converges  uniformly  and 
absolutely  for  all  finite  valuea.of  t  ■■  2i7p. 

In  order  to  discuss  the  convergence  of  (2.11)  we  note  first  [7]  that 
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(3.7) 


(3.8)  Lim  (-1)T'X(2V7)  -  K-l)"(»  “  D! 

Now  if  bjr‘'Kn{2y/^ [)  —  w,  applying  the  ratio  test  for  convergence  we  obtain 
with  the  aid  of  (3.4)  and  (3.8) 

(3.9)  1  Vn^i/vn  I  — >  /3tn/2ij 

where  /3i  is  a  constant  independent  of  n.  Since  this  quantity  approaches  infinity 
we  conclude  that  (2.11)  diverges.  However  we  may  show  that  the  representation 
(2.11)  is  an  asymptotic  expansion.  Thus,  if  iS_i  reprints  the  sum  of  the  first 
(n  —  1)  terms,  consider 


I  00  —  <S«_i 


(-i)’-6«r'*ii:.(2v'f) 


(3.10) 


S  U I  E  1 1  C'KMVt) 

S  Ej  i.  I  <’'•  [  di 


Inverting  the  order  of  integration  and  summation  we  get  with  the  help  of  (3.4) 


(3.11)  I  e.  -  I  s  W  ^ 

The  dominant  contribution  to  the  integral  comes  in  the  neighborhood  of  (  »  1. 
With  this  assumption  we  can  take  2v  so  large  that  <  1  and  we  have  a 

geometric  progression  which  can  be  summed.  Thus 


(3.12) 


00  -  S^i\  ^  j[  e 


rV»(fn-‘) 


(2,)-{-{-«*/2.») 


In  the  limit  as  (2ij)  — ♦  «  we  therefore  have 

(3.13)  1 00  -  1  ^  I X I  [r7(2n)"]A:.(2V<). 


Thus,  the  absolute  error  in  taking  the  first  (n  —  1)  terms  in  (2.11)  can  be  made 
as  small  as  we  wish  by  taking  (2ir)  sufSciently  large  and  the  magnitude  of  the 
error  is  smaller  than  the  magnitude  of  the  first  term  neglected. 

It  should  be  noted  that  in  computing  the  constant  X  in  (2.12)  one  should 
carry  the  computation  only  to  as  many  terms  as  are  emplo3red  in  (2.11). 


4.  Expansions  for  L  >  0.  Similar  expansions  may  be  obtained  in  the  general 
case  for  L  >  0.  However  we  must  first  make  the  substitution  u  »  p‘‘y  in  (1.1). 
The  resulting  differential  equation  is  then 


(4.1) 


pu"  —  2Lu'  +  (p  —  2if)u  *■  0 
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In  exactly  the  same  manner  as  before,  we  may  derive  the  following  expressions 
for  and  0t ,  namely 

(4.2)  p)  “  p”^  S  bnf'*Ini2y/i),  t  -  2np 

(4.3)  01.(1?, p)  -  X^(i,)p"''  L  Ki-iy C'KMVi) 

where  X  is  a  constant  determined  from  the  condition  that  0i,(i?,  0)  -■  1, 

(4.4)  Xi,(if)  (-l)-(n  -  l)16»/2  -  1. 

and  the  coefficients  b„(i?)  are  obtained  from  the  recurrence  relations 

htL+l  ■“  1»  btL+t  *  0, 

(4.5) 

4if  (n  -  2L)bn+i  +  nb^i  +  6,_i  -  0,  n  >  2L  +  2. 
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ON  A  PERTURBATION  THEORY  BASED  ON  THE 
METHOD  OF  CHARACTERISTICS 

C.  C.  Lm 

1.  Introduction*.  It  is  known  that  a  perturbation  theory  in  the  physical 
plane  for  supersonic  flow  and  wave  propagation  is  not  free  from  difficulties.  A 
method  for  improvement  has  been  given  by  LighthilP  and  Whitham*  for  dealing 
with  outgoing  waves.  On  the  other  hand,  the  characteristic  parameters  are  the 
natural  independent  variables  to  be  used  for  hyperbolic  differential  equations 
and  it*  may  be  expected  that  in  a  perturbation  theory  developed  in  terms  of  the 
characteristic  form  of  the  differential  equations,  such  difficulties  will  not  occur. 

In  the  method  of  characteristics,  the  desired  solution  functions  u(x,  y)  and 
v{x,  y)  are  given  in  the  parametric  representation.  We  introduce  a  system  oi 
characteristic  parameters  a  and  and  express  x,  y,  as  well  as  u,  v,  in  terms  of 
them.  In  a  perturbation  theory,  the  solution  thus  appears  in  the  form 

u  "  +  eu*”(a,  /S)  +  •  •  • 

V  0)  +  0)  + 

(1*1)  /n 

X  -  x‘  ’(a,  0)  +  ex^”(a,  |9)  -f  •  •  • 

y  -  v"’(a./3)  +  +  ••• 

Now,  such  parametric  representations  have  two  obvious  disadvantages,  both  of 
which  are  often  emphasised  in  the  hodograph  method.  In  the  first  place,  the 
boundary  conditions  are  often  specified  in  the  physical  plane,  and  becomes 
somewhat  difficult  to  impose  in  the  parametric  form.  Secondly,  a  single¬ 
valued  solution  in  the  physical  plane  could  become  multiple-valued  in  the 
parametric  representation  (See  CraggV  discussion  of  branch  lines  in  the  hodo¬ 
graph  method).  These  difficulties  might  partly  account  for  the  fact  that  the 
method  of  characteristics  has  not  been  more  extensively  used  for  the  de¬ 
velopment  of  a  perturbation  theory.  However,  if  the  flow  is  a  perturbation 
from  a  nearly  uniform  state,  our  freedom  in  the  choice  of  characteristic  param¬ 
eters  makes  it  possible  to  avoid  multiple-valued  mappings  of  the  nature  ci  the 
branch  line  in  the  hodograph  method.  We  observe  that,  in  this  case,  the  charac¬ 
teristic  curves  are  nearly  straight  in  the  physical  plane.  Consequently,  the 
mapping  between  the  plane  ctf  characteristic  parameters  and  the  physical  plane 
can  be  made  an  approximately  affine  transformation.  The  mapping  between 
the  two  planes  is  expected  to  be  one-to-one  and  can  be  easily  visualized.  In  the 
case  of  shock  formation,  associated  with  the  convergence  of  characteristics  in 
the  physical  plane,  the  solution  is  still  ex])ected  to  be  single- valued  in  the  plane 
of  characteristic  parameters.  Here,  the  mapping  is  not  one-to-one;  but  the 

*  The  author  wishes  to  thank  Professor  K.  O.  Friedrichs  for  his  suggestions  in  the  final 
revision  of  this  section. 
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multiple-valued  solution  in  the  physical  plane  is  necessary  for  the  correct 
representation  of  the  physical  phenomena. 

A  sjrstematic  development  of  a  perturbation  theory  along  the  lines  indicated 
above  is  not  yet  available  in  the  literature,  although  the  ideas  are  implied  in 
the  work  of  Donov*  and  of  Meyer®,  and  suggested  explicitly  by  Friedrichs 

Donov  treated  the  supersonic  flow  past  a  two-dimensional  thin  airfoil,  and 
carried  out  the  calculations  to  the  fourth-order.  However,  the  treatment  depends 
much  on  the  specific  nature  of  the  problem  at  hand,  and  is  not  formulated  into 
a  general  scheme.  Furthermore,  the  characteristic  parameters  chosen  are  related 
to  the  velocity  variables,  and  hence,  when  other  problems  are  treated,  this 
approach  may  suffer  from  the  inconvenience  discussed  on  the  preceding  page. 
Meyer  treated  the  problem  of  waves  of  finite  amplitude  in  ducts.  The  method, 
like  that  of  Lighthill  and  Whitham,  is  formulated  in  terms  of  successive  cor¬ 
rections,  rather  than  treating  u,  v  and  x,  |/  as  four  functions  of  two  parameters. 
Thus,  his  second  approximation  (to  which  his  solution  is  carried  out)  actually 
corresponds  to  the  first  approximation  in  the  form  (1.1). 

Friedrichs  used  a  coordinate  system  with  one  physical  distance  and  one 
characteristic  parameter  for  the  development  of  a  perturbation  theory  for  the 
flow  past  a  two-dimensional  thin  airfoil.  In  this  scheme,  the  solution  is  found  to 
be  very  simple.  In  fact,  the  flow  is  approximated  by  a  simple  wave  up  to  the 
second  approximation.  For  higher  approximations,  he  suggested  the  use  of 
characteristic  parameters  related  to  certain  linear  distances  in  the  physical 
plane^ 

In  the  present  paper,  we  shall  carry  out  a  systematic  development  oi  tills  idea 
in  the  formulation  (1.1)  with  emphasis  on  the  proper  choice  of  the  parameters 
a  and  /3.  The  method  is  applied  to  a  few  specific  problems  to  show  its  advantage 
over  the  usual  perturbation  theory  in  the  physical  plane  even  in  the  firU  ap¬ 
proximation.  A  convergence  proof  is  given  for  the  case  of  two-dimensional 
supersonic  flow.  The  problems  of  propagation  of  plane,  cylindrical  and  spherical 
waves  are  treated  by  Miss  Phyllis  A.  Fox*  by  similar  methods.  This  work  will 
be  reported  separately.* 

It  should  be  emphasized  here  that  Lighthill  does  not  limit  his  approach  to 
the  hyperbolic  system  of  differential  equations.  In  fact,  he  gave  examples  where 
the  coordinate  perturbatibn  leads  to  improvement  of  the  solution  of  ordinary 
differential  equations  and  partial  differential  equations  of  the  elliptic  t3rpe.  In 
such  cases,  there  is  no  “natural”  coordinate  system,  and  it  appears  that  the 
method  is  sometimes  not  applicable  in  the  usual  form.f  However,  the  Lighthill- 
Whitham  idea  is  extremely  important  and  valuable,  since  the  method  removes 
serious  difficulties  in  a  very  eluant  and  simple  manner  whenever  it  can  be 
applied. 

*  During  a  visit  to  M.I.T.  on  December  17,  Dr.  Keller  showed  me  some  of  his  old  notes 
dealing  with  development  of  suitable  methods  of  successive  approximation  similar  to  that 
in  Fox’s  thesis. 

t  Cf.  Fox’s  thesis  [8].  This  kind  of  conclusion  is  also  reached  by  Mr.  Tozer,  working 
under  Professor  Lighthill. 
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Some  further  commente  on  coordinate  perturbation  will  be  found  in  the  last 
section. 


2.  Perturbation  theory  in  characteristic  coordinates.  Consider  steady  super¬ 
sonic  flow  of  a  gas  in  two-dimensions.  Let  p  be  the  density,  and  u,  v  he  the 
components  of  velocity  along  the  direction  of  coordinate  axes  x,  y.  We  shall 
limit  our  discussion  to  the  case  of  isentropic  irrotational  flow.  Then  the  pressure 
p  and  the  speed  of  sound  c  are  fimctions  of  p.  This  is  also  true  of  the  speed  q, 
the  Mach  number  M  q/c  and  the  Mach  angle 

(2.1)  A  «  sin”*(l/M). 

In  the  following,  we  shall  use  the  Mach  angle  A  as  the  principal  variable. 

The  basic  equations  may  be  written  in  the  form 

“  0 

(2.2)  ,  ,  ,  - 

(c  —  M  )u,  —  +  t>*)  +  (c  —  V  )Vy  =  0. 


For  a  small  deviation  from  a  state  of  uniform  flow,  it  is  customary  to  consider 
a  perturbation  theory  of  the  form 


(2.3) 


u  ^  U  +  y)  +  •  •  • 

V  =  «r^”(x,  y)  +  •  •  • 


Bernoulli’s  equation  would  then  give  a  similar  perturbation  series  for  c*.  The 
first  approximation  of  such  a  perturbation  procedure  gives  solutions  of  the  form 


*  /(y*  -  M  +  9iy  + 

^  =  (iA){-/(y  -  Xx)  +  g{y  +  Xx)} 

where  X  \/y/ M\  —  1,  and  Jlfo  is  the  Mach  number  in  the  undisturbed  stream. 

The  lines 

(2.5)  2/  ±  Xx  “  const. 

are  the  characteristics  in  the  first  approximation. 

However,  these  solutions  are  inadequate  for  the  representaticm  of  certain 
important  cases  of  small  deviations  from  a  uniform  flow;  e.g.,  the  Prandtl-Meyer 
expansion.  In  such  a  case,  the  characteristics  are  definitely  not  parallel.  The 
reflection  of  a  Prandtl-Meyer  flow  from  a  solid  boundary  is  another  case  in 
point.  These  problems  require  a  more  exact  treatment  of  the  characteristics 
themselves. 

In  the  (x,  y)  plane,  the  characteristic  directions  are  given  by 


(2.6)  dy/dx  —  tan(®  db  .4), 

where  8  is  the  direction  of  flow.  These  are  only  approximately  satisfied  by 

(2.6) ,  which  would  be  obtained  by  setting  »  0  and  A  «*  i4o  in  (2.6).  How¬ 
ever,  this  small  deviation  in  the  direction  would  amount  to  a  large  deviation  in 
the  coordinates  x,yii  the  exact  and  approximate  characteristics  are  respectively 
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followed  over  a  long  distance.  While  one  family  ci  the  characteristics  in  the  case 
of  Prandtl-Meyer  flow  converges  to  a  point  at  a  finite  distance,  the  approxima¬ 
tion  (2.5)  gives  parallel  characteristics.  In  the  case  of  reflection  mentioned 
above,  both  families  of  characteristics  are  inadequately  approximated  by  (2.5). 

Another  way  of  seeing  the  inadequacy  of  the  usual  perturbation  theory  is  to 
observe  that  the  velocity  and  density  gradients  become  infinite  as  the  comer  is 
approached. 

The  above  difficulties  would  disappear  if  we  use  the  proper  set  of  coordinates; 
namely,  the  characteristic  S3n3tem.  If  a  and  0  are  a  set  of  characteristic  param¬ 
eters,  the  basic  equations  (2.2)  may  be  written  as^ 

cos  (d  -J-  A)  —  X,  sin  (8  -h  A) 

(2.7) 

yn  cos  (8  —  A)  -  Xfi  sin  {8  —  A) 

{va  sin  (8  —  A)  ■»  —M.  cos  (8  —  A) 

(2.8) 

[vff  sin  ((?  -h  A)  »  —tip  cos  (8  -f-  A) 

We  may  now  apply  a  perturbation  theory  in  the  form  (1.1),  with  u,  v,  x,  y  as 
functions  of  the  independent  variables  a,  0;  8  and  A  being  functions  of  u  and  v. 
These  will  be  developed  in  detail  for  specific  examples  in  the  next  section.  We 
shall  first  make  the  following  general  observations. 

(i)  Relation  with  other  methods.  It  is  well-known  that  the  characteristics  are 
fixed  in  the  hodograph  plane  in  the  present  case.  This  means  that  (2.8)  can  be 
integrated.  In  fact,  we  obtain 

(2.9)  8  +  f(A)  -  F(a),  8  -  ^{A)  -  Q{fi) 

where  _ 

(2.10)  ^(A)  »  +  f  VAP  -  1  dq 

J  q 

In  the  case  p  —  Kp',  we  have 

(2.11)  ^(A)  -  A  —  ir  +  (1/m)  tan~^  (m  cot  A),  m*  ■  (t  —  l)/(7  +  1). 

The  constant  of  integration  is  here  chosen  so  that  ^(A)  «■  0  at  A  >■  0,  i.e.,  the 
sonic  point.  *  ‘ 

Witii  the  solutions  (2.9),  only  the  pair  of  equations  (2.7)  need  be  integrated. 
The  present  method  therefore  becomes  closely  related  to  the  hodograph  method. 
However,  it  is  more  useful  for  the  following  two  reasons.  First,  the  basic  im¬ 
portance  of  the  characteristics  is  explicitly  recognized,  and  hence  less  trouble 
is  expected  with  discontinuities.  Secondly,  the  characteristic  parameters  are 
still  at  our  disposal,  and  we  may  choose  them  so  that  the  mapping  between  the 
characteristic  plane  and  the  physical  plane  is  simple.  This  would  avoid  un¬ 
necessary  multiple^valued  functions  in  the  mapping  process,  as  it  often  happens 
in  the  hodograph  method.  Indeed,  such  a  choice  may  be  made  so  that  the  usual 
perturbation  theory  can  be  used  as  a  guide.  We  note  that  the  initial  approxima¬ 
tion  to  (2.7)  is  given  by 


-  « 
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(2.12)  I/i“  »  x^a  tan  Ao ,  tan  ; 

and  hence 

(2.13)  —  Xx‘®’  —  k(fi),  y*’  +  Xx**'  —  A(a),  X  »  tan  Aa . 

Now  if  we  take  A(a)  »  Aa,  kOS)  »  ]0,  the  coordinates  a  and  0  form  an  oblique 
Cartesian  system  obtained  from  x^®’  and  y^®’  by  a  linear  transformation.  In 
fact,  they  are  exactly  the  ones  suggested  by  (2.5). 

In  other  problems,  such  as  flow  with  axial  symmetry  or  spherical  waves,  the 
hodograph  method  is  not  always  useful.  The  present  theory,  however,  remains 
essentially  the  same. 

(ii)  The  simple  wave.  The  Prandtl-Meyer  problem  becomes  trivial  in  the 
present  method,  but  we  shall  give  the  solution  here  in  a  form  convenient  for 
later  reference.  Consider  the  special  case  F(a)  »  Fo ,  a  constant.  Then 

(2.14>  e  -  UFo  +  cm  ^(A)  -  ilFo  -  Gm, 

and  the  first  equation  oi  (2.7)  gives  a  family  of  straight-line  characteristics  C+  . 

If  the  angle  between  the  x-axis  and  these  characteristics  is  denoted  by  then 
^  +  A.  Since  (2.14)  gives  ®  «  Fo  —  ^(A),  we  obtain  ^  —  Fo  +  A  —  ^(A), 

or,  by  (2.11) 

tan  A  “  —n  cot  m(^  ~  ^•)i  “  iA(^«)  +  V2, 

(2.15) 

e  -  -I^(A)  -  ^(A.)], 

where  the  constants  have  been  chosen  so  that  0  —  0  when  A  ^  A^.  Eq.  (215) 
holds  for  general  simple  waves;  the  dependence  of  the  positional  coordinates  on 
^  changes  with  the  particular  solution  considered.  For  waves  centered  at  the 
origin,  it  is  convenient  to  introduce  the  polar  coordinate  system  (r,  4>)  by 

(2.16)  X  —  r  cos  0,  y  —  r  sin 
The  streamlines  are  given  by* 

(2.17)  r  -  ft  coe“'‘~V(^  —  4>*) 
and  the  cross  Mach  lines  are 

(2.18)  r  -  ft  cos”*'’”*  m(0  —  ^•)  sin"*  m(^  —  ^•). 

3.  Application  to  certain  problems  in  steady  supersonic  flow.  We  shall  now 
apply  our  method  to  a  few  specific  problems  which  cannot  be  conveniently 
solved  by  the  usual  perturbation  theory  in  the  physical  plane.  The  problems 
are  as  follows: 

(1)  interaction  of  two  simple  waves, 

(2)  reflection  of  a  simple  wave  from  a  solid  boundary, 

(3)  reflection  of  a  simple  wave  from  a  free  surface, 

(4)  the  wave  length  of  a  supersonic  jet. 

*  Courant-FriedrichsJ  p.  2^3.  The  notation  here  is  somewhat  different. 
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Before  we  go  into  the  details  (rf  any  of  these  problems,  let  us  first  develop  the 
general  perturbation  theory  up  to  the  first  order. 

According  to  (2.10),  the  direction  and  magnitude  of  the  flow  are  given  by 

(3.1)  e  -  i[/^(«)  +  Om,  -  i[F(a)  -  (?Cfl)]. 

If  we  want  to  apply  these  to  (2.7),  we  have  to  evaluate  tan  {6  A).  Now 

suppose  B  and  A  differ  but  slightly  from  Bo  and  Ao ,  then  we  may  develop 
tan  (9  ±  A)  into  power  series  in  0  —  0o  and  A  —  Ao .  To  the  first  order,  we 
have 

(3.2)  tan  (0  ±  A)  —  ±|tan  Ao  +  8ec*Ao  (A  —  Ao)}  +  sec*Ao  (0  —  Bo). 
We  also  have 

^(A)  -  ^(Ao)  -  ^'(A,)(A  -  Ao), 

(3-3)  ,  - 

^'(Ao)  -  -(1  -  m*)/(m*  +  tan*  Ao). 

Thus,  combining  (3.1),  (3.2)  and  (3.3),  we  obtain 

tan  (0  +  A)  -  tanAo  +  im[F(a)  —  F(ao)]  +  inlO(fi)  —  G(/So), 

(3.4) 

tan  (0  —  A)  “  —tanAo  •{-  Jn[F(o)  —  F(ao)]  +  ifn[G(fi)  —  G(/3o)] 
where  B  ^  Bo  and  A  —  Ao  for  a  »  oo  and  $  ^  0o,  and 

(3.5)  m  -  8ec*Ao  (1  +  l/^'(Ao)],  n  «*  sec*Ao  (1  —  l/^'(Ao)]. 

Notice  that  ^'(Ao)  <  0  and  therefore  n  >  0.  However,  m  changes  sign  as  Ao 
passes  through  A, ,  which  is  given  by 

(3.6)  tan*  A,  -  1  -  2m*, 
or 

(3.7)  Me  =  V2(l  -  M*)/(l  -  2m*)  =  V4/(3  -  y). 

For  y  «  1.4,  Me  •=  1.58.  For  this  critical  Mach  number,  the  characteristics  are 
straight  lines. 

Let  us  now  substitute  (3.4)  into  (2.7).  As  indicated  in  the  last  section  ((2.12) 
and  (2.13)),  the  initial  api^roxiination  should  be  taken  as 

(3.8)  -  Xx"’  -  k0,  -  ha 

where  h  and  k  are  constants.  Now  certain  conditions  will  be  prescribed  for  x 
and  y,  since  they  are  two  of  the  dependent  variables  sought.  Thus,  (3.8)  in 
effect  imposes  certain  restrictions  on  the  choice  of  a  and  jS.  In  effect,  it  means 
that  (at  least  to  an  initial  approximation)  a  and  0  must  be  chosen  to  be  some 
linear  distance  along  a  strai^t  line  onto  which  the  points  on  the  initial  curve 
are  projected. 

The  particular  choice  will  depend  on  the  problems  in  question.  It  is  often 
found  convenient  to  impose  the  condition 

(3.9)  j/  —  Xx  “  fc/S,  y  +  Xx  —  Aa. 
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Fio.  1.  Interaction  of  two  centered  simple  waves 


0,  y' 


0  for 


Then  some  of  the  initial  conditions  for  x**,  y**’  become  x^*’ 

•t  ^  1. 

Let  us  now  consider  a  few  specific  problems. 

(1)  Interaction  of  two  simple  waves.  The  region  of  iteration  is  bounded  by 
four  characteristics  forming  a  rectangle  in  the  (a,  /9)  plane.  Along  OA  and  OC, 
the  conditions  are  specified  by  the  simple  wave  relations;  i.e.,  x,  y,  A  and  6  are 
known  as  a  function  of  a  single  parameter  along  OA  and  OC  (cf.  Eqs.  (2.15) 
and  (2.18)).  We  may  take  this  parameter  to  be  x  itself  and  identify  it  with  a 
along  0'A\  Then,  we  have,  along  0'A\ 


(3.10) 


e  «  «/(a), 


while  y  and  A  can  be  calculated  from  the  relations  along  a  characteristic  C+ 
Similarly,  along  OC, 


(3.11) 


;x  -  |3,  »  -  tgifi). 


We  have  thus  a  characteristic  initial  value  problem. 

Since  0  »  0  at  the  point  0,  /(O)  —  y(0)  »  0,  and  Eq.  (3.1)  becomes 


(3.12) 


0  —  e[/(a)  +  y(^)], 

HA)  -  ^(As)  -  «[/(«)  -  g(fi)]. 
The  initial  approximation  (3.8)  for  the  coordinates  gives 
(3.13)  x"’  -  a  +  /3,  y‘*>  -  (a  -  /9)  tan  Ao 

For  the  next  approximation,  (2.7)  gives 


(1) 


(3.14) 


y.'  -  Xx 
Vs'  +  Xx^” 


The  initial  conditions  for  x 
_<» 


<» 


are 

■  0  for  a 


m/(a)  +  ng(0), 
nf(a)  + 

—  0  and  /3  —  0. 


(3.15) 

Now,  from  (3.14), 

2Xx**'  =»  n\fif(a)  —  ayO?)]  ^  ^  ^  ~  lo  ^*(®)  “  Ciifi), 
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where  Ciifi)  and  Cs(a)  are  additive  “constants”  of  partial  integration.  By 
applying  conditions  (3.15)  for  a  «  0  and  /3  ~  0  successively,  we  obtain  finally 


nl/3/(a)  —  ag(0)], 


=  nififia)  +  ag{fi)\  +  ^  A“)  ^  ^  • 


The  solution  is  therefore  given  in  the  parametric  form  as  follows: 

e  =‘€(/(a)  +  ^03)], 

—  iffiAo)  =  e[/(a)  —  l^OS)], 

(3  17)  4  ®  «(w/2X)I/3/(o)  —  oyOS)], 

I  j/  “  (a  —  /3)X  +  €(n/2)[/3/(o)  +  otg(fi)] 


i(m/2)  ^  /(o)  da  +  g{0)d^  , 


where  the  functions  /  and  are  given  by  the  conditions 

6  —  ^(x)  along  the  initial  characteristic  (7^. 

(3.18) 

0  iB  tg{x)  along  the  initial  characteristic  C- 

(2)  Reflexion  of  a  simple  wave  from  a  solid  boundary.  This  is  easily  obtained 
from  the  last  case  by  taking  g(x)  -  —fix).  Then  (3.17)  gives  0-0  along 
a  —  /9,  which  is  also  the  line  y  —  0,  by  S3^mmetry.  Thus,  for  the  case  of  reflection, 

'0 -«[/(«)  -/09)] 

iff(A)  —  ^(4#)  —  e[/(a)  +  fifi)] 

(3  19)  ^  +«(n/2X)I/5/(a)  +  afifi)] 

y  “  (a  -  i8)X  +  t(n/2)\fific‘)  -  cffifi)] 


iim/2)  f‘fia)  da  -  fifi)  d^sj. 


In  particular,  along  a  —  /3,  y  —  0,  0  —  0,  and 

,  ,  HA)  -  HAo)  -  2^(a) 

(3.20) 

X  —  2a  +  *in/\)ofia) 


The  first  formula  shows  that  the  pressure  deviation  is  doubled  by  reflection,  in 
agreement  with  the  usual  linear  theory.  The  second  formula  shows  that  the 
width  of  the  interaction  r^on  along  the  solid  boundary  is  longer  than  that 
indicated  by  the  usual  linear  theory  if  the  incoming  wave  is  an  expansion,  such 
as  the  Prandtl-Meyer  flow.  It  is  longer  or  shorter  than  that  indicated  by  a 
geometrical  extension  of  the  Prandtl-Meyer  fan  to  the  wall  depending  on 
whether  Afo  is  larger  or  smaller  than  M, .  In  fact,  the  following  simple  geometrical 
construction  can  be  easily  verified. 
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Fia.  3.  Reflection  from  a  state  of  rest 


Suppose  the  Prandtl-Meyer  flow  is  given  by  the  triangle  OPBi  in  the  absence 
of  the  wall,  with  Oil  as  a  cross  characteristic.  The  characteristic  PA  will  intersect 
the  wall  at  B  which  is  obtained  by  drawing  the  lines  Oili  and  AiB  parallel  to 
the  exact  characteristics  at  b  and  A  respectively;  the  point  ilj  is  on  a  vertical 
line  through  A.  Fig.  2  shows  the  case  Afs  >  M, ,  with  the  point  Ai  above  A . 
In  the  case  Mt  ■>  M, ,  the  characteristics  are  straight  lines,  and  the  point  B 
coincides  with  Bi . 

(3)  Reflection  from  a  region  of  uniform  flow.  This  is  obtained  from  (I)  by 
taking 

(3.21)  (fO)  -  /(^  +  0)  +  D,  /(O)  +  O  -  0, 
and  consider  the  condition  along  a  curve 

(3.22)  /S  -  a  -  C  +  hia) 

slightly  different  from  the  straight  line  +  0  >■  a.  Then  (3.16)  give 
e  -  «(/(«)  -\-f($  +  0  +  D] 

-  ^(ilo)  -  «[/(«)  -f(0  +  O  -  D] 

X  -  a  +  iS  -{-  e(n/2\)W(a)  -  of  +  C)  -  oD] 
y  -  (a  -  /S)X  +  €(n/2)(/3/(a)  +  -h  O  +  2D] 

+  «(m/2)  [{"/(«)  da  +  j^^f(0  -f  O  +  O/sj . 
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Along  /3  •*  o  —  C  +  h(a), 

e  =  e[2f(a)  +  D] 

^(A)  —  ^(Ao)  “  —fD 

X  -  2a  -  C  +  th{a)  +  e(n/2X)[-C/(a)  -  Z)a] 
y  ^  C\-  t\h(a)  +  €(n/2)f(2a  -  Of  (a)  +  Da] 

+  «(m/2)  ^2  j  f(a)  da  —  j  /(o)  da  -h  Dia  “ 

The  function  h{a)  must  be  determined  so  that 

^  /—  =  0 
da/  da 

In  fact,  this  gives 

XA'(a)  «  in(2a  -  OfM  +  (m  +  n  -  4)/(a)  +  [J(m  +  n)  -  41D 
We  note  that  from  (3.22)  the  two  points  on  the  axes  (C,  0)  and  (0,  —  C)  give 
(3.25)  e  =  tf iO  and  «  -  -^(O 

respectively.  Such  a  symmetry  relation  does  not  exist  in  general  for  other 
points  on  the  free  streamline. 

(4)  Wave  length  of  a  supersonic  jet.  As  a  final  application,  we  consider  a  plane 
supersonic  jet  when  a  gas  stream  is  discharged  into  a  gas  at  rest  at  a  somewhat  * 

lower  pressure  (Fig.  4).  If  all  the  characteristics  involved  were  straight,  it  would  * 

be  very  easy  to  calculate  the  length  of  the  jet.  Although  this  is  not  exactly  the 
case,  it  is  sufficiently  accurate  for  the  purpose,  if  errors  of  the  second  order  are 
tolerated.  This  may  be  seen  as  follows. 

Consider  the  broken  curve  POADEQ.  The  portion  PO  is  straight  and  has  a 
slope 

Xo  «  Vmi  -1. 

The  part  OA  is  curved,  while  the  part  AD  is  straight  with  the  slope 

X«  *4*  tnAB, 


/  \ 


Fio.  4.  Supersonic  jet 
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where  A0  is  the  direction  of  flow  in  the  region  R  relative  to  the  original  stream. 
Now,  the  slope  of  the  curve  OA  differs  from  that  of  AD  by  quantities  of  the 
first  order.  The  length  OA  itself  is  a  small  quantity  of  the  first  order  compared 
with  the  length  PO,  say.  Therefore,  in  trying  to  locate  the  point  A  accurate  up 
to  the  first  order,  the  slope  of  OA  may  be  taken  to  be  that  of  AD;  i.e.,  we  may 
regard  OD  as  a  straight  line  having  the  slope  Xo  +  mA0  for  the  purposes  of 
calculating  the  length  of  the  jet.  The  same  remark  may  be  applied  to  the  portions 
DD'  and  EE'  as  portions  of  DE  and  EQ.  We  then  have  the  following  list  of 
slopes: 

PO  Xo 

OD  Xo  +  mAO 

DE  Xo  "f"  2  sec*  i4o(Ai4) 

EQ  Xo  —  nAd 

This  list  can  be  easily  constructed  by  noting  the  following  two  results  established 
previously.  From  (3.20),  we  have 

P,-  Pa  •  Pa  -  Pi  ; 

and  from  (3.25),  we  see  that  the  direction  of  flow  in  the  region  R'  is  obtained 
from  that  in  the  region  Rhy  &  reflection  about  a  horizontal  axis. 

We  can  now  easily  calculate  the  distance  PQ  from  simple  geometrical  con¬ 
siderations.  If  the  semiwidth  of  the  jet  is  denoted  by  W,  and  the  distance  of 
the  point  D  above  the  horizontal  line  PQ  is  denoted  by  h,  (a  quantity  of  the 
first  order),  then  the  length  PQ  is  given  by  A,  where 

A  —  2XoA  -  iW[4Xo  +  2  sec*  Ao(AA)  -f  (m  —  n)A®]  «  2[Xo  +  sec*  At{AA)]W 
Now  h  is  given  to  the  desired  degree  of  approximation  by 
h  -  (PD) ’Ad  -  XoW(A«). 

Putting  this  into  the  last  formula,  we  find  that 

A/W  -  2[Xo  +  sec’  i4,(A.4)]  +  2Xj(A«), 
or 

(3.26)  A/W  -  2>/3f>  -  1(1  +  y/M*-  I  Ad), 

where  M  is  the  Mach  number  of  the  flow  in  the  Region  R. 

The  formula  (3.26)  gives  the  length  of  the  supersonic  jet  with  an  error  of  the 
second  order.  Previously,  Prandtl  gave  the  formula 

(3.27)  A/W  -  2VMI  -  1 

and  Pack  suggested  the  replacement  of  Mo  by  M.  Our  formula  differs  from  that 
of  Pack’s  by  an  additional  correction  factor. 

Now,  Pack  used  the  usual  linear  theory,  and  had  to  be  satisfied  with  an 
approximation  to  the  jet  consisting  of  sections  of  trapezoidal  form,  and  he 


remarked  that  “this  result  does  not  represent  physical  reality.”  Since  the 
difference  between  Prandtl’s  formula  and  Pack’s  formula  is  oi  the  order  c,  it  is 
essential  that  the  improved  formula  be  certainly  established  including  terms  of 
the  order  e.  Unless  the  solution  is  accurate  up  to  the  order  of  c,  there  is  always 
the  uncertainty  of_Uie  reference  condition  up  to  the  same  order.  Thus,  the  choice 
between  Mo  and  M  cannot  be  made  conclusive  without  an  accurate  solution  of 
the  field.  From  the  present  standpoint,  the  usual  linear  theory  is  equivalent  to 
the  use  of  the  solutions  for  {A,  0)  accurate  to  the  first  approximation  and  the 
solutions  for  (x,  y)  to  the  zeroth  order.  Thus,  the  accuracy  of  the  calculation  of 
a  length  can  hardly  be  expected  to  be  conclusive  up  to  the  first  order.  In  the 
present  treatment,  such  difficulties  do  not  occur. 

One  of  Prandtl’s  experiments  gives  the  value  A/W  3.8.  This  corresponds 
to  a  Mach  number  Mo  ^  1 .85  and  a  reservoir  pressure  7.74  times  the  external 
pressiu^.  Taking  y  —  1.40,  we  find  that  M  1.99  from  this  pressure  ratio. 
Prandtl’s  formula  gives  the  theoretical  value  3.1  for  A/W,  Pack’s  modification 
gives  the  value  3.4  while  our  formula  (3.26)  gives  the  value  3.8,  in  agreement 
with  experiment.  (The  value  of  AO  can  be  easily  obtained  from  a  table  for 
simple  waves.) 

Another  more  complicated  formula  was  obtained  by  Hasimoto”  by  the 
hodograph  method;  it  also  gives  the  correct  value  3.8  in  this  case. 

4.  Solution  by  perturbation  series.  The  characteristic  initial  value  problem 
formulated  in  §2  concerns  a  system  of  differential  equations  of  the  type 

(4.1)  Vm  -  P(a,  /5,  €)x.  ,  y0  -  Q(o,  /3,  e)x0  ; 

where  P(a,  0,  0)  and  Q(a,  /3,  0)  are  unequal  constants.  The  initial  conditions 


a  along  0, 


/3  along  a  ■■  0. 


The  variable  y  is  then  fully  determined  by  the  condition  y»0ata«/3>-0. 
If  P(a,  /9,  c)  and  Q(a,  /3,  c)  are  analytic  functions  of  the  parameter  c,  then  ac¬ 
cording  to  existing  theory, “  one  may  expect  the  solutions  x(a,  /3,  c)  and  y(a,  /9,  c) 
to  be  also  analytic  functions  of  c,  expressible  as  power  series  in  e,  which  are 
convergent  for  a  finite  region  in  the  (a,  plane  and  sufficiently  small  values  (A 
t.  Actually,  however,  it  can  be  shown  that  the  convergence  of  such  series  holds 
for  all  positive  values  of  a  and  /3,  provided  the  power  series 

P(a,  ft  .)  -  ?">(«,  «  +  «  +  •••, 

<3(o,  ft  .)  -  «'•’(«,  «  +  «+•••, 


P.(.,  ft  .)  -  P™(a,  «  +  .P™(<.,  «+•••, 

*'*  Q,(a,  ft  .)  -  er(a,  «  +  •«“(«.  «+•••, 

are  convergent  for  all  positive  values  of  a  and  /9.  The  usual  proof  can  be  extended 
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to  cover  this  case,  but  a  simple  direct  proof  is  given  below,  since  it  also  gives 
an  indication  of  the  order  oi  magnitude  of  the  successive  terms  in  the  solution 
series.  Before  proving  this,  let  us  first  calculate  the  successive  approximations 
in 

X  /9)  +  ei‘^(a,  ^)  +  •  •  •  ,  i 

nn  /n 

y  -  y  («I  /5)  +  /S)  +  •  •  • 

explicitly. 

For  the  initial  approximation,  we  have 

(4.6)  I/i*>  -  PV.  yr  - 

and  the  conditions 

(4.7)  —  o  for  ^  —  0,  X*’  /3  for  a  —  0, 

The  solution  is  easily  verified  to  be 

(4.8)  x‘“’  -  a  +  /9, 

For  the  higher  approximations,  n  ^  1,  we  have 

y(«)  _  p(oy«)  _  2::.iP<*>(a,^)xi-*\ 

and  the  conditions 


,(•) 


These  equations  may  be  inte^ted  as  follows: 

Lc)_  p(«V-)  «  f;  f  •  pt*):,!-*)  da  +  P‘->03), 
wi  Jo 


(4.11) 


y<«>-  -  t  +  G‘*’(a); 

*-l  •'0 


which  gives 


-  cCT.  s  {!'  -  i'  <*>} 

(4.12) 

+  g...  i  fl.;,  -  O-’WI- 

From  the  initial  conditions  (4.10),  we  see  that  P^"\0)  —  G'^'VO)  —  0.  Putting 
a  ■>  0  and  /3  «  0  in  turn  into  (4.12),  we  then  obtain 

(4.13)  P^-’OS)  -  /’^Q‘*’(0,^)d^,  G^’^Hct)  -  f‘p‘"’(0,a)<ia. 

Jo  Jo 

Equations  (4.12)  and  (4.13)  give  the  explicit  solutions  for  x^*\a,  /9).  From 
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(4.11),  we  see  that  the  values  of  along  the  axes  are  given  by  (4.13).  The 
solution  is  in  general  given  by 


(4.14) 


g  {«'"  1‘  -  •p'"’  I'  <»} 


+  QI.I  i  pi.i  -  P‘"G‘*’(«)). 


Convergence  proof.  The  convergence  proof  shall  now  be  carried  out  for  the 
x- series.  After  this  is  done,  the  extension  to  the  y-series  is  obvious. 

We  first  carry  out  a  partial  integration  for  the  integrals  in  (4.12);  thus, 

r  p(*)^(-*)  ^  -  f  “  da. 

Jo  Jo 

Since  x‘’*^’(0,  /3)  ’*>  0  except  when  A  —  n,  we  have 

f  P'**!'"-*’  da  -  pi*’!'-*’  -  f  Pl*’,<-*’  da,  ilhf^n 

=  P‘*’(a,  /3)x‘"“‘’  -  P‘*’(0,  /3)/3  -  r  Pi"’x‘*’  da,  if  Jfc  -  n. 

Jo 

Thus,  for  n  ^  1, 


1 


n  f  Aa 


(4.15) 


(*)_{»-*) 


+ 


Q(0)  _  p(0)  y, 

1  irnln) 


P‘*'x 


ii»  -  {‘qS 

Jo 


(t)x(-*)  ^ 


Q(0)  _  p(0) 

from  which  we  derive 

1 


{[P‘-’03)  -  ^P‘-’(0,  0)]  -[G‘"’(a)  -  aQ‘-'a,0)]); 


n  (  r  • 


Q(0)  _  p(0)  I  ^ 


4p(5r|  {.(■  I  0)\dp  +  0\  P‘*’(0,  /3)  I 

+  f  ‘  I  P'-’fa,  0)  I  da  +  a  I  (2'"’(a,  0)  | 


x'"'  ^ 


(4.16)  + 


Consider  now  the  sum 

-  5^  »  I  x' 

By  using  identities  of  the  form 

*-i  2-fc-i  <  ®  I  *  I  -  Zrft-i  2-  »-*  €  a  I  X  1  “  2.-*-! «  ®  f 


+  E^»  *  I  ^ 


»  I  «.(") 
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f 


We  can  deduce  from  (4.8)  and  (4.13)  that 

1  V' 


SM^ia  +  0)  + 


(4.17) 


where 

(4.18) 


-  I  fi 


•  «*|  Pi**  I  Sm-i,  da  -h  «*|  I  Sjr-k  djS 

+  |Qw.lp(.,|  {{ « <*»  +  »^>«>- « 

+  ^  fijr(a,  0)  da  +  a^Aa,  0)| , 

J'Aa,  «  -  .  I  P'"(a,  «  I  +  . . .  +  I  ?<»'(.,  0)  I. 

€(},(«,  «  -  .  I  «“>(«,«  I  +•••+.”  I  «'*"(«,  0)  |. 


From  the  convergence  of  the  series  (4.3),  we  see  that  these  sums  increase  to 
certain  limits  as  W  — >  <» .  Thus,  we  can  find  a  uniform  upper  bound  to  the  sums 
Piiia,  fi)  and  (inia,  0).  This  bound  may  be  taken  to  be  independent  of  a,  0 
we  are  dealing  with  a  finite  region  in  the  a,  0  plane.  Otherwise,  we  have 
introduce  the  specific  conditions  that  lim  Pk  and  lim  Qjy  are  uniformly  bounded. 
These  are  usually  satisfied  in  practice.  Thus  if  the  series  (4.3)  are  bounded  as 
follows 

(4.19)  P(a,  ^,  €)  ^  I  Pp  1  +  eJ,  Q(a,  f)  ^  1  Q,  1  + 
we  may  write  (4.14)  as 


5jir  ^  f  1  +  I  _  p(j)  1^  (a  +  0) 

+  I<?<«-P»»|SU  +  i  .*iens--<w}. 

We  now  introduce  similar  restrictions  for  the  series  of  the  derivative  P«  and 
Qf: 

1. 1  Pi”  I  + .’  I  Pi"  I  + 

Moi"l  +  .’iei"l  + 

Then,  noting  that  Si  increases  monotonically 
(3.24)  in  the  form 

Sw  ^  (^1  +  I  Q(0)  _  pw  1^ 

I  Q(0)  _  pm  I  (  (  -Sjif  da  +  f  Sk  . 


■■•]  <  tJ, 

•  •  •]  <  tJ. 

with  the  index  i,  we  may  write 


(4.22) 


S’  ti; 
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We  note  that,  roughly  speaking,  the  right-hand  side  of  (4.19)  differs  from 
(a  +  by  quantities  of  the  order  of  <  if  we  can  find  a  uniform  bound  for  Si . 
This  is  the  key  to  the  convergence  proof,  which  we  carry  out  by  induction. 

We  try  a  uniform  bound  of  the  form  This  has  the  advantage  of  pre¬ 

serving  its  form  upon  int^;ration.  It  is  clear  that 

(4.23)  So  -  a  +  j8  < 
for  iC  >  1.  Suppose  now 

(4.24)  S,  ^  Ke"-^  for;  -  0,  1,  •  •  •  ,  AT  -  1. 

Then  (4.22)  gives 


Sk  ^ 

This  is  less  than  if 


1  + 


2  *  {J  J) 

I  Q(0)  _  p(0)  I 


1  I  2«(J  -H  J)  jr  ^  tr 
A  ^  r7v3; - T>«^  R- 


QW  _  p(0) 


or 


(4.25) 


a:  >  a  - 


MJ  +  J) 


Qw  —  pm 

Thus,  if 

(4.26)  «  <  i  1  -  P'*’  \/iJ  +  7), 

We  can  indeed  find  a  suitable  K. 


6.  Remarks  on  coordinate  perturbation.  The  Li^thill-Whitham  approach, 
with  correction  made  on  one  family  of  characteristics,  leads  essentially  into  the 
choice  of  coordinate  s}rstem  used  in  the  theory  of  Friedrichs.  In  the  present 
scheme,  if  the  coordinates  (x,  y)  are  calculated  to  the  zeroth  approximation,  we 
obtain  essentially  the  perturbation  theory  in  the  physical  plane.  If  they  are 
calculated  to  the  first  approximation,  we  obtain  a  solution  corresponding  to  a 
generalization  of  the  Lighllhill-Whitham  idda  to  the  correction  of  both  families 
of  characteristics,  after  the  perturbation  theory  has  been  developed  to  the  first 
approximation  in  the  physical  plane.  (The  correction  of  both  families  of  char¬ 
acteristics  was  not  explicitly  mentioned.)  When  higher  approximations  are 
desired,  the  connection  between  the  Lighthill-Whitham  method  and  a  perturba¬ 
tion  series  is  not  easily  seen,  and  it  is  convenient  to  start  with  the  method  of 
characteristics  ab  initio. 

In  the  case  of  the  Laplace  equation,  such  as  the  thin  airfoil  problem  considered 
by  Lighthill,“  the  method  of  coordinate  perturbation  may  be  regarded  as  a 
perturbation  theory  in  conformal  mapping.  If  F^^\z)  is  an  analytic  fimction 
whose  imaginary  part  is  the  solution  for  a  boundary  problem  associated  with 
the  boundary  Co ,  and  F(z)  gives  the  solution  for  the  corresponding  problem 
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with  a  slightly  different  boundary  C,  the  usual  perturbation  theory  would 
suggest  writing 

(6.1)  F{z)  -  F^^\z)  +  eF”’(z)  +  •  •  • . 

On  the  other  hand,  using  a  conformal  mapping  between  the  curves  Co  and  C, 
we  would  try  to  represent  the  solution  as 

F(z)  - 

(5.2) 

*-r  +  «‘”(f)  +  «v»(f)  + .... 

This  is  essentially  the  parametric  type  of  solution  mentioned  in  §1. 

Such  methods  can  be  applied  to  other  problems,  e.g.,  the  characteristic  value 
problem  for  the  vibration  of  a  membrane  or  the  Schrddinger  equation.  Consider, 
for  example,  the  vibration  of  a  membrane  for  a  nearly  circular  boundary  C. 
Let  Co  be  the  circular  boundary  in  the  f-plane.  The  conformal  mapping  may  be 
written  as 


(5.3)  2  "  f  +  «fc(f). 

The  problem 

(5.4)  +  Xu  -  0, 
is  mapped  into 

(5.5)  U||  +  +  X(1  +  e[V(f)  +  ^'(f)]  +  «*  I  h'iX)  |*)u  - 


Thus,  we  have  the  solution  iq  the  form 


(5.6) 


U  -  u‘”({,  ij)  +  eu‘“({,  ri)  +  •*u‘"(|,  ti) 

x-x'«  +  «x‘“+  ... 


u  —  0  on  C 

0,  u  —  0  on  Co . 


The  problem  now  conforms  to  the  usual  perturbation  theoiy  developed  in 
standard  text  books. 

The  method  indicated  above  differs  somewhat  from  the  asymptotic  process 
used  by  Feshbach,**  which  is  based  on  the  use  of  the  Green’s  function  for  the 
region  in  the  physical  space  and  is  applicable  to  three-dimensional  problems. 
In  fact,  the  present  process  is  convergent  if  c  is  small  enough,  and  X(f)  satisfies 
certain  necessary  r^ularity  requirements  on  the  boundary.  It  is  certainly  true 
if  h(l;)  is  analytic  in  a  circle  slightly  larger  than  Co . 

Note  added  in  proof.  In  all  the  references  quoted  in  §1,  the  perturbation 
procedure  is  based  on  a  small  parameter  occuring  essentially  in  the  boundary 
condilioM.  After  this  paper  had  been  sent  to  the  press,  Mr.  Roger  D.  Sullivan 
oi  the  NACA  called  my  attention  to  his  paper  A  comparison  of  two  methods 
of  Unprized  characteristics  for  a  simple  unsteady  flow,  NACA  Technical  Note 
No.  2794  (1952).  Although  the  title  would  seem  to  stress  the  linear  approxima¬ 
tion,  higher  approximations  are  given  for  a  particular  problon.  Apart  fnxn  the 
difference  in  the  physical  problems  treated,  the  successive  approximations  in 
Mr.  Sullivan’s  paper  are  based  on  a  parameter  in  the  differential  equations  rather 
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than  in  the  boundary  conditicnia.  Nor  is  the  convergence  proof  given.  But  his 
paper,  as  well  as  the  present  one,  is  clearly  based  on  the  explicit  use  of  the 
characteristic  parameters  along  the  lines  suggested  by  Friedrichs. 
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LINEARIZATION  OF  THE  EQUATIONS  OF  NON^TEADY  FLOW  IN 
A  COMPRESSIBLE  FLUID 

By  John  W.  Miles 

L  Introduction.  The  conditions  for  linearization  of  the  equations  governing 
the  non-steady  motion  of  a  thin,  two  dimensional  body  in  a  compressible  fluid 
have  been  set  forth  by  Lin,  Reissner  and  Tsien.*  The  purpose  of  the  present  paper 
is  to  extend  this  analysis  to  three  dimensional  planar  bodies  and  to  discuss 
the  boundary  condition  at  infinity.  (The  non-steady  motion  of  slender  bodies, 
such  as,  e.g.,  a  slender  body  of  revolution  has  been  discussed  in  an  earlier  paper/ 
but  the  present  analysis  is  more  complete.) 

It  is  foimd  that  sufficient  conditions  for  linearization  in  the  neighborhood 
of  the  body  are  that  all  of  S,  k6,  MS  and  kMS  be  small  compared  with  unity 
and  that  any  one  of  |1  —  M\,  k  or  be  large  compared  with  i*'*,  where 
3,  k,  M  and  M  represent  thickness  ratio,  reduced  frequency,  free  stream  Mach 
number  and  aspect  ratio,  respectively.  However,  >5>  S^'*  is  not  a  sufficient 
condition  for  linearization  at  large  distance  from  the  body. 

2.  Formulation.  We  assume  a  continuous,  frictionless,  non  heat-conducting 
medium  in  which  there  are  present  neither  shock  waves  of  finite  strength  nor 
body  forces.  Consequently,  the  stagnation  temperature  is  constant,  the  flow  is 
isentropic,  and  we  may  assume  the  existence  of  a  velocity  potential  (^).  Posing 
the  equation  of  continuity,  the  Euler  equation,  and  the  isentropic  equation 
of  state,  it  is  found  that  the  velocity  potential  must  satisfy  the  non-linear  wave 
equation 

aVV  -  +  mat)  -h  (V^)*  (2.1), 

while  Bernoulli’s  equation  reads 

o!  -  a’  -  (t  -  1)1*.  +  KV*)*)  -  Wp.)!!  -  (2^), 

where  a  is  the  sonic  velocity,  p  the  pressure,  p  the  density,  y  the  specific  heat 
ratio,  and  the  subscript  zero  designates  the  stagnation  values. 

Eqs.  (1)  and  (2)  are  independent  of  any  particular  coordinate  system  by 
virtue  of  the  vector  formulation,  but  it  is  perhaps  not  out  of  place  to  state 
explicitly  that  t  represents  true  time,  and  partial  differentiation  with  respect 
to  t  implies  that  the  space  coordinates  are  held  fixed  during  the  operation. 
Now  suppose  that  (x,  y,  z)  ia  &  set  of  Cartesian  coordinates  moving  with  the 
flight  velocity  U  of  the  body  to  be  considered.  Further,  let  1  be  a  characteristic 
length  of  the  order  of  magnitude  of  the  dimension  of  this  body  in  the  direction 

*  C.  C.  Lin,  E.  Reissner  and  H.  S.  Tsien,  J.  Math.  Phys.  87,  220  (1948). 

*  J.  W.  Miles,  J.  Aero.  Sci.  19,  280  (1952). 
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of  flight.  Then  (cf.  ref.  1),  we  introduce  the  dimensionless  variables  ({,  i;,  r) 
defined  by 

{  -  x/l,  V  -  Xy/l,  f  -  Wi,  r  -  k{Utm  (2.3) 
and  a  dimensionless  perturbation  potential  /  such  that 

^(x,  y,  z,  t)  Ux  +  II,  f,  t)  (2.4) 

The  dimensionless  parameters  X,  ii,  k  and  c  are  to  be  defined  in  a  given  neighbor¬ 
hood  in  such  a  way  that  /  and  all  of  its  derivatives  with  respect  to  any  of 
1),  or  r  will  be  0(1).  (We  remark  that  if  such  a  set  of  definitions  proves  im¬ 
possible,  so  also  will  a  uniformly  valid,  small  perturbation  approximation. 
However,  it  may  be  possible  to  render  the  approximation  uniformly  valid  by 
“straining”  the  coordinates.*)  The  parameter  X  will  be  taken  as  the  reciprocal 
of  the  aspect  ratio  (iH)  for  a  wing,  while  k  is  a  measure  of  time  rate  of  change 
and  may  be  chosen  as  the  reduced  frequency  for  harmonic  motion.  The  param¬ 
eters  fi  and  c  remain  to  be  determined. 

In  terms  of  the  foregoing,  dimensionless  variables,  the  total  vector  velocity 
is  given  by 

q  -  T0  -  C7(i(l  -f  ^i)  +  jeX/,  +  k€M/r]  (2.6) 

The  requirement  that  the  velocity  perturbation  be  small  (compared  with  U) 
imposes  the  initial  restrictions 

e «  1,  eX «  1,  «  1  (2.6) 

Moreover,  the  requirements  that  both  the  difference  (a  —  Oo)  and  the  pressure  ^ 
perturbation,  as  measured  by  the  pressure  coefficient 


be  small,  imposes  the  additional  restrictions 

zM* « 1,  tkM' « 1,  eXM « 1,  tiiM « 1  (2.8) 

If  we  now  substitute  (3)  and  (4)  in  (1)  and  (2),  impose  the  restrictions  (6) 
and  (8)  and  drop  all  higher  order  terms,  we  obtain 

i\/M)%  +  -  k%  -f  2kftr  +  1(1  -  AT*)  +  .(7  +  l)/il/«  (2.9) 

where,  for  any  X,  n  and  « satisfying  (6)  and  (8)  each  term  that  has  been  neglected 
in  (9)  is  definitely  small  compared  with  some  term  that  has  been  retained. 
However,  a  term  like  <(7  +  l)ftfu  may  uot  be  small  compared  with  the  other 
terms  in  (9),  depending  on  the  relative  magnitudes  of  (1  —  Af~*),  (X/Af),  (/t/M) 
and  k. 

The  corresponding  approximation  to  the  pressure  coefficient  is  found  to  be 

c,  -  -2«[/t  +  V,  +  i«(X*/?  +  mV?)!  (2.10) 

The  last  two  terms  in  (10),  albeit  second  order  in  velocity  may  be  neglected  only 
*  M.  J.  Ughthill,  Phil.  Mag.  (7)  40.  1170  (1049);  also  Aero.  Q.  S,  103  (1051). 
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after  it  is  established  that  cX*  and  are  small,  as  will  indeed  be  the  case  for 
every  planar  problem  for  which  a  small  perturbation  solution  is  possible.  (The 
argument  supporting  cX*  1  follows  (3.5),  while  qi*  <3C  1  is  established  when 
c  and  M  are  determined  in  §4.) 

3.  The  boundary  conditions.  We  now  consider  the  boundary  conditions  and 
the  further  simplifications  that  can  be  effected  when  the  disturbing  agent  is 
a  nearly  plane  body,  such  as  a  thin  wing.  Let  5  be  a  dimensionless  parameter 
defined  as  the  ratio  oi  the  larger  of  the  amplitude  of  the  transverse  motion* 
or  the  thickness  of  the  body  to  I  and  specify  tiie  surface  of  the  body  by 

z  -  h(x,  y,  t)  -  ilgii,  ij,  t)  (3.1) 

where  g  —  0(1)  by  definition  (of  i).  Now  if  the  body  is  to  be  planar  in  the  geo¬ 
metrical  sense  it  is  clear  that  both  the  chord  and  span  must  be  large  compared 
with  the  transverse  dimension,  whence  we  have  the  respective  restrictions 

« «  1  X«  «  1  (3.2) 

It  is  of  considerable  importance  to  observe  that  the  forgoing  definition  of 
a  planar  body  is  inconsistent  insofar  as  very  high  convexity  is  implied  at  the 
edges.  Thus,  if  the  radius  of  curvature  at  a  wing  edge  is  0(^0  it  follows  that 
at  least  one  of  the  second  derivatives  of  h  with  respect  to  x  and/or  y  is  0(1/51), 
whence  g^,  g^^  or  g^  may  be  0(1/5*),  0(1  A**)  or  0(1/X*5*),  respectively,  any 
of  which  [qf.  (2)]  would  violate  the  initial  assumptions.  The  end  result  of  this 
inconsistency  is  the  {Kxssible  failure  of  a  linearized  approximation  based  on 

(2)  in  the  neighborhood  of  the  wing  edges.  In  particular,  it  may  be  necessary 
to  impose  some  synthetic  boundary  condition  at  the  edges  in  order  to  determine 
the  appropriate  singularity  there,  the  nature  of  which  may  be  restricted  on 
the  basis  of  additional,  physical  considerations.*  Alternatively,  Lighthill’s  ex¬ 
tension  of  Poincare’s  method  (ref.  3)  may  be  applied,  and  the  singularity  re¬ 
moved  from  the  external  field. 

The  exact  boundary  condition  at  the  body,  as  dictated  by  the  requirement 
that  the  flow  be  tangential  at  its  surface,  is  given  by 

(V^-n)  -  n,,  z  -  A(x,  y,  t)  (3.3) 

where  n  is  the  normal  to  the  surface.  Evaluating  the  direction  cosines  of  n, 

(3)  is  equivalent  to 

0, 1  —  Dh/ *  Xj  -t-  -h  (3.4) 

or,  in  the  dimensionless  notation  of  (1),  (2.3)  and  (2.4), 

ft  I  t-p*9  “  (i/M«)(fc(^r  +  (1  +  tfdQt  +  (3.6) 

Now,  by  definition,  i/|  may  be  neglected  compared  with  unity.  Moreover,  cX* 
may  be  neglected,  for  if  it  were  either  dominant  or  of  the  same  order  as  the 
dominant  term  in  (5),  we  would  have  (m/X)  ~  0(X5)  1,  and  this  would  imply 

*  But  e/.  footnote  following  (3.0)  and  also  last  paragraph  in  paper. 

*  P.  A.  Lagerstrom,  NACA  TN  1685  (1948),  section  I  B. 
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that  the  lateral  extent  of  the  disturbance  due  to  the  wing  would  be  small  com¬ 
pared  with  the  vertical  extent,  a  condition  clearly  incompatible  with  a  planar 
body. 

A  further  simplification  of  (5)  is  to  impose  it  at  f  ~  0,  and  this  is  permissible 
if  it  is  assumed  that  1  and  that  /  is  regular  in  the  neighborhood  of  »  0. 
The  former  condition  will  be  satisfied  automatically  (v.i.)  for  all  n  satisfying  the 
other  restrictions  demanded  in  the  linearization  oi  the  planar  (but  not  other¬ 
wise)  problem,  while  the  latter  is  implicit  in  the  definition  of  /.  Moreover,  in 
consequence  of  the  planar  restrictions,  g  must  be  only  two  valued  in  (  and  n 
(corresponding  to  a  non-reentrant  profile)  and  may  be  decomposed*  into  the 
qrmmetric  and  antisymmetric  (with  respect  to  ^  —  0)  functions 

»'•’  -  -  »■).  f  -  0±  (3.6a) 

t'"  -  i(si*  +  »■).  f  -  0±  (3.6b) 

where  the  +  and  —  superscripts  correspond  to  the  upp>er  and  lower  surfaces 
of  the  body.  Effecting  a  similar  decomposition  of  the  potential,  /,  we  obtain, 
by  virtue  of  the  linearity  of  the  approximate  boundary  condition  in  both  / 
and  g,  the  reduced  conditions 

fl”  I  r-i  -  ±(VM.)bi"  +  lv!”l  (3.7a) 

/"  I  t-tt  -  (S/aOtol"  +  tj?’!  (3.7b) 

It  is  evident  from  (7)  that  the  potentiala  /'*’  and  muat  be  eynunetric  and 
antisymmetric  with  respect  to  f  »  0  and  (as  is  well  known)  that  the  two  prob¬ 
lems  can  be  separated  wherever  (2.9)  can  be  linearized.  (It  will  be  seen  below 
that  the  pressure  equation  is  linear  in  /  for  all  such  cases.) 

In  addition  to  being  distinguished  by  their  symmetries,  and/^*’  may  be 
expected  to  exhibit  different  singularities  at  the  wing  edges.  Accordingly,  as 
originally  observed  by  Rayleigh,^  it  generally  is  not  possible  to  construct  a 
solution  of  a  given  boundary  value  problem  t/ta  differentiation  of  a  known  solu¬ 
tion  of  some  related  problem.  (This  point  has  been  of  considerable  importance 
in  the  electromagnetic  diffraction  problem.') 

In  addition  to  the  boundary  condition  at  the  body,  it  is  necessary  to  impose 
appropriate  null  conditiqns  at  infinity,  both  in  order  to  render  the  solution 
unique  and  to  infer  restrictions  on  the  linearization.  If  the  differential  equation 
is  elliptic  it  might  be  sufficient,  albeit  not  always  necessary,  to  impose  both 
the  Sommerfeld  radiation  (“Ausstrahlungsbedingung”)  and  finiteness  (“Endlich- 
keitsbedingimg”)  conditions^  in  a.  fixed  coordinate  system.  However,  this  usually 

*  At  the  same  time,  the  fineness  ratio  t  should  be  split  into  two  parts,  and  Thus, 
if  the  unsteady  flow  were  entirely  antisymmetrical  only  would  be  required  to  satisfy 
ib<  1  and  kMt  «  1;  conversely,  k'»  would  not  be  sufficient  to  justify  the  lineariza¬ 
tion  of  the  equation  for  in  transonic  range,  although  that  for  could  be  linearised. 

*  Lord  Rayleigh,  Phil.  Mag.  43,  259  (1897);  Sci.  Papera,  4,  28. 

*  Rayleigh,  Phil.  Mag.  44,  52  (1897);  Sci.  Papera  4,  326;  C.  J.  Bouwkamp,  Physica  12, 
467  (1946);  Philips  Res.  Rep.  5,  521  (1950);  J.  W.  Meixner,  Ann.  Phys.  Lps.  (6)  6,  1  (1949); 
E.  T.  Copson,  Proc.  Roy.  Soc.  Lond.  (A)  202  ,  277  (1950). 

^  B.  B.  Baker  and  E.  T.  Copson,  Huygena'  Principle,  Oxford  U.  Press  (1950),  p.  25. 
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would  be  awkward,  and  it  frequently  appears  simpler  to  introduce  a  small 
dissipation  parameter  and  require  the  solution  the  velocity  and  pressure 
perturbation)  to  vanish  exponentially  at  infinity,'  after  which  this  parameter 
may  be  made  to  approach  zero  in  the  neighborhood  oi  the  body  (provided,  of 
course,  that  the  limit  exists).  Whatever  the  conditions  adopted,  it  should  be 
emphasized  that  Sommerfield’s  radiation  condition  is  by  itself  not  sufficient 
to  insure  uniqueness.  (See,  e.g.,  a  recent  paper  by  Ursell.*)  If  the  differential 
equation  is  hyperbolic  the  null  condition  at  infinity  may  be  incorporated  in 
the  initial  conditions,  but  it  must  not  be  overlooked  that  the  differential  equation 
at  infinity  may  be  non-linear  (v.t.). 

The  fact  that  the  solution  must  vanish  at  infinity  implies  that  ftt  in  (2.9) 
never  may  be  neglected  throughout  the  entire  field,  since,  if  it  were,  the  boundary 
conditions  (3.5)  would  yield  a  solution  linear  in  Moreover,  at  least  one  term 
on  the  right  side  of  (2.9)  generally  must  be  retained  and  be  of  the  same  order 
as  the  left  side  at  large  distances  from  the  body,  even  though  all  terms  on  the 
right  prove  to  be  small  in  the  neighborhood  of  the  body.  This  is  evident  from 
the  fact  that  if  all  terms  on  the  right  side  of  (2.9)  were  to  be  neglected  Laplace’s 
equation  (in  if  and  f)  would  result,  the  solution  at  infinity  then  would  be  gov¬ 
erned  by  the  net  “source  strength’’  of  the  body,  and  /i*^  would  become  infinite 
as  log  (if*  -1-  f*)*  ifX?^Ooras{'ifX  =  0.  On  the  other  hand,  if  X  0  and  only 
the  antisymmetric  problem  is  considered,  is  governed  asymptotically  by  the 
“dipole  strength’’  (falling  off  inversely  with  the  radius),  and  it  then  is  permissible 
to  neglect  the  right  side  of  (2.9)  everywhere  provided  that  such  neglect  is  com¬ 
patible  with  the  boundary  conditions  at  the  body. 

The  preceding  discussion  implies  that  the  final  determination  of  the  param¬ 
eters  M  snd  c  depends  on  the  neighborhood  in  which  the  solution  is  examined. 
Thus,  at  a  sufficiently  large  distance  from  the  body  m  and  X  must  be  equal  (The 
two  dimensional  problem  is 'of  course  an  exception.),  whereas  in  the  neighbor¬ 
hood  of  the  body  such  equality  need  not  obtain.  In  the  present  anal}rsis,  we 
specify  n  and  X  in  the  neighborhood  of  the  body,  since  it  is  there  that  the  solution 
usually  u  required.  The  situation  at  large  distances  from  the  body  then  requires 
to  be  investigated  further  only  in  the  event  that  it  proves  impossible  to  satisfy 
the  appropriate  null  condition  at  infinity  [see  (5.5)  et  6eq.\. 

4.  The  various  special  cases.  The  value  of  n  is  now  determined  by  the  con¬ 
sideration  that  both  sides  of  (3.7)  must  be  0(1).  Following  ref.  1,  we  distinguish 
between  two  cases,  as  follows:* 

A’.  k  -  0(1):  M  “  «/«;  /rlf-o+  *  Pi  4-  fcpr  (4.1a) 

B:  fc » 1:  M  “  W/«;  ft  i  r-«+  “  Or  (4.1b) 

•  Ihid,  p.  IM. 

•  F.  Uraell,  Proc.  Cambr.  Phil.  Soc.  47,  347  (1961). 

•  These  are  based  on  the  assumption  that  the  unsteady  flow  is  due  to  transverse  motion 
of  the  wing.  On  the  other  hand,  if  unsteady  flow  arises  from  varying  incidence  of  the  free 
stream,  as  in  gust  loading,  an  effective  value  of  would  be  prescribed,  and  gr  *  0.  In  this 
case,  each  of  the  coefficients  Ct  —  ci  should  be  multiplied  by  it*  if  A;  ^  1. 
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In  those  cases  where  the  problem  is  decomposed  into  its  (symmetric  and  anti¬ 
symmetric  parts  the  boundary  conditions  are  to  be  imposed  at  f  o+>  and 
only  the  upper  half  space  (f  >  0)  need  be  considered. 

The  substitution  in  (2.9)  of  the  alternative  values  of  n  given  by  (1)  leads  to 
the  respective  equations 


ftt  “  Ci/t/tt  +  Ctfu  +  Ol/lr  +  ike$frT  —  Ct/n 

(4.2a) 

1 

1 

I- 

1 

(4.2b) 

Cl  -  (7  +  i)M*ir\* 

(4.3) 

(M*  -  !)«■•«* 

(4.4) 

cs  -  2kM*6-^t* 

(4.5) 

C  -  «-eV 

(4.6) 

c$  -  M'6-*€* 

(4.7) 

C  - 

(4.8) 

or  - 

(4.9) 

(The  parameters  C4  -*  or  are  defined  differently  from  those  of  ref.  1.)  The  follow¬ 
ing  order  of  magnitude  combinations  then  manifest  themselves,* 


Alt 

Cl  "  1, 

Cl 

-  0(1), 

C| 

-  0(1), 

c.  -  0(1) 

(4.10) 

Ail 

Cl  «  1, 

\c\ 

- 1, 

Ot 

-  0(1), 

Cl  -  0(1) 

(4.11) 

A$: 

Cl  ^  1, 

|c»i 

«1, 

cn 

-  1, 

Cl  -  0(1) 

(4.12) 

A4: 

Cl  « 1, 

\Ci\ 

«1, 

Cl 

«1, 

Cl  -  1 

(4.13) 

Bi: 

Cl  -  1, 

Cl  - 

0(1), 

Or  " 

0(1) 

(4.14) 

B,:  , 

C|«1, 

c#  - 

1, 

Ct  ■■ 

0(1) 

(4.15) 

B,: 

Ck«l, 

C|«  1, 

Cj  ■» 

1 

(4.16) 

The  remainder  of  the  anal3rsis  is  entirely  analogous  to  that  of  ref.  1,  the 
conditions  imposed  by  (10)-(16)  in  conjunction  with  the  restrictions  of  (2.6), 
(2.8),  and  (3.2)  leading  to  the  conditions  that  ensure  small  perturbations  in 
each  case.  Accordingly,  we  present  (xily  the  final  restrictions  and  tiie  associated 

*  Other  poesible  oombinations  of  order  of  magnitude  are  eub-caeee  of  Ai  —  Bt .  One 
that  may  be  particularly  mentioned  is  et  ■■  0(1),  a  1,  or  —  1,  which  is  essentially  a  sub¬ 
case  of  Bi  that  extends  the  slender  wing  theory  of  B,  to  the  less  severe  restriction  kM  ■■ 
0(1),  rather  than  kM  1,  and  yields  the  two  dimensional  wave  equation.  Similarly, 
Cl  —  1,  Cl ,  Or  ^  1  extends  the  theory  to  {kM  JR )“‘  —  0(1)  provided  that  M  and  kM  » 1. 
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equations,  as  set  forth  in  Table  1  (cf.  Table  1  of  ref.  1).  The  dimensionless  po¬ 
tential  equations  are  as  follows : 

,  .  i2(M  -  1)  ,  .  2k 

ti(7  +  m*'*  [(y  +  m*'* 


[(7  +  W'*'^’"  ® 

(4.17) 

At: 

/  M  -  1  ^  ^  ,  2kM'  ,  .  k'M*  , 

Vi  M  - 1 1/-^“  1 AP  - 1  r  1 AP  - 1  r" 

1  _  1 1  /«  fn  0 

(4.18) 

At: 

2/tr  +  kf„  -  {\'/k)f„  -  2/ff  -  0 

(4.19) 

•A4: 

/»»  +  /rr  “  0 

(4.20) 

Bi: 

/«  +  XV„  +  W'iftt  -  frr)  -  0 

(4.21) 

Bt: 

fit  +  X*/,,  -f-  /rr  *=  0 

(4.22) 

B,: 

ftt  +  /rr  “  0 

(4.23) 

With  a  few,  minor  exceptions,  the  results  given  in  (4.17)-(4.23)  and  Table  I 
differ  from  those  of  ref.  1  only  insofar  as  the  aspect  ratio  enters.  We  remark 

that  k  enters  ili  as  a  similarity  parameter  through  the  boundary  conditions. 


6.  Conclusioiis.  Summing  up,  sufficient  conditions  for  linearization  of  the 
potential  equation  in  the  neighborhood  of  a  planar  body  are 

a «  1,  kS «  1,  MS «  1,  kMS «  1  (5.1) 

and  any  one  o/“ 

I  -  1  1  »  a*'*  (5.2a) 

k  »  a*'*  (5.2b) 

»  a*'*  (5.2c) 

Assuming  the  satisfaction  of  these  sufficient  conditions,  the  linearized  potential 
equation  in  the  original  coordinates  reduces  to 

0^0  -  (d/dt  -b  Ud/dx)*4>  (5.3) 

which  may  be  further  simplihed  in  the  various  special  cases  identified  in  §4. 
The  pressure  equation  reduces  to 

p  —  Po  -  —fio(d/dt  +  Ud/dx)<h  (5.4) 

Granted  the  conditions  set  forth  in  (1),  all  three  of  the  conditions  set  forth 
in  (5.2)  can  be  violated  only  in  the  transonic  regime,  where,  by  definition, 
I  1  —  M  I  »  0(a*^*).  In  many  situations  of  practical  importance  either  (5.2b)  or 
(5.2c)  still  may  be  satisfied  near  ilf  >  1,  although  we  remark  that  a  relatively 

**  These  conditions  were  stated,  without  proof,  by  the  author  in  J.  Aero.  Sci.  90,  64 
(1953). 


EQUATIONS  OF  NON-STEADY  FLOW 


143 


small  aspect  ratio  is  required  in  order  to  render  the  similarity  parameter 
[(7  +  small.  (But  JR  shovild  be  appropriately  computed  in  establishing 

this  measure;  thus,  for  a  delta  wing,  it  would  be  appropriate  to  define  A  as  the 
semi-apex  angle,  rather  than  as  the  square  ci  the  maximum  span  divided  by  the 
area.)  If  (5.2c)  is  satisfied  and  k  0(1)  linearized  theory  in  the  transonic  regime 
reduces  to  “slender  wing”  theory  {At  in  §4),  and  the  antisymmetric  problem 
becomes  particularly  simple,  as  first  discovered  by  Jones.”  (It  occasionally  has 
been  asserted  that  a  sufficient  condition  for  linearization  of  the  steady  flow 
{k  “  0)  lift  problem  in  transonic  flow  is  (Af*  —  l)”*iii  1,  but  it  appears 
that  JR  «  will  be  the  more  critical  condition  when  |  Af  —  1  |  <S^  1.) 

That  (5.2c)  is  a  sufficient  condition  (granted  h  and  kS  <!^  1)  for  the  lineariza¬ 
tion  of  the  transonic  lift  problem  is  a  consequence  of  the  “dipole”  (r“‘)  be¬ 
haviour  of  the  solution  at  infinity  (v.s.,  §3).  On  the  other  hand,  even  though 
(5.2c)  permits  the  reduction  of  the  potential  equation  to  Laplace’s  equation  in 
the  neighborhood  of  a  thin,  symmetric  wing  in  steady  transonic  flow,  the  “source” 
solution  at  infinity  is  governed  by  the  non-linear  equation* 

-  l(Af*  -  1)  +  {(7  +  l)/2t7)0.]0„  (5.5) 

It  follows  that  the  solution  of  the  slender  body  drag  problem  in  steady  transonic 
flow  requires  the  integration  of  (5.5)  for  large  r”,  subject  to  the  conditions  that 
both  and  r^r  be  bounded  at  infinity.  The  resulting  integral  then  can  be  ex¬ 
panded  in  the  neighborhood  of  the  body,  where  the  dominant  term  will  be  of 
the  form  ao(x)  log  r  -f  b»(z),  a«(x)  being  determined  by  the  boundary  condition 
at  the  body  and  bo(z)  being  defined  in  terms  of  ao(z).  (C/.  Ward’s  analysis  of 
the  supersonic,  slender  body  problem.”) 

Finally,  we  remark  that  some  of  the  forgoing  conditions  stated  to  be  suf¬ 
ficient  for  linearization  may  not  always  be  necessary.  Thus,  it  was  assumed 
implicitly  that  the  wing  displacement  (h)  and  its  derivatives  had  uniform 
(with  respect  to  k)  lower  bounds  of  0(i),  where  6  was  the  maximum  displace¬ 
ment,  but  this  may  not  be  true  in  transient  motions  of  practical  importance. 
E.g.,  if  a  sharp  edged  gust  is  resolved  into  its  Fourier  components  having  ampli¬ 
tudes  6{k)  kB  is  uniformly  bounded,  and  it  would  be  quite  misleading  to  apply 
the  restriction  kS  <!C  1  to  the  product  of  the  maximum  values  of  B  and  k  re¬ 
garded  as  independent  parameters.  In  general,  the  validity  of  any  linearized 
solution  may  be  determined  by  d  posteriori  substitution  in  the  original  non¬ 
linear  equations  (insofar  as  it  is  assumed  that  these  have  a  unique  solution), 
and  considerations  such  as  those  of  the  present  paper  serve  only  to  indicate  the 
expected  results  of  such  a  test. 
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*  If  either  (5.2a)  or  (5.2b)  is  satisfied,  in  addition  to  (5.1),  the  resulting  equation  at 
large  distances  from  the  body  is  linear. 

■*  This  point  has  been  made  independently  by  K.  Oswatitsch  in  a  paper  presented  at 
Intemat’l  Congr.  Appl.  Mech.,  Istanbul  (1952);  private  communication  pia  P.  A.  Ijagerstrom. 

»G.  N.  Ward,  Q.  J.  Mech.  and  Appl.  Math,  t,  75  (1949). 


STRESS  AND  VELOCITY  FIELDS  IN  SOIL  MECHANICS* 
By  R.  T.  Shield 


L  Introduction.  The  solutions  of  many  two-dimensional  problems  in  soil 
mechanics  are  based  upon  the  assumption  that  the  soil  is  a  plastic  mateii^  in 
which  slip  or  }rielding  occurs  when  the  stresses  satisfy  the  Coulomb  formula 

Hit 

f  “  K<r»  +  »*)  sin  -H  { J(<r,  —  a,)'  +  —  c  cos  —  0,  (1) 

where  c  is  the  cohesion  and  is  the  angle  of  internal  friction  of  the  soil.  Neglect¬ 
ing  the  weight  of  the  soil,  the  stresses  also  satisfy  the  equations  of  equilibrium 


I  _  dr^  ,  d<r,  ^ 

dx  ^  dy  ’  dx  ^  dy 


(2) 


The  two  characteristic  lines  of  the  hyperbolic  system  equations  (1),  (2)  are 
inclined  at  an  angle  r/4  -f  ^/2  to  the  direction  of  the  algebraically  greater 
principal  stress  at  any  point.  As  in  [2]  the  characteristic  lines  will  be  called 
the  first  and  second  failure  lines,  with  the  convention  that  the  direction  of  the 
first  failure  line  at  a  point  is  obtained  from  the  direction  of  the  algebraically 
greater  principal  stress  by  a  clockwise  rotation  of  amount  r/4  -|-  ^/2.  The  incli¬ 
nation  oS  the  first  failure  line  to  the  x-axis  will  be  denoted  by  6. 

Denoting  the  principal  stresses  by  n  and  <ri(ri  <  n),  it  is  convenient  to  in¬ 
troduce  the  quantity 


P 


(g»  —  <ri) 
2  sin  t? 


^  0. 


(3) 


* 


An  arbitrary  constant  which  has  the  dimensions  of  stress  is  sometimes  intro¬ 
duced  into  the  denominator  of  the  expression  for  p  in  order  to  make  p  non- 
dimensional,  but  this  practice  will  not  be  followed  here.  With  the  yield  condi¬ 
tion  (1),  it  can  be  shown  [3]  that 

r,  »  — ,p(l  +  sin  sin  (2fl  +  <?)]  c  cot 

“  —pll  —  sin  ^  sin  (2fl  +  <p)\  +  c  cot 

Tty  «  p  sin  cos  {20  -|-  ^), 

and  the  equations  of  equilibrium  (2)  can  be  replaced  by  the  equations 

^  cot  V  log  p  -f-  9  —  const,  along  a  first  failure  line, 

§  cot  ^  log  p  —  0  const,  along  a  second  failure  line. 

*  The  results  presented  in  this  paper  were  obtained  in  the  course  of  research  sponsored 
by  the  Office  of  Naval  Research  under  Contract  N7onr-35801  with  Brown  University, 
t  Numbers  in  square  brackets  refer  to  the  bibliography  at  the  end  of  the  paper. 
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These  equations  were  obtained  by  Massau  [4]  for  a  cohesionless  soil  and  by 
Kdtter  [5]  for  a  cohesive  soil. 

Drucker  and  Prager  [6]  considered  a  proper  generalization  of  the  Coulomb 
hypothesis  (1)  and  used  the  concept  of  plastic  potential  [7]  to  obtain  a  stress- 
strain  law,  assuming  that  the  soil  is  a  perfectly  plastic  body.  In  the  case  of 
plane  strain,  the  stress-strain  law  corresponding  to  the  yield  function  (1)  is 


(6) 


where  c, ,  Cy ,  are  the  plastic  strain  rates  and  X  is  a  non-negative  factor  of 
proportionality.  With  equations  (4),  the  relations  (6)  can  be  written 


«■  *  jX{sin  ^  —  sin  (2tf  -b  ^)), 
cy  -  jX{8in  <6>  -f  sin  (2«  -b  ^)},  (7) 

7,y  —  X  cos  (26  -f  ^). 

It  will  be  assumed  that  there  is  no  deformation  of  the  soil  until  plastic  yielding 
occurs  and  therefore 

du  dv  du  dt 

where  u,  v  are  the  components  of  velocity  along  the  z,  y-axes.  The  rate  of  dila¬ 
tion  is  foimd  to  be 


e,  +  Cy  >«  X  sin  ^  ^  0,  (8) 

so  that  plastic  deformation  must  be  accompanied  by  an  increase  in  volume  if 

V  ^  0. 

It  was  shown  in  [2]  that  the  relations  (7)  imply  that  the  rate  of  extension 
along  the  failure  lines  is  zero.  Also,  the  characteristic  lines  of  the  velocities 
coincide  with  the  characteristic  lines  of  the  stresses  and  it  is  therefore  conven¬ 
ient  to  refer  the  velocity  equations  to  the  characteristic  lines.  The  orthogonal 
projections  of  the  velocity  vector  on  the  directions  of  the  first  and  second  failure 
lines  passing  through  the  point  are  denoted  by  Vi  and  vj .  The  velocity  projec¬ 
tions  vi ,  Vi  are  related  to  the  cartesian  components  u,  v  of  the  velocity  by  the 
equations 

>»  M  cos  ®  -h  w  sin  d,  i;*  -  —u  sin  (fl  -|-  ^)  -|-  »  cos  -|-  ^), 
u  —  {vi  cos  -f  ^)  —  Vi  sin  sec  (9) 

w  —  {Pi  sin  -h  ^)  +  at  cos  sec 

The  condition  that  the  rate  of  extension  along  the  failure  lines  is  zero  is  ex¬ 
pressed  by  the  equations 

d»i  —  (vi  tan  -i-  t;s  sec  d0  »  0  along  a  first  failure  line, 
dvi  +  sec  ^  -f  Vs  tan  v)dd  ^  0  along  a  second  failure  line, 


(10) 
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and  these  equations,  together  with  the  velocity  boundary  conditions  and  the 
condition  of  non-negative  dilatation,  determine  the  velocity  field  when  the 
failure  lines  are  known. 

Discontinuities  in  the  velocity  field  were  considered  in  [2]  and  it  was  shown 
that  a  line  of  discontinuity  in  the  velocity  field  must  be  a  failure  line.  The 
change  in  velocity  across  the  line  must  be  inclined  at  an  angle  ^  to  the  line  of 
discontinuity,  so  that  a  discontinuity  in  the  tangential  velocity  is  accompanied 
by  a  separation  or  a  discontinuity  in  the  normal  velocity.  In  terms  of  the  veloc¬ 
ity  projections  Vi  and  vt ,  the  requirement  that  the  change  in  velocity  is  inclined 
at  an  angle  ^  to  the  line  implies  that  either  vi  or  Vt  is  continuous  across  the  line, 
according  as  the  line  is  a  second  or  first  failure  line  respectively. 

2.  Discontinuities  in  the  stresses.  In  the  theory  of  a  Prandtl-Reuss  material, 
for  which  ^  —  0,  the  possibility  of  lines  of  discontinuity  in  the  stress  components 
is  well  known,  and  discontinuous  stress  fields  have  proved  useful  in  many  prob¬ 
lems.  Discontinuous  stress  fields  are  of  value  when  limit  analysis  is  used  to  ob¬ 
tain  lower  bounds  for  the  collapse  values  oS  the  surface  tractions  in  a  body  or 
assemblage  (rf  bodies,  even  though  the  stress  fields  may  be  without  obvious 
physical  significance.  It  seems  worthwhile,  therefore,  to  consider  discontinuous 
plastic  stress  fields  in  a  soil,  not  (mly  from  the  viewpoint  oi  obtaining  real  siolu- 
tions  but  also  with  regard  to  future  applications  of  limit  analysis  to  soil  me¬ 
chanics.  A  discussion  of  stress  discontinuities  in  a  cohesionless  heavy  sol  has 
been  given  previously  by  Massau  [4].  The  following  discussion  applies  to  a 
cohesive  soil. 

In  Fig.  1,  the  line  1-4  represents  an  element  of  a  line  of  stress  discontinuity 
separating  the  plastic  stress  fields  a  and  b.  Subscripts  a  and  6  will  be  used  to 
distinguish  the  values  which  a  quantity  assumes  on  the  two  sides  of  the  line. 


Fio.  1.  StreM  diacontinuity 
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The  normal  to  the  line  is  inclined  at  an  angle  Q  to  the  z-axis  and,  from  equations 
(4),  the  norm^  and  tangential  tractions  on  such  a  line  are 

N  —  — p(l  +  sin  ^  sin  (2#  —  20  +  ^)1  +  c  cot  v, 

T  >■  p  sin cos  (2®  —  20  +  ip). 

The  equilibrium  of  the  small  rectangular  element  shown  in  the  figure  requires 
that  the  normal  and  tangential  components  of  stress  N  and  T  are  continuous 
across  the  line,  but  the  interior  components  iSTl ,  N'h  may  be  discontinuous.  From 
equations  (11),  the  equilibrium  conditions  are 

p,(l  +  sin  ^  sin  (2®,  —  20  +  ^)]  —  pjl  +  sin  ^  sin  (2(^  —  20  +  ip)], 

(12) 

p«  cos  (2tf,  —  20  +  ^)  —  Pb  cos  (2^  —  20  +  ^). 

The  elimination  of  p. ,  pi  between  these  two  equations  gives,  after  some  reduc¬ 
tion, 

sin  (®«  ^  —  20  -f  ^)  -H  sin  ^  cos  (ff,  —  flb)  —  0,  (13) 

provided  that  sin  ($,  —  ^)  ^  0,  that  is,  provided  that  the  discontinuity  is  not 
of  zero  strength. 

The  condition  (13)  together  with  one  of  the  conditions  (12)  correspond  to 
the  jump  conditions  established  by  Prager  [8]  for  a  Prandtl-Reuss  material 
{p  «  0).  For  zero  angle  of  friction,  condition  (13)  becomes 

e, •  2Q  ±  nr.  (14) 

The  Mohr’s  circles  for  the  regions  a  and  h  are  shown  in  Fig.  2,  where  p,  is 
taken  greater  than  pi  for  definiteness.  The  circles  touch  the  yield  locus 

I  T  I  "  c  —  ff  tan  p, 

since  the  regions  are  at  the  point  of  yielding.  The  stress  point  C  has  the  co¬ 
ordinates  (iST,  —  T)  and  the  circles  intersect  at  this  point.  The  poles  of  the  two 


Fio.  2.  Mohr's  circles  for  Fig.  1 
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circles  are  obtained  by  drawing  a  line  through  C  parallel  to  the  element  M  of 
the  line  o(  discontinuity.  The  points  P,  ,  where  this  line  meets  the  circles  are 
the  poles  of  the  circles.  If  A, ,  B,  and  At ,  Bh  denote  the  points  of  contact  of 
the  circles  a  and  h  with  the  yield  locus,  then  the  lines  PaA, ,  PJBa  and  P^,  A^ , 
P^Bk  give  the  directions  of  the  first  and  second  failure  lines  in  the  regions  a  and 
h  respectively.  It  can  be  seen  from  the  diagram  that  the  direction  of  the  line  of 
discontinuity  lies  in  the  acute  angle  formed  by  the  failure  lines  in  region  a  and 
in  the  obtuse  angle  formed  by  the  failure  lines  in  region  h. 

It  can  easily  be  shown  that  a  failure  line  cannot  be  a  line  of  discontinuity  in 
the  stresses.  Since  a  discontinuity  in  the  velocity  field  can  occur  only  across  a 
failure  line,  it  follows  that  the  velocity  field  must  be  continuous  across  a  line  of 
stress  discontinuity.  For  a  straight  line  of  discontinuity,  which  may  be  taken  to 
be  parallel  to  the  x-axis,  the  continuity  of  the  velocity  component  u  across  the 
line  implies  that  du/dx  ~  c.  is  continuous  across  the  line.  This  argument  can 
be  extended  to  show  that  c«  is  continuous  across  a  curved  line  of  stress  dis¬ 
continuity  at  any  point  P  of  the  line,  where  the  x-axis  is  taken  parallel  to  the 
tangent  to  the  line  at  P. 

Considering  first  a  Prandtl-Reuss  material,  equations  (7)  give 

€,  >»  —  |X  sin  26, 

since  ^  is  zero  for  this  material.  It  follows  that 

Xa  sin  20a  ~  X»  sin  20k ,  (15) 

where  Xa ,  Xk  and  0a ,  0k  are  the  values  assumed  by  X  and  0  in  the  two  stress 
fields  at  the  point  P.  The  jump  condition  (14)  on  0. ,  ^  requires  that 

0k  “  "~0a  ±  Wr.  (Ifi) 

Since  the  line  is  not  a  failure  line,  sin  20.  ^  0,  and  the  substitution  of  (16)  in 
(15)  gives 

Xa  -  -X*. 

This  equation  implies  that  Xa  and  Xk  are  both  zero  at  the  point  P  because  Xa 
and  Xk  are  non-negative  quantities.  The  plastic  rate  of  strain  is  therefore  zero 
at  points  on  the  line  of  discontinuity,  and  the  line  must  be  considered  as  a 
filament  o(  non-plastic  material.  Elastic  strains  are  neglected  so  that  the  fila¬ 
ment  must  be  taken  to  be  inextensible  but  perfectly  flexible.  This  conclusion  has 
been  reached  previously  [0,  10]  by  assuming  that  the  line  of  discontinuity  is 
the  litnit.ing  case  of  a  narrow  transition  region  in  which  the  stress  varies  in  a 
rapid  but  continuous  manner. 

In  the  same  way,  a  line  of  stress  discontinuity  in  a  soil  must  be  considered  as 
an  inextensible  filament  of  non-plastic  material.  Apart  from  the  algebra,  the 
discussion  is  the  same  as  the  above  discussion  for  a  Prandtl-Reuss  material, 
and  it  will  not  be  given  here. 

3.  Wedge  under  unilateral  presatne.  Stress  solutions.  The  problem  of 
wedges  with  imiform  pressure  on  one  face  will  be  considered  in  this  section  and 
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diKonDrmlty 


Fio.  3.  Stress  fields  for  loaded  wedge 


in  the  following  section.  A  continuous  stress  solution  for  obtuse  angled  wedges 
has  been  given  by  Prandtl  [11]  and  the  pattern  of  the  failure  lines  is  shown  in 
Fig.  3a.  The  wedge  ABE  of  angle  /3o(/3o  ^  t/2)  is  loaded  by  a  uniform  pressure 
P  along  AB,  producing  a  plastic  state  of  stress  in  the  region  A  BE  DC.  The 
regions  ABC,  BDE  are  regions  of  constant  stress  and  the  r^on  BCD  is  a  zone 
of  radial  shear  of  angle  /So  —  r/2.  The  pressure  P  required  to  produce  plastic 
flow  with  this  pattern  of  failure  lines  is  given  by 

P  ••  c  cot  tpjexp  [(2j8o  —  x)  tan  tan*  (Jr  +  —  1).  (17) 

The  stress  field  of  Fig.  3a  is  not  applicable  to  acute  angled  wedges 
(/So  <  t/2)  since  the  two  constant  stress  regions  ABC,  BDE  would  overlap. 
However,  the  introduction  of  a  line  of  stress  discontinuity  in  the  plastic  stress 
region  enables  a  stress  solution  to  be  found.  Fig.  3b  shows  the  wedge  loaded 
along  AB.  The  constant  stress  regions  ABC,  BCD  are  separated  by  a  line  of 
stress  discontinuity  BC  which  is  inclined  to  AB  at  an  angle  7  to  be  determined. 
AC  and  CD  are  first  failure  lines.  The  different  values  a  quantity  may  assume 
in  the  regions  ABC,  BCD  will  be  distinguished  by  the  subscripts  a  and  b  re¬ 
spectively.  Choosing  the  x,  y-axea  as  shown  in  the  figure,  the  inclination  6  of  the 
first  failure  lines  assumes  the  values 


The  substitution  of  these  values  into  the  jump  condition  (13),  in  which  0  is 
put  equal  to  7  —  (t/4  —  ip/2),  gives  the  relation 

sin  (/3o  ■“  27)  -f-  sin  ^  sin  /3o  “  0. 

This  equation  determines  the  angle  7  and  the  relevant  root  of  the  equation  is 
found  to  be 

7-/3o/2  +  m/2,  (18) 
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where  n  is  given  by 

8inM‘*sin^sin/3t,  v/2<  (19) 

The  value  of  p  in  the  region  BCD  is  determined  by  the  condition  of  zero  traction 
on  BD  and  it  has  the  value 

c  cot  y 

^  (1  —  sin  ^)  ‘ 

The  second  equation  of  equations  (12)  then  gives 

_  c  cot  ^  sin  {00  —  n) 

(1  -  sin  ip)  sin  (/Jo  +  a*)  ’ 

With  equations  (11),  the  normal  pressure  on  AB  can  now  be  found  and  a  little 
rearrangement  gives  the  value 

+  (20) 

\  V4  2/  sm  ((8o  4-  m)  J 

When  ^  =  0  (Prandtl-Reuss  material),  n  is  also  zero  and  (20)  takes  the  form 

^  P  -  2c(l  —  cos  0o), 

agreeing  with  the  value  obtained  by  Prager  [8].  For  small  values  of  /So,  ex¬ 
pression  (20)  is  approximately 

P  **  c0l  cos 

and  it  follows  that  for  small  values  of  0o ,  the  ratio  P/c  decreases  as  the  angle 


Fia.  4a.  Pressure  on  face  of  acute  angled  wedge 
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discontinuous  soiution 


continuous  solution 
discontinuous  solution 


Fio.  4b.  Pressure  on  wedge  face  as  given  by  the  discontinuous  and  continuous  solutions 


of  friction  tp  is  increased.  Fig.  4a  shows  the  variation  of  P/c  with  the  angle  of 
the  wedge  for  ip  ^  0°,  20°  and  40°.  The  limiting  case  ^  ■■  00°  is  also  shown  in 
the  diagram. 

When  A)  *=  f/2,  the  expressions  (17)  and  (20)  have  the  common  value 
2c  tan  (r/4  +  ^/2),  and  the  discontinuous  solution  is  a  continuation  of  the 
continuous  solution.  The  full  lines  in  Fig.  4b  shows  the  variation  in  P/c  with 
the  wedge  angle  /3o  as  furnished  by  the  two  solutions  for  angles  of  friction  of  0°, 
20°  and  40°.  The  discontinuous  solution  also  satisfies  all  the  stress  conditions 
when  the  angle  of  the  wedge  is  greater  than  t/2,  and  the  stress  field,  Fig.  3c,  is 
an  alternative  solution  to  the  continuous  solution  of  Fig.  3a.  However,  it  will 
be  seen  that  a  velocity  field  cannot  be  associated  with  the  stress  field  of  Fig. 
3c,  so  that  the  discontinuous  solution  is  not  acceptable  physically  for  wedge 
angles  greater  than  a  right  angle.  The  pressure  P  as  furnished  by  the  dis¬ 
continuous  solution  for  obtuse  angled  wedges  is  again  given  by  (20)  and  this 
value  is  lower  than  the  value  (17)  obtained  from  the  continuous  solution.  The 
broken  lines  in  Fig.  4b  give  the  values  of  P/c  for  varying  /3|(/3o  ^  ir/2)  for  angles 
of  friction  of  0°,  20°  and  40°. 

It  should  perhaps  be  pointed  out  that  the  line  of  discontinuity  BC  in  Fig. 
3c  is  not  the  line  joining  the  point  B  in  Fig.  3a  to  the  point  of  intersection  of 
the  lines  AC,  ED  except  when  the  angle  of  friction  is  zero. 
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4.  Wedge  under  unilateral  pressure.  Velocity  solutions.  Without  restricting 
the  generality  of  the  discussion,  the  boundary  condition  on  the  velocity  field  in 
the  problem  of  the  previous  section  may  be  taken  to  be  that  the  normal  velocity 
must  have  a  given  distribution  on  the  loaded  part  AB  of  the  wedge.  The  velocity 
in  the  plastic  region  has  to  be  determined  from  this  boundary  condition  and 
the  boundary  condition  at  the  plastic  rigid  boundary.  The  given  normal  velocity 
along  AB  must  be  such  that  the  resulting  velocity  field  has  non-negative  dilata¬ 
tion  everywhere  and  also,  in  the  discontinuous  stress  solutions,  the  lines  of  stress 
discontinuity  must  behave  as  inextensible  filaments. 

Considering  first  the  continuous  stress  field  (rf  Fig.  3a,  the  line  ACDE,  which 
is  a  first  failure  line,  separates  the  region  of  plastic  flow  from  the  material  which 
remains  at  rest.  The  velocity  along  ACDE  must,  therefore,  be  inclined  at  an 
angle  v  to  ACDE  so  that  Vt  is  zero  along  ACDE.  Since  the  second  failure  lines 
are  straight  throughout  the  plastic  region  it  follows  that  vt  is  zero  eveiywhere. 
The  value  of  Vi  along  AB  \b  known  from  the  given  normal  velocity  of  AB  and 
the  fact  that  vj  is  zero  along  AB.  The  variation  of  vi  along  the  first  failure  lines 
is  given  by  the  first  of  equations  (10)  and  knowing  vi  along  AB  it  is  a  simple 
matter  to  obtain  vi  throughout  the  plastic  r^on.  The  condition  of  non-negative 
dilatation  will  be  satisfied  provided  that  the  given  normal  velocity  of  a  point 
on  AB  is  a  non-decreasing  function  of  the  distance  of  the  point  from  A. 

Considering  now  the  discontinuous  stress  field  for  the  acute  angled  wedge, 
Fig.  3b,  the  velocity  field  must  be  such  that  the  discontinuity  line  BC  moves 
as  an  inextensible  filament.  Since  the  material  below  the  plastic  rigid  boundary 
ACD  remains  at  rest,  this  implies  that  the  velocity  component  along  is 
zero  for  points  on  BC.  In  determining  the  velocity  field  it  is  convenient  to  use 
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oblique  axes  a,  fi  having  A  as  origin  and  directed  along  the  first  and  second 
failure  lines  at  A,  Fig.  6.  The  normal  velocity  /(ij)  is  prescribed  along  AB,  the 
line  AB  being  given  by  a  «■  «■  i;. 

The  velocity  field  in  the  region  ABC  is  determined  in  a  very  similar  manner 
to  that  used  by  Lee  [9]  for  the  same  problem  in  a  Prandtl-Reuss  material.  It  is 
unnecessary,  therefore,  to  give  the  details.  The  value  of  Vi  in  regions  a  and  b  of 
Fig.  5  is  found  to  be 

=  2  cos  (Jt  - 

The  velocity  projection  vi  is  zero  in  region  a  because  of  the  boundary  condition 
along  AC,  while  in  r^ons  b  and  c  it  is  given  by 

Vt(a)  -  -2  cos  (Jt  -  -  l)/t], 

where  i  *  sin  ^  sec  (^  —  ^),  ^  is  the  angle  BCF  and  where  the  length  oi  AC 
is  taken  to  be  imity.  For  other  points  in  the  region  ABC,  vi  and  vj  are  given  in 
the  form  of  finite  series.  As  the  apex  B  is  approached,  the  limiting  expressions 
take  the  form 

vM  =  2  coe  (r  -  l)  /W  -  (  [2  co»  -  l)  / 

The  continued  fractions  which  are  the  arguments  of  the  function  /  in  these 
expressions  represent  the  coordinates  of  points  on  AB  after  successive  reflections 
at  BC  and  AB  along  lines  parallel  to  the  oblique  axes  at  A. 

It  can  readily  be  shown  that  the  velocities  vi ,  vt  approach  limits  at  the  vertex 
B.  Also  the  limits  are  such  that  the  velocity  of  the  plastic  field  near  B  approaches 
the  velocity  of  the  non-plastic  filament  BC  at  B,  this  velocity  being  uniquely 
determined  by  the  velocity  condition  on  BC  and  the  given  normal  velocity  of 
AB  at  B. 

The  velocities  of  the  points  on  the  filament  BC  are  now  completely  determined. 
The  velocity  of  a  point  P  in  the  r^on  BCD  is  determined  from  the  velocity  of 
the  filament  BC  and  the  boundary  condition  at  the  plastic  rigid  boundary  CD. 
The  velocity  at  P  depends  only  upon  the  velocities  of  the  points  X,  Y  where 
the  failure  lines  through  P  meet  the  line  BC  (see  Fig.  5).  vi  is  constant  along 
PX,  t>j  is  constant  along  PY  and  vi  and  v*  are  known  at  the  points  X,  Y.  If  P 
lies  in  the  r^on  CDE  then  vt  is  zero. 

The  function /(ij)  which  specifies  the  distribution  of  normal  velocity  along  AB 
can  not  be  chosen  in  a  completely  arbitrary  manner.  Certain  restrictions  must 
be  placed  upon  /(t>)  in  order  that  the  dilatation  be  positive  everywhere  in  the 
plastic  region.  The  restrictions  are  most  easily  obtained  in  terms  of  the  velocity 
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x(l)  of  the  non-plastic  filament  at  the  point  distance  I  from  C.  xQ)  is  continuous 
since  the  filament  is  non-plastic  and  also  x(0)  0  from  the  condition  at  C. 

Omitting  the  details  of  the  analysu,  it  is  found  that  the  dilatation  will  be 
positive  everywhere  provided  that  x'(0  ^  0  and  x'il)  is  a  non-decreasing 
function.  These  conditions  imply  that  the  rate  of  change  of  curvature  of  the 
filament  increases  towards  the  vertex.  Thus  the  wedge  behaves  in  a  similar 
fashion  to  a  beam  which  is  bent  by  uniform  loading. 

The  restrictions  which  have  to  be  placed  upon  f{ii)  are  obtained  by  expressing 
f(ri)  in  terms  of  the  restricted  function  x(f)- 

In  tile  discontinuous  stress  solution  of  Fig.  3c,  the  velocity  conditions  for  the 
problem  of  the  acute  angled  wedge  apply  in  this  case  also.  The  plastic  rigid 
boundary  AC  enforces  vi  o  along  AC  and  it  follows  that  »  0  throughout 
region  ABC  of  Fig.  3c,  since  the  failure  lines  are  straight.  The  condition  that 
the  velocity  component  along  BC  is  sero  for  points  on  BC  then  requires  vi  to 
be  sero  on  BC  and  in  consequence  vt  must  be  zero  throughout  the  region  ABC. 
Thus  the  velocity  field  obtained  requires  f(ii)  -■  0  along  AB  and  the  solution 
does  not  constitute  plastic  flow.  The  discontinuous  stress  solution  for  the  obtuse 
angled  wedge  is  therefore  physically  inadmissible. 

6.  Loaded  trapezoid.  A  further  example  of  discontinuous  stress  fields  is  shown 
in  Fig.  da.  The  trapezoid  ABCD  is  in  a  plastic  state  of  stress  due  to  the  normal 
pressures  P,  Q  on  the  parallel  sides  AB,  CD,  the  sides  AD,  BC  being  free  from 
applied  traction.  The  lines  AO,  BO,  CO,  DO  are  lines  of  stress  discontinuity 


Fia.  6a.  Diacontinuoiu  atresa  ayatem  for  loaded  trapeioid 
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Fia.  6b.  Continuous  stress  field  for  truncated  wedge 


separating  the  regions  a,  b,  c,  d  of  constant  stress,  where  the  angles  marked 
7,  j  in  the  figure  remain  to  be  determined. 

•  The  stress  boundary  conditions  require  that 

where  2x  is  the  angle  between  the  sides  AD,  BC  and  where  the  subscripts  refer 
to  the  regions  marked  a,  b,  c  in  the  figure.  With  these  values  of  d,  the  jump 
conditiim  (13)  at  the  discontinuity  lines  BO,  CO  show  that 

cos  (27  +  x)  “  sin  ^  cos  Xi 
cos  (24  —  x)  “  sin  ^  cos  x> 
and  the  relevant  roots  of  these  equations  are 

7  »  -  Jx,  4  -  iF  -H  lx, 

where 

cos  F  B  sin  ^  cos  x,  0  ^  r  ^  ir/2. 

The  values  of  p  in  the  regions  a  and  c  can  be  deduced  from  the  known  value 
of  p  in  r^on  b  and  the  jump  conditions  (12)  at  the  lines  BO,  CO.  The  pressures 
P,  Q  can  then  be  obtained  and  it  is  found  that 


P  =  ccotffi' 

tan* 

(M) 

sin  (p  +  x)  , 
sin  (f  -  x) 

Q  =  c  cot  Ip  < 

r 

^tan* 

(i+l) 

sin  (y  -  x)  •  j 

'  sin  (i-  +  x) 

(22) 
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As  the  angle  of  friction  (p  tends  to  zero  these  expressions  tend  to  the  values 

P»  »  2c(l  +  sin  x),  Qo  *  2c(l  -  sin  x), 

agreeing  with  the  values  obtained  by  Winzer  and  Carrier  [12]  for  a  Prandtl- 
Reuss  material. 

It  can  be  shown  that  a  velocity  field  can  not  be  associated  with  the  stress 
field  of  Fig.  6a.  This  follows  in  the  same  way  in  which  it  was  shown  that  a 
velocity  field  could  not  be  associated  with  the  stress  field  of  Fig.  3c.  The  stress 
field  is  therefore  physically  inadmissible. 

If  the  sides  AD,  BC  of  the  trapezoid  are  continued  beyond  the  points  D,  C  & 
truncated  wedge  is  obtained.  A  solution  correspninding  to  a  uniform  pressure  on 
the  top  surface  of  the  wedge  has  been  given  by  Prandtl  [9]  and  the  stress  field 
is  outlined  in  Fig.  6b.  The  value  of  the  normal  pressure  P'  is  in  this  case 

P'  «=  c  cot  ^{tan*  (Jx  +  W)  exp  (2x  tan  <p)  —  1}, 

and  this  value  is  greater  than  the  value  P  given  by  equation  (22).  A  velocity 
field  can  be  associated  with  the  stress  field  of  Fig.  6b.  provided  that  the  given 
normal  velocity  of  the  points  on  AD  is  constant  or  a  monotonic  function  of  the 
distance  from  A. 
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LOADING  PATHS  AND  THE  INCREMENTAL  STRAIN  LAW* 

G.  H.  Handelman  and  W.  H.  Warner! 

1.  Introduction.  This  paper  will  be  concerned  ^vith  some  properties  of  the 
stress-strain  law  for  work  hardening  materials  introduced  by  W.  Prager  [1]J 
and  D.  C.  Drucker  [2].  The  law  is  of  the  tjrpe  known  as  an  incremented  strain  or 
■plastic  flow  law  by  which  it  is  meant  that  the  differentials  of  strain  are  expressed 
as  functions  of  the  stresses,  strains,  and  differentials  of  the  stress.  We  shall  also 
have  occasion  to  refer  to  total  strain  or  plastic  deformation  laws,  in  which  the 
strains  are  given  directly  as  functions  of  the  stress. 

The  incremental  strain  laws  considered  here  are  very  largely  prescribed  by  a 
loading  function /(o-o),  where  tr.-y  is  the  stress  tensor.  Loading  is  assiuned  to  take 
place  from  a  given  state  of  stress  under  additional  increments  of  stress  if 

(1.1)  (df/d<Tii)d<rij  >  0, 

where  the  summation  convention  is  implied.  If  the  function  /  depends  only  on 
the  stress  and  not  on  the  state  of  strain  or  strain  history,  the  last  condition  may 
be  written  simply  as  d/  >  0.  Only  loading  programs  starting  from  an  initially 
unstressed  state  will  be  considered. 

The  loading  function  is  usually  considered  as  a  function  of  the  nine  variables 
ff.y .  It  must  be  recognized  that  but  six  of  these  are  independent.  The  nine  com¬ 
ponents  can  he  retained  if  the  independent  arguments  of  /  are  considered  to  be 
+  an).  In  fact,  it  can  be  shown  that  the  symmetry  of  the  stress  tensor 
restricts  the  loading  function  to  be  of  this  form.  Furthermore,  the  assumption  of 
no  permanent  volume  change  retluces  the  number  of  independent  variables  to 
five.  These  five  may  be  considered  to  be  the  independent  components  of  the 
stress  deviator  «,•>  *  a,  —  .  The  latter  statement  is  easily  justified  by 

a  simple  calculation. 

It  has  been  assumed  tacitly  that  incremental  strain  laws  of  the  Prager-Drucker 
type  are  in  general  non-integrable.  In  other  words,  they  cannot  be  found  as 
differentiated  forms  of  suitably  designed  total  strain  laws.  We  shall  prove  that 
such  is  the  case.  Closely  allied  with  this  problem  is  a  question  originally  raised 
by  A.  A.  Ilyushin  [3] — under  what  loading  programs  will  a  given  incremental 
strain  law  agree  with  a  given  total  strain  law?  Ehcperimentally,  this  problem  could 
be  phrased  as  asking  for  a  classification  of  tests  under  which  a  particular  incre¬ 
mental  strain  law  and  a  particular  total  strain  law  will  give  identical  predictions 
for  the  relations  between  stress  and  strain.  Furthermore,  if  two  such  laws  agree 
under  one  type  of  testing  program,  will  they  agree  under  any  other  pre^ram? 

*  Work  on  this  problem  has  l)een  supported  by  the  U.  S.  Air  Force.  The  material  in  this 
paper  was  submitted  as  part  of  a  thesis  by  the  second  author  to  the  Carnegie  Institute  of 
Technology,  June  1953,  in  partial  fulfillment  of  the  requirements  for  the  degree  of  Doctor 
of  Philosophy. 

t  Now  at  Brown  University. 

t  Numbers  in  square  brackets  refer  to  references  given  at  the  end  of  the  paper. 
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Ilyushin  has  given  a  partial,  but  not  completely  satisfactory,  answer  to  the 
question.  We  will  consider  his  results  in  the  light  of  the  general  comments  to  be 
made  here. 

Finally,  D.  C.  Drucker  and  G.  N.  White  [4]  have  raised  the  problem  of  deter¬ 
mining  the  conditions  on  the  loading  function  for  which  the  plastic  work  done 
will  be  independent  of  the  loading  path  for  isotropic  work-hardening  materials. 
They  have  given  a  particular  example  for  which  this  is  the  case.  We  shall  show 
that  this  problem  is  closely  related  to  the  others  considered  here  and  will  discuss 
the  most  general  form  of  loading  function  for  which  this  property  holds. 


2.  Integration  of  the  incremental  strain  laws.  Prager  [1]  and  Drucker  [2] 
have  shown  that,  under  rather  broad  assumptions,  the  most  general  incremental 
strain  law  must  be  of  the  following  form.  Corresponding  to  stress  increments 
dan  y  there  are  strain  increments  dtn  which  may  be  written  as  =  den  +  d<Iy  • 
The  elastic  strain  increments  de'n  are  given  by  the  differentiated  Hooke’s  law; 


(2.1) 


den  = 


l_±y 

Eo 


~  iT  dokk  iij , 
.  Ao 


where  v  in  Poisson’s  ratio  and  Eo  is  Young’s  modulus.  The  non-elastic  strain 
increment  is  given  by 


(2.2) 


den 


-C  d. 

—  V  - —  - —  aokiy 

(fan  (fau 


=  0, 


^  daki  >  0 
oaki 


^  daki  ^  0. 

oau 


Here  G  is  a  scalar  function  which  may  depend  upon  stress,  strain,  and  strain 
history. 

We  shall  show  first  that  the  incremental  strain  law  given  by  Eqs.  (2.1)  and 
(2.2)  cannot  be  completely  integrable;  that  is,  this  law  does  not  represent  the 
differentiated  form  of  a  reasonable  total  strain  law.  It  will  be  assumed  that  the 
function  G  and  the  loading  function  /  do  not  depend  on  the  strains. 

The  condition  of  integrability  can  be  expressed  as  [5] 


(2.3) 

for  all  t  and  j.  Here  Cv,** 


^  (Cvy,,,)  =  ^  iCnei) 
oau  Oamn 


is  the  coefficient  of  damn  in  the  relation 


deij  “  Cijmndamn  • 

Since  the  elastic  strain  increment  is  integrable,  £q.  (2.3)  reduces  to 

Oifkl  \  vfTty  O^mn/  OfTmn  \  OCkl/ 

for  all  t,  j,  k,  I,  m,  n.  Carrying  out  the  indicated  differentiations,  and  assuming 
the  equality  of  mixed  derivatives,  we  find  (no  summation) 

OCkl  \  9<Tij/  /  OCmn  \  d<T|*y/  0(Tkl/  dfJmn 


(2.4) 
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Equation  (2.4)  will  be  satisfied  if  [6] 

(2^)  ^ 

OOij 

where  the  ha  are  differentiable  functions  of  /.  Under  the  assumption  of  inte- 
grability,  the  incremental  strain  law  becomes 

dt'li  ~  hii(f)  ^  daut  -  huU)  if, 

acki 

which  can  be  integrated  in  the  form 

(2.6)  -  Hijif). 

We  have  assumed  that  the  plastic  strains  vanish  when  /  »  0,  but  this  is  not  es¬ 
sential  to  the  argument  which  follows. 

We  have  thus  shown  that  if  the  incremental  strain  law  (2.2)  is  completely  in- 
tegrable,  the  corresponding  plastic  total  strain  law  must  be  of  the  form  (2.6). 
It  is  quite  clear,  however,  that  such  a  total  strain  law  is  completely  unrealistic, 
for  it  states  that  the  components  of  plastic  strain  will  be  the  same  for  all  states 
of  stress  for  which  the  loading  fimction  /  has  the  same  value.  Consequently,  if 
we  consider  a  state  of  pure  tension  and  a  state  of  pure  shear  which  lead  to  the 
same  value  of  /,  Eq.  (2.6)  requires  that  the  corresponding  plastic  strains  will  be 
the  same  in  both  cases.  Such  conclusions  must  be  rejected;  and,  therefore,  the 
incremental  strain  law  described  by  Eq.  (2.2)  cannot  be  completely  integrable. 

Since  such  an  incremental  strain  law  cannot  agree  completely  with  a  total 
strain  law  for  all  possible  loading  programs,  let  us  examine  under  what  conditions 
such  laws  will  agree.  Such  coincidence  can  best  be  studied  in  terms  of  those 
portions  of  stress  space  (a  space  in  which  the  coordinates  of  a  point  are  the 
components  of  the  stress  tensor)  for  which  a  given  incremental  law  will  agree 
with  a  given  total  strain  law.  Let  us  consider  a  total  strain  law  of  the  form 

(2.7)  efi  =  tUan  ,  ffa  ,  ffu  ,  Via  ,  ,  vn), 


and  assume  that  Eq.  (3.5)  can  be  solved  for  the  stresses  as  functions  of  the  plastic 
strains.*  Thus  we  may  equally  well  consider  r^ons  of  coincidence  in  the  plastic 
strainspace. 

Let  us  assume  that  Eqs.  (2.2)  and  (2.7)  agree  for  certain  states  of  stress  and 
strain.  Equation  (2.2)  can  be  written  in  the  form 


(2.8) 


(Un 

dffdvu 


dffdfft2 


df/dvn 


(  = 


QdS). 


By  means  of  the  inverted  forms  of  (2.7),  the  denominators  in  Eqs.  (2.8)  can  be 
written  as  functions  of  tlj .  Assuming  ^uidf/dvij)*  >  0,  we  may  int^rate 
the  system  of  ordinary  differential  equations  (2.8)  to  obtain  a  curve  in  plastic 
strain  space  with  tij  —  0  when  »  0  as  our  initial  conditions.  Using  Eqs. 

*  The  apparent  discrepancy  between  five  independent  components  of  and  six  inde¬ 
pendent  components  of  vf/  is  illusory  since  the  plastic  strains  are  actually  functions  of  the 
five  components  of  the  stress  deviator. 
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(2.7),  we  obtain  a  corresponding  curve  in  stress  space.  Unless  all  of  the  denomina¬ 
tors  appearing  in  the  differential  equations  vanish  (which  nuty  occur  at  the 
origin  an  0)  there  will  be  a  unique  curve  passing  through  a  given  point  o( 
stress  space.  This  means  that  emanating  from  the  origin  there  is  but  one  curve 
terminating  at  a  given  point  in  stress  space  along  which  Eqs.  (2.2)  and  (2.7) 
agree.  Alternatively,  this  means  that  for  a  predetermined  state  of  stress  there  is 
at  most  one  loading  program  starting  with  a  state  of  zero  stress  and  ending  with 
the  prescribed  state  of  stress  for  which  a  given  total  strain  law  and  a  given  incre¬ 
mental  strain  law  will  give  identical  predictions.  The  two  laws  must  necessarily 
disagree  for  any  other  loading  program.  Hence  in  any  experimental  program 
which  aims  to  study  the  predictions  of  two  such  laws  it  is  important  to  determine 
the  coincident  loading  programs  and  conduct  tests  which  include  paths  other 
than  these.  Specific  examples  will  be  considered  in  the  next  section. 

3.  Integration  of  some  stress-strain  laws  for  proportional  loading.  As  an  ap¬ 
plication  of  the  preceding  discussion,  let  us  consider  the  integration  of  the  stress- 
strain  laws  given  by  Laning  and  Il}rushin  [3]  when  the  loading  paths  are  those 
of  proportional  loading.  The  general  law  given  by  Hodge  and  Prager  [7]  may  be 
treated  in  much  the  same  way;  the  method  used  depends  on  the  work  of  Handel- 
man,  Lin,  and  Prager  [8]. 

The  plastic  part  of  the  Laning  flow  law  for  work-hardening  materials  may 
be  written  as 


1  A  _  ^ 

4  \(7  Go/  J 1 


>  0 


Here  elf  is  the  plastic  part  of  the  strain  deviator,  is  the  stress  deviator,  /t  is 
the  second  invariant  of  «</ ,  (7  is  the  tangent  modulus  in  pure  shear,  and  the  dot 
represents  differentiation  with  respect  to  some  time-like  parameter  X  on  which 
the  loading  history  depends.  We  assume  that  elf  —  0  when  sn  >■  0. 

Let  the  loading  path  be  proportional: 

(3.2)  8if  “  ^<>X, 

where  the  i,>  are  functions  only  of  position.  Assume  that  0  is  independent  of  X. 
We  may  then  integrate  Eq.  (3.1).  We  have 

Jt  —  ^8if9if  “  ™  Ax 

(3.3) 

Ji  =  2AX. 


ivc  Go)a\*^'^^  2\(?  Go/*‘ 


Integrating,  we  obtain 


LOADING  PATHS  AND  THE  INCREMENTAL  STRAIN  LAW 


161 


The  resulting  total  strain  law  (3.4)  is  the  plastic  part  of  the  Nadai  deformation  - 
law. 

Added  in  proof,  llie  restriction  that  G  be  independent  of  X  is  unnecessary, 
for  if  it  were  not  we  could  still  write 

“  /(X)  Sif  which  could  be  integrated  in  the  form 
Cff  h(\)  The  latter  can  in  turn  be  written  as 

which  is  the  plastic  part  of  the  Nadai  deformation  law. 

The  incremental  strain  law  of  Ilyushin  can  be  integrated  to  obtain  his  total 
strain  law  imder  the  assumption  of  proportional  loading.  Again  the  dot  indicates 
differentiation  with  respect  to  some  time-like  parameter  X.  Here  J*  and  £4  are 
the  second  invariants  of  the  stress  and  strain  tensors,  respectively. 

The  incremental  law  may  be  written  as 

(3Ji)  s,y  "  »  M  “  y/ t  dX,  J 

the  total  strain  law,  in  the  form 

(3.6)  “  (/(V^)* 


To  have  the  two  laws  agree,  we  must  have  the  two  expressions  for  Jt  agree. 
If,  in  addition,  we  have  proportional  loading,  we  may  integrate  (3.5)  to  obtain 

(3.6) .  Let  Sij  io^(X),  iii  independent  of  X.  To  facilitate  computation,  let  us 
take  h(X)  of  the  form 

(3.7)  hi\)  -  exp  j j['  (mVmO  de}  • 

Then,  from  (3.5) 

and  integration  gives 


But 


hence 


(3B) 


*0  “  *0  exp 

hi\) 


[m 


+  Cii 


where  Ca  has  been  set  equal  to  zero  under  the  assumption  that  e<y  ~  0  when 
Si/  »  0.  Thus  (3.8)  and  (3.6)  agree. 
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It  can  be  shown  that  proportional  loading  is  a  necessary,  as  well  as  a  sufficient, 
condition  for  the  integration  of  (3.5)  to  obtain  (3.6).  Furthermore,  Ilyiishin 
gives  as  a  criterion  of  integrability  the  condition  that  his  ^‘tensor  of  similitude” 
ff  ~  must  be  independent  of  X:  dll/dX  »  0.  A  simple  calculation  shows 

that  the  latter  condition  is  true  if,  and  only  if,  the  loading  is  proportional. 

4.  Plastic  work  and  the  loading  function.  White  and  Drucker  [4]  have  raised 
the  following  question  which  is  closely  related  to  some  of  the  problems  con¬ 
sidered  in  previous  sections.  If  the  increment  of  plastic  work  dW"  is  defined 
for  the  incremental  strain  law  (2.2)  as 

(4.1)  dW*  -  cuG^-f-daui, 

aaij  a<Tia 

under  what  conditions  will  W"  be  independent  of  the  loading  path?  White  and 
Drucker  have  shown  that  if  the  loading  function  /  is  homogeneous  in  the  stresses 
and  if  G  is  a  function  of  /  alone,  such  will  be  the  case.  We  shall  discuss  the  most 
general  form  for  the  loading  function  if  W"  is  to  be  independent  of  the  path.  The 
latter  condition  is  of  importance,  for  instance,  in  the  recent  work  of  Y.  Yamamoto 
[9],  where  basic  minimum  principles  are  developed,  with  path  independence  of 
the  plastic  work  as  an  essential  feature  of  their  proof.  Hill  [10]  has  also  considered 
related  questions. 

We  note  that  this  requirement  is  equivalent  to  (4.1)  being  completely  in* 
tegrable.  This  implies  that  [5] 

-  J.  (r..  K 

dffpq  \  dcij  dauj  d<r«  \  d«r,y  dc,^/  ’ 

which,  after  some  simplification  based  on  the  continuity  of  the  derivatives  of  /, 
becomes 

K  £)  -  £/£  • 

Equation  (4.2)  has  the  solution  [6] 

(«)  #-»(/). 

where  g{f)  is  an  arbitrary  differentiable  function  of  /.  If  we  assume,  further, 
that  G  is  a  function  of  /  cmly,  then  Elq.  (4.3)  can  be  replaced  by 


where  h{f)  is  an  arbitrary  differentiable  function  of  /.  The  condition  that  /  be  a 
homogeneous  function  in  the  stresses  of  degree  n,  as  given  by  White  and  Drucker, 
is  a  particular  solution  of  Eq.  (4.4),  for  by  Euler’s  Theorem  we  have  in  this 
case 
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The  most  general  solution  of  Eq.  (4.4)  may  be  studied  by  the  usual  method 
solving  a  quasi-linear  non-homogeneous  first  order  partial  differential  equation. 
Let 

V  -  -  0 

be  some  relation  defining  /  implicitly  as  a  function  of  the  stresses.  Then 

0; 

OJ  OVij 

or,  if  it  is  assumed  that  dVfdf  ^  0, 

daij  ddij  df  ' 

Substituting  these  relations  in  Eq.  (4.4),  we  find 
(4.5)  -0. 


d<Tij  df  dffij 


dV  ,  ....  dV 

a/ 


To  this  we  adjoin  the  following  system  of  ordinary  differential  equations 
doii/au  -•••«■  donltrn  “  df/h{f), 


the  nine  independent  integral  curves  of  which  are  (<ru  ^  0) 


exp 


f  di/hii) 


kau , 


k  const. 


Vij  “  Cij  <rii , 


Cij  constants,  i  and  j  not  both  1. 


Hence  the  general  solution  of  Eq.  (4.5)  is  of  the  form 

r  -  7  (a«/<rii ,  ^  exp  [  f  df/A({)])  . 

where  7  is  an  arbitrary  function  possessing  the  necessary  differentiability 
properties.  Setting  7  »  0  and  solving  for  the  last  variable,  we  have 

—  exp  [/'  d{/A({)J  “  ♦(<»’<//au), 
or 

W)  -  exp  [/' d{/«|)]  -  .u*  .  •  •  •  , 


where  4  is  an  arbitrary  function  of  the  variables  indicated.  Hence  H(J)  \b  homoge¬ 
neous  of  degree  one  in  the  stresses.  If  H  has  an  inverse,  we  see  that 


Equation  (4.6)  then  states  that  the  plastic  work  will  be  independent  of  the  path 
if  the  loading  function  /  is  any  function  of  a  function  homogeneous  of  degree 
one  in  the  stresses,  provided  that  the  former  function  has  an  inverse  and  is  sufii- 
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ciently  differentiable.  We  see  that  the  White  and  Drucker  solution  is  a  special 
case  of  Eq.  (4.6)  since  any  homc^eneous  function  g  of  degree  n  may  be  written 
as 


9 


<Tiik 


(-■ 

\<ru 


The  present  solution  allows  loading  functions  which  are  themselves  non- 
homogeneous  in  the  stresses;  for  instance,  if  0  is  homc^neous  of  degree  one  in 
the  stresses,  then 


is  not  homogeneous  but  admits  of  a  path-independent  plastic  work  fimction. 


6.  Conclusion.  At  least  two  further  questions  connected  with  this  study  re¬ 
main  to  be  answered.  We  have  shown  that  a  given  incremental  strain  law  and  a 
given  total  strain  law  will  agree  exactly  only  for  certain  loading  programs.  In 
fact,  many  of  the  well  known  laws  agree  only  for  proportional  loading.  In  many 
practical  problems  of  stress  analysis,  it  is  a  convenient  mathematical  simplifica¬ 
tion  to  use  a  total  strain  law  rather  than  an  incremental  law.  The  question  that 
remains  then  is  to  see  if  it  is  possible  to  obtain  estimates  of  the  error  conunitted 
when  a  total  strain  law  is  used  in  place  of  an  incremental  law  for  a  loading  history 
diuing  which  the  two  laws  do  not  coincide. 

Secondly,  we  have  given  a  general  criterion  on  the  loading  function,  Eq.  (4.6), 
which  insures  that  the  plastic  work  will  be  independent  of  the  loading  path.  It 
remains  to  be  seen  whether  loading  functions  can  be  constructed  which  will  be 
otherwise  physically  reasonable  and  still  conform  to  this  criterion. 
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THE  OPERATIONAL  CALCULUS  OF  LEGENDRE  TRANSFORMS* 
By  R.  V.  Chxjbchill 

1.  Introduction.  The  sequence  of  numbers  f(n)  defined  by  the  equation 

(1)  /(n)  -  £  F(x)Pn(x)  dx  n  -  0, 1, 2,  . .  • 

where  P«(x)  denotes  the  L^endre  pol3momial  of  degree  n,  is  the  L^ndre  trans¬ 
form  of  the  function  F{x).  The  integral  transformation  here  will  be  represented 
by  the  s3rmbol  T{F(x)}.  For  functions  F{x)  satisfying  well-known  conditions 
on  the  interval  —  1  ^  x  ^  1  the  inverse  of  this  transformation  is  represented  by 
the  expansion  of  F(x)  in  series  of  the  Legendre  pol3momials, 

(2)  F(x)  -  T,'—  (»  +  i)/(n)P.(i)  -  r-(/(n)|  (-1  <  I  <  1). 

Let  i2[F]  denote  the  differential  form 

(3)  B(F(a;)l -1[(1 

When  the  integral  T{i2[F]}  is  integrated  successively  by  parts  and 
— n(n  -t-  l)Pii(x)  is  substituted  for  /2[P,(x)]  in  accordance  with  Legendre’s 
differential  equation,  the  following  result  is  easily  obtained. 

Theorem  1:  Let  P(x)  denote  a  function  that  satisfies  these  conditions:  F'(x) 
«  is  continuous  and  P*(x)  is  bounded  and  integrable  ovst  each  interval  interior  to 
the  interval  —1  <  x  <  1;  7’.{P(x)}  exists  and 

lim<_^i  (1  —  x*)P(x)  —  lim,_j.i  (1  —  x*)P'(x)  —  0. 

Then  7’{P[P(x)]}  exists  and 

(4)  T{R[Fix)]\  -  -n(n  -|-  l)/(n)  (n  -  0,  1.  2,  •  •  •  ). 

# 

Formula  (4)  represents  the  basic  operational  property  of  the  Legendre  trans¬ 
formation  T  under  which  the  differential  operation  P[P]  defined  by  equation 
(3)  is  replaced  by  the  algebraic  operation  — n(n  -f  l)/(n). 

The  established  forms  of  operational  calculus  for  solving  problems  in  differ¬ 
ential  equations  are  based  on  integral  transformations  of  Fourier  type,  trans¬ 
formations  whose  kernels  are  exponential  functions  or  linear  combinations  of 
such  functions.  These  transformations  consist  of  the  various  Laplace  and  Fourier 
integral  transformations.  Transforms  of  the  other  types,  including  Legendre 
transforms  [1],  have  been  recognized  as  bases  for  other  forms  of  operational 
calculus  [2,  3,  4],  but  to  date  the  operational  methods  have  not  been  developed 
beyond  the  stage  of  applying  the  basic  operational  property  corresponding  to 
formula  (4)  and  the  application  of  the  inverse  transformation.  The  type  of 

*  Sponsored  by  the  Office  of  Ordnance  Research,  U.  S.  Army,  under  Contract  DA-20-018- 
ORD-12916. 
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boundary  value  problem  that  can  be  reduced  by  an  integral  transformation  is  of 
course  governed  by  the  kernel  and  the  interval  of  integration  [5]. 

A  convolution  property,  one  that  gives  directly  the  image  of  the  operation 
of  taking  the  product  of  the  transforms  of  two  functions,  is  now  known  for 
Legendre  transforms  [6].  Additional  operational  properties  will  be  noted  here  and 
a  short  table  of  L^endre  transforms  will  be  developed.  The  operational  calculus 
will  then  be  illustrated  by  applying  it  to  some  classical  boundary  value  problems 
in  partial  differential  equations. 

The  application  to  the  third  boundary  value  problem  for  the  potential  inside 
a  sphere  leads  to  a  simple  expression  for  the  solution  of  that  problem  in  terms  of 
the  solution  of  a  corresponding  Dirichlet  problem.  This  formula,  together  with 
the  accompanying  extension  of  the  Poisson  integral  formula  to  the  problem  of 
the  third  kind,  should  be  known;  but  a  search  of  the  literature  and  inquiry 
among  colleagues  has  not  yet  revealed  these  formulas. 

2.  Operational  properties.  If  each  of  the  functions  /2[F(x)]  and  F(x)  satisfy 
the  sufficient  conditions  stated  for  the  validity  of  formula  (4)  then  the  transform 
of  the  iterated  differential  form  i2[£[F]]  can  be  written  at  once  as 

(6)  r{i2*[F(*)]}  -  n*(n  +  l)V(n). 

Similarly  for  iterations  of  higher  order. 

The  substitution  of  (n  +  i)*  —  M  for  n(n  +  1)  in  formula  (4)  leads  to  this 
modification  of  that  operational  property: 

(6)  (n  +  i)V(n)  -  TW^Fix)  -  fl(nx)]). 

It  should  be  noted  that  under  the  substitution  x  —  cos  0(0  ^  0  ^  r)  our 
transformation 

r{F(co8  0) }  f  F(coe  0)P,(co8  0)  sin  0  cW  —  /(n) 

Jo 

ransforms  the  differential  form 

(7)  BlFCcoe  e)l  -  I  [sin  » I  f  (c«  *)] 

nto  — n(n  +  l)/(n),  according  to  formula  (4). 

Consider  now  the  transform  of  the  function  where  R~^  is  the  inverse 

iof  the  differential  operator  R.  Let  y(x)  denote  the  fimction  then 

ty(x)  is  a  solution  of  the  differential  equation 

(8)  Rir(x)]  -  F(x). 

Suppose  that  F(x)  is  a  function  of  bounded  variation  on  each  interval 
I X  I  ^  I  xi  I  <  1,  and  that 

j  Fix)  dx  —  0; 


(9) 
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that  is,  /(O)  —  0.  The  first  integral  of  equation  (8), 

(1  -  x*)r(x)  -  I’ F(0  * 

is  then  a  continuous  function  of  x(|  x  |  ^  1)  with  limit  zero  as  x  — »  d=l.  The 
second  integral 

(10)  r(x)  =  £  Fm  d«  +  C  -  i2-*[F], 

where  C  is  an  arbitrary  constant,  is  continuous  when  |  x  |  <  1  and  it  is  easy  to 
show  that  (1  —  x*)F(x)  vanishes  as  x  — >  ±1;  in  fact  [  y(x)  |  is  of  the  order  of 
(1  —  x*)"^  for  each  positive  constant  1;  <  1  as  x  — ►  ±1  and  hence  T{  Y\  exists. 
According  to  Theorem  1  and  equation  (8)  then 

T{R[Y]]  -  -n(n  +  l)r{r}  » /(n); 

thus 

(11)  riB-’WI  -  -  (n  -  1. 2.  . •  ■ 

The  value  of  the  transform  of  at  n  «■  0  depends  on  the  value  assigned 

to  the  constant  C;  if  F(x)  is  an  odd  fimction  the  value  is  easily  shown  to  be  2C. 
The  operational  property  concerning  R~^  can  be  stated  as  follows. 

Theorem  2:  Let  F(x)  denote  a  function  of  bounded  variation  in  each  sub¬ 
interval  of  the  interval  —  1  <  x  <  1  and  let  /(O)  —  0.  Then  /(n)  exists  and  for 
each  constant  C, 

r. 

(n  -  1,2,  ). 

The  convolution  property  can  be  stated  as  follows  [6]. 

Theorem  3:  Let  F(x)  and  0(x)  denote  bounded  integrable  fimctions  on  the 
interval  —  1  ^  x  ^  1.  Then  the  product /(n)g(n)  of  their  Legendre  transforms  is 
the  transform  of  the  function  H(x) ;  that  is, 

(13)  T-^{fin)gin)]  -  Hix) 
where  Hix)  is  described  by  any  one  of  these  formulas: 

(14)  Hicoa  0)  —  1/t  j  Ficoa  S')  sin  O'  j  Gicoa  \)  dd' 
where 


cos  X  “  cos  6  cos  (J'  -f  sin  sin  ^  cos 


ff  (cos  0) 


F[sin  ^  sin  Os  —  |^)j6[sin  ^  sin  OS  -|-  §^)]  d0  d4\ 


(15) 
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Mix) 

(IG) 

=  l/x  J  F(y)G(z)(l  -  X*  -  y*  —  2*  +  2xyz)~^'*  dy  dz 

where,  for  each  fixed  x(— 1  <  x  <  1),  is  the  region  interior  to  the  ellipse 
y*  +  2*  —  2xy2  *=  1  —  X*. 

Formula  (14)  has  a  geometrical  interpretation.  Let  (r,  4t,  8)  denote  spherical 
polar  coordinates.  If  P  denotes  any  point  (1,  0,  0)  on  the  boundary  of  a  hemi¬ 
spherical  surface  of  unit  radius  and  P'  any  point  (1,  O')  on  that  surface,  then 

according  to  the  cosine  law  for  spherical  triangles  X  is  the  arc  PP'  of  a  great 
circle.  If  S  denotes  the  hemisphere  r«>  1,  then  formula 

(14)  can  be  written 

(17)  H{co6  6)  =*  1/t  j  j  F(co8  0')O(coa  X)  dS; 

thus,  H{cob  0)  is  twice  the  mean  value  of  F(co8  0')G{cos  X)  over  the  hemisphere. 
For  —  0  and  —  x  formula  (14)  reduces  to 

(18)  ^(1)  -  £  FiDGit)  dt,  m-l)  =  Fit)Gi-t)  dt, 

respectively.  In  view  of  formula  (2)  and  the  fact  that  P,(l)  =  1  the  first  of 
equations  (18)  is  seen  to  be  the  Parseval  relation  for  the  orthogonal  set  of  func¬ 
tions  P«(x). 

Theorem  4:  If  ^{^(x)}  and  T[G{x)\  exist  then 

(19)  7’{CiF(x)  +  C/?(x)}  -  Ci/(n)  +  C,y(n), 
where  Ci  and  Ct  are  constants;  also 

(20)  T{Fi-x)]  »  (-l)7(n). 

These  are  obvious  properties  of  the  transformation  since  T  is  clearly  linear 
and  since  P„(— x)  =«  (— l)"P,(x).  When  G{x)  «  1  then  yfn)  =>  0  (n  =«  1, 2,  •  •  •  ) 
and  y(0)  »  2;  according  to  equation  (19)  then,  if  C  is  a  constant, 

T[F{x)  +  Cj  =»  /(n)  when  n  *  1,  2,  •  •  •  , 

“  /(O)  +  2C  when  n  «»  0. 

The  images  under  T  of  the  operations  of  differentiation  and  indefinite  integra¬ 
tion  involve  finite  differences.  Let  P(x)  be  a  sectionally  continuous  function  on 
the  interval  —  1  ^  x  ^  1  and  let  Gix)  denote  the  continuous  function 

G(x)  -  I’  Fit)  dt. 

fin)  =  /*G'(x)  Pnix)  dx  =  Gil)  -  £g(x)P;(x)  dx 


Then 
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and  it  follows  from  a  differential  recurrence  relation  for  P«(x)  that 
/(n  -  1)  -  fin  +  1)  -  f '  (?(x)[PUi(x)  -  PLi(x)]  dx 

(21) 

=  (2n  +  l)fir(n)  (n  =»  1,  2,  •  •  •  ); 

also,/(0)  =  G(l)  and  since  Pi(x)  »  x,/(l)  =  G(l)  —  giO)  so  that 

/(O)  -  /(I)  -  giO). 

The  solution  of  the  difference  equation  (21)  for  g(n)  and  /(n)  in  turn  leads  to 
these  conclusions: 

Theorem  5:  If  P(x)  is  sectionally  continous  then 

(22)  T  Fit)  dij  -  ~  ^ 

where,  for  n  =  0,  /(n  —  1)  is  to  be  replaced  by  /(O).  If  G(x)  is  continuous  and 
G'ix)  sectionally  continuous  and  if  G(— 1)  =  0  then 

T{G'ix)]  -  Gil)  -  (2n  -  l)gin  -  1)  -  (2n  -  5)g(n  -  3) - giO) 

(n  -  1,  3,  •  •  •  ), 

(23)  -  (?(!)  -  (2n  -  l)^(n  -  1)  -  (2n  -  5)g(n  -  3) 

- 3y(l)  (n-2,4,  ...). 

-  Gil)  in  -  0). 

Other  recurrence  formulas  for  P»(x)  lead  to  operational  properties  of  the 
transforms,  but  none  seem  simple  or  promising. 

3.  Transforms  of  particular  functions.  A  short  table  of  Legendre  transforms  is 
presented  here.  Some  methods  of  computing  transforms  in  the  table  will  now  be 
indicated. 

It  follows  at  once  from  the  orth(^onality  properties  of  the  Legendre  poly¬ 
nomials  that  when  P(x)  =  P*(x)(m  *•  0,  1,  2,  •  •  •  )  then 

fin)  -  0(n  9^  m),  fim)  =«  l/(m  -|-  i). 

From  the  well-known  representation  of  the  function  (?(x)  x"  in  a  finite 
series  of  Legendre  polynomials  of  degree  m  and  lower  it  follows  that  gin)  **  0 
when  n  >  m.  The  formula  for  gin)  when  n  ^  m  is  not  simple  (cf.  [7]).  If  P(x) 
is  any  i>olynomial  of  degree  m  then  fin)  —  0  when  n  >  m. 

The  function  P(x)  =  log  (1  —  x)  satisfies  the  condition  P[P]  =  —  1,  where  R 
is  the  differential  operator  involved  in  Theorem  1.  But  F'ix)  does  not  satisfy 
the  limit  condition  at  x  ~  1  in  that  theorem.  Integration  by  parts,  however, 
gives  the  equation 

“  -d  +  a:)P,(x)  |ii  -(1  -  X*)  log  (1  -  x)P;(x)  |i,  -n(n  +  l)/(n); 

that  is, 

r{-lj  =  -2 -n(n  +  l)/(n)  -  0  (n-1,2,  .••). 


az  +  (1  —  2ax  +  o*)*” 
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Direct  integration  gives  /(O)  2  log  2  —  2;  hence 

■  niog  (1  -  x))  -  -2/n(n  +1)  (n  >  0), 

-  2  log  2  -  2  (n  -  0). 

The  transform  of  log  (1  +  x)  follows  from  Theorem  4. 

From  the  uniformly  convergent  expansion  of  the  generating  function 

(1  -  2te  +  <*)-«  -  ZiU  CP.ix)  (I  <  I  <  1) 

it  follows  that 

(24)  £  (1  -  2te  +  t*)-^Pnix)  dx  »  r/(n  +h)  -  (I  <  I  <  1). 

When  <  >  0  the  int^^rand  here  is  a  continuous  functicm  of  t  and  x  except  at 
X  =  i  I  and  it  is  dominated  by  the  function  (1  —  x*)~*.  Hence  the  integral 
is  uniformly  convergent  with  respect  to  (  up  to  t  »  1  and  it  represents  a  con¬ 
tinuous  fimction  of  t  there.  Thus  the  transformation  is  valid  when  <  1 ;  that  is, 

r((l  -  i)-*!  -  V2/(n  +  i). 

The  transfonn  of  (1  +  x)~*  follows  from  Theorem  4. 

Differentiation  of  both  members  of  equation  (24)  with  respect  to  the  parameter 
{ followed  by  multiplication  by  t  leads  to  the  equation 


ir|(l  -2tx  +  t')-*'\2tx  -  2f*)}  -  n/7(n  +  i)  (|  <  |  <  1). 


Since  2te  —  2i*  -  —  (1  —  2te  +  <*)  +  1  —  <*  it  follows  with  the  aid  of  formula 
(24)  that 


(25)  rid  -  2te  +  <*)“*'*)  -  2<7(1  -  <*)  (I  <  I  <  1). 

A  continuation  of  the  process  leads  to  a  slightly  involved  expression  for 
when  1 1 1  <  1. 

The  transformation 


r  log 


o  —  X  +  (1  —  2ax  + 


1  —  X 


(n  +  i)(n  +  1) 


(|a|  ^  1) 


can  be  verified  by  integrating  both  members  of  equation  (24)  with  respect  to  t. 
From  the  partial  fractions  expansion  of  the  coefficient  of  here  and  from 
formula  (24)  with  t  a(|  a  |  ^  1)  it  follows  that 

o  -  X  +  (1  -  2ax  +  o*)*l 


2a 


-  log 


2ax  +  <»*)* 

From  equation  (24)  it  follows  that 


1  —  X 


2a"'*'* 

7“n-H 


(|a|^l). 


£  [r‘(l  -2tx  +  «*)-*  -  r‘JP,(x)  dx  -  r-‘/(n  -l-  §)  (n  -  l,  2,  •  • .) 

(n  -  0), 


0 
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and  the  integration  of  this  equation  with  respect  to  t  leads  to  the  transformation 


'|-log  - 


—  ox  +  (1  —  2ax  + 


n(n  +  i) 


(n  -  1,2,  •••  ;|a|  g  1) 


=  0  (n  -  0;  I  o  I  ^  1). 

From  the  representation  of  the  coefficient  of  a”  here  in  partial  fractions  the  inverse 
transform  of  a"/n  follows  with  the  aid  of  formula  (24). 

Transform  No.  10  in  the  table  can  be  found  by  multiplying  equation  (24) 
by  and  integrating  with  respect  to  t.  Transforms  of  step  functions,  illustrated 
by  No.  11  in  the  table,  are  easily  written  with  the  aid  of  a  well-known  integration 
formula  for  Pnix).  Combinations  and  special  cases  of  the  transforms  in  the  table, 
as  well  as  applications  of  the  operational  properties  of  the  preceding  sections, 
lead  to  a  considerable  extension  of  the  list  of  transforms. 


4.  Applications.  Dirichlet  problem  for  sphere.  Let  F(r,  cos  0)  denote  the  po¬ 
tential  function  interior  to  the  unit  sphere  when  the  potential  on  the  surface 
r  »  1  is  a  prescribed  function  F(coe  0)  of  the  spherical  coordinate  0  only 
(0^0^  x).  The  interior  is  free  from  sources  so  that  V  satisfies  Laplace’s 
equation 

VV  -  I  {rV)„  +  (sin  0Vt),  -  0 

r  r*  sm 

when  r  <  1.  If  x  cos  0  this  equation  can  be  written 

(26)  r(r  ¥)„  +  [(1  -  x*)V,l  -  0  (r  <  1). 

The  fimction  V  is  also  bounded  in  the  region  and  satisfies  the  boundary 
condition 

(27)  F(l,x)-F(x)  (-l^xgl). 

To  solve  this  boundary  value  problem  formally  by  means  of  the  operational 
calculus  developed  in  the  foregoing  sections  the  problem  is  written  in  terms  of 
the  transforms 

vir,  n)  =  ^^(r,  x)),/(n)  -  T{F(x)]  (n  -  0,  1,  2,  •  •  •  ) 

t 

with  respect  to  the  variable  x.  Let  the  operator  T  be  applied  to  the  members 
of  equation  (26)  and  (27)  and  let  the  order  of  differentiating  V  with  respect 
to  r  and  then  integrating  with  respect  to  x  be  reversed.  In  view  of  the  basic 
operational  property  (Theorem  1)  it  follows  that  v(r,  n)  satisfies  the  conditions 

r  d^{rv)/dr*  —  n(n  +  l)i>  ■»  0,  «(!,  n)  ■«  /(n), 

and  v(r,  n)  is  bounded  when  0  ^  r  ^  1. 

The  solution  of  the  simple  problem  in  v  here  is 

v(r,  n)  -  /(n)r’* 

and  the  inversion  formula  (2)  can  be  used  to  represent  V(r,  x)  by  an  infinite 
series  in  the  functions  r"Pa(x),  the  form  of  the  solution  that  would  be  obtained 
by  separating  variables  in  the  boundary  value  problem  (26),  (27).  The  function 
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V(r,  x)  can  be  written  in  closed  form,  however,  with  the  aid  of  the  convolution 
property  (Theorem  3)  and  the  inverse  transform  of  r”  (No.  4  of  the  table). 
According  to  formula  (14)  for  the  inverse  transform  of  the  product  of  two 
transforms  the  inverse  transform  of  v(r,  n)  is 

V(r,  cos  9)  ■»  ^  f  F(cob  ^)  sin  f  (1  +  r*  —  2r  cos  X)“*^*  dff' 

(28)  2r  Jo  Jo 

(r  <  1), 

where 

cos  X  “  cos  cos  I?'  +  sin  sin  ^  cos 

This  is  the  well-known  Poisson  int^ptd  formula  for  the  potential  inside  a 
sphere  in  this  special  case  in  which  the  potential  is  a  function  of  r  and  B  only. 

When  F(x)  is  a  linear  combination  of  any  of  the  functions  listed  among  the 
first  nine  items  of  the  table,  then  /(n)r*  can  be  written  as  a  linear  combination 
of  the  transforms  listed  in  the  table  and  the  fimction  Y  can  be  written  in  a  simple 
form  free  from  integrals. 

In  the  corresponding  problem  for  the  potential  W(r,  coed)  in  the  region 
exterior  to  the  sphere  r  »  1,  the  solution  the  transformed  problem  is 

w(r,  n)  -  (l/r)/(n)(l/r*)  (r  ^  1). 

Hence 

(29)  W(r,  cos  fl)  —  (l/r)7(l/r,  cos  B) 

where  V  denotes  the  above  potential  function  for  the  interior  r^on.  The 
Poisson  integral  formula  for  the  potential  W  follows  at  once  from  formulas 
0  (29)  and  (28). 

When  the  potential  is  not  independent  of  the  spherical  coordinate  ^  the 
Laplacian  involves  a  differential  operator  with  respect  to  cos  B{x  »  cos  B)  that 
is  more  involved  than  the  operator  R  of  equation  (3)  and  the  transformation  T 
does  not  eliminate  derivatives  with  respect  to  x  from  the  Laplacian. 

6.  Neumann  problem  for  sphere.  Let  U{r,  cos  B)  denote  the  potential  in  the 
region  interior  to  the  sphere  r  *  1  when  the  normal  derivative  is  a  prescribed 
function  F(coe  B),  so  that 

(30)  V‘t7  -  0  (r  <  1),  17,(1,  x)  -  F(x), 

where  x  »  cos  B,  and  U  is  bounded  when  0  ^  r  ^  1.  Then  u(r,  n),  the  transform 
of  (7(r,  x),  is  bounded  and  formally  satisfies  the  conditions 

rfru)"  -  n(n  -|-  l)ti  -  0,  m'(1,  n)  =«  /(n)  (n  -  0,  1,  2,  •  •  •  ) 

where  the  primes  denote  differentiation  with  respect  to  r. 

When  n  s  0  the  bounded  solution  of  the  differential  equation  here  is 
u(r,  0)  =  C,  where  C  is  a  constant.  Hence  /(O)  **  0  if  the  boundary  condition 
is  to  be  satisfied;  thus 


F{coe  0)  sin  =■  0; 
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that  is,  the  mean  value  of  F(cob  $)  over  the  surface  is  sero,  a  well-known  neces¬ 
sary  condition  for  the  solution  of  the  Neumann  problem. 

The  transformed  problem  has  the  solution 

(31)  u(r,  n)  -  /(n)rVn  (n  -  1,  2,  •  •  •  ) 

■■  C  (n  =  0) 

where  C  is  an  arbitrary  constant.  Thus  the  potential  U(r,  x)  is  determined  up 
to  an  additive  constant.  It  can  be  expressed  in  a  series  of  the  functions  r'*P,(z) 
with  the  aid  of  the  inversion  formula  (2);  but  it  can  be  written  in  the  closed 
form 


(32) 

where 


Uir,  cos  (?)  ^  /  F(coe  O')  sin  O'  { (1  -f  r*  —  2r  cos  X)“* 

—  ^  log  (1  —  r  cos  X  -h  (1  -f  r*  —  2r  cos  X)*] }  cW'  -f  C, 

cos  X  ■=  cos  0  cos  -f  sin  9  sin  ^  cos 


with  the  aid  of  the  convolution  formula  (14)  and  transform  No.  5  in  the  table. 

Let  Q  denote  any  point  (1,  O')  on  the  hemisphere  5,  r  —  1,  0  ^  ^  t, 

0  ^  O'  ^  r,  and  let  P  denote  any  point  (r,  0,  0)  of  the  region  bounded  by  the 
boundary  circle  of  S.  Then  the  above  variable  X  represents  the  angle  between 
the  radii  through  P  and  Q  and  the  length  of  the  line  s^ment  PQ  is 

p  “  (1  -f  r*  —  2r  cos  X)*. 

With  the  aid  of  formula  (17)  for  the  convolution,  an  alternate  form  of  equation 

(32)  now  can  be  written  as 

(33)  U(r,  ^  /jf  ^(cos  ^)[(2/p)  —log  (1  p  —  r  cos  X))  dS  -f-  C. 

This  is  a  known  form  [8]  of  the  Poisson  integral  solution  of  the  Neumann  problem 
for  the  sphere. 

From  equation  (31)  it  follows  that 

/  ru'(r,  n)  -  /(n)r"  -  v{r,  n)  (n  -  1,  2,  •  •  •  ), 

where  v(r,  n)  is  the  transform  of  the  Dirichlet  problem  (26),  (27),  with  the  same 
function  F(x)  there  as  here.  Thus 

u(r,  n)  -  f  viP,  n)  dF/r'  (n  -  1,  2,  •  •  •  ), 

Jo 

-  C  (n  -  0) 

and  the  inverse  transformation  gives  the  expression 

(34)  Uir,  cos  fl)  “  f  V(F,  cos  0)dr'/r'  -f  C 

Jo 

—  J  V(rt,  cos  0)  dt/t  -|-  C 
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for  the  solution  of  the  Neumann  problem  (30)  in  terms  of  the  solution  of  the 
Dirichlet  problem  (26),  (27).  This  relationship  between  the  solutions  can  be 
verified  directly  and  it  i$  not  neceaoary  to  assume  that  the  ‘potential  functions  and 
the  function  F  are  independent  of  the  coordinate 

6.  Problem  of  third  type  for  sphere.  Now  let  U (r,  cos  0)  represent  the  bounded 
potential  function  for  the  region  interior  to  the  sphere  r  »  1  satisfying  the 
mixed  type  of  boundary  condition  at  the  surface.  Specifically, 

(35)  V*!/  -  0  (r  <  1),  [/r(l,  x)-h(k  +  x)  -  F(x) 

where  x  *  cos  0  and  A:  +  1  is  a  positive  constant.  The  function  [/  can  be  inter¬ 
preted  as  the  steady-state  temperatures  at  points  in  a  solid  sphere  which  is 
subjected  to  linear  heat  transfer  at  its  surface  into  surroundings  whose  tem¬ 
perature  is  proportional  to  f  (cos  0). 

The  transform  u(r,  n)  of  U(r,  x)  is  the  bounded  function  that  satisfies  the 
conditions 

r{ruy  —  n(n  +  l)u  -  0,  ti'(l,  n)  -f  (fc  +  l)w(l,  n)  »  fin); 

hence 

(36)  M(r,  n)  -  /(n)rV(n  +  A:  +  1)  (0  ^  r  g  1,  A:  >  -1). 

It  follows  that 

-  f(n)r'  -  v(r,  n), 

where  e(r,  n)  is  the  transform  of  the  solution  V(r,  x)  of  the  Dirichlet  problem 
,  (26),  (27) ;  therefore 

uir,  n)  j  v(s,  n)(«/r)*  ds/r  =■  J  v(rt,  n)<*  dt. 

The  inverse  transformation  then  gives  the  formula 

(37)  U(r,  cos  0)  »  f  V(rt,  cos  9)  f  dt 

Jo 

for  the  solution  of  problem  (35)  of  the  third  type  in  terms  of  the  solution  of 
the  Dirichlet  problem  (26),  (27)  with  the  same  function  Fix). 

A  generalization  of  formula  (37)  can  be  verified  easily.  Let  the  above  func¬ 
tions  U,  V  and  F  be  replaced  here  by  I/(r,  0),  V(r,  0,  0)  and  F(0,  0).  For  the 

sake  of  simplicity  assume  that  F  is  a  continuous  fimction  of  its  two  variables. 

Theorem  6:  The  potential  function  C7(r,  0)  of  the  third  boundary  value 

problem  for  the  sphere, 

(38)  -  0  (r  <  1),  £7,(1,  0)  +  (A:  -1-  1)£/(1,  0)  -  Fi<t>,  0) 

where  A;  >  —  1  and  constant  and  the  function  F  is  continuous,  is  given  in  terms 
of  the  solution  V(r,  0)  of  the  Dirichlet  problem 

V*F  -  0  (r  <  1),  F(1,^,0)  -  F(0,0) 


(39) 
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by  the  formula 

(40)  U{r, «, «)  -  j[  *  V{rt,  OX*  di. 

The  verification  that  the  function  U  given  by  formula  (40)  is  harmonic  in  the 
region  r  <  1  when  V  is  harmonic  there  is  straightforward.  To  show  that  the 
functiim  U  satisfies  the  boundary  condition  in  problem  (38)  let  rf  —  «  and  note 
that 

rUrix,  e)  -  jJ*  F.(«,  O)^*'"'  rdl  -  y/(«,  OX*'"*  dt 


when  r  <  1.  Hence 

rf/,(r,  0,  0)  +  (fc  +  l)C/(r,  0) 

“  j[*  e)  +  (k  +  l)f*F(«,  4>,  0)1  dt  -  V(r,  <!>,  e){r  <  1). 


(41) 


It  is  known  that  the  function  V  is  continuous  in  the  region  r  ^  1  and  it  follows 
from  formula  (40)  that  U  is  continuous  there.  According  to  equation  (41)  then 
rUr  is  also  continuous  there.  When  r  «  1  equation  (41)  reduces  to  the  boundary 
condition  in  problem  (38). 

A  Poisson  integral  formula  for  the  solution  of  the  third  boundary  value 
problem  (38)  follows  at  once  by  substituting  the  known  Poisson  intend  that 
represents  the  solution  V  of  the  Dirichlet  problem  into  formula  (40).  Other 
forms  of  the  Poisson  integral  formula  for  the  special  case  (35)  in  which  U  is 
independent  of  ^  can  be  found  from  the  formula  (36)  for  u{r,  n)  with  the  aid  of 
the  convolution  property.  For  the  inverse  transform  of  r"(n  +  k  +  1)”*  can  be 
found  either  from  transforms  No.  10  and  No.  6  in  the  table  or  by  integrating 
the  transformation  No.  4  after  multiplying  by  a*. 

The  relation  (40)  between  the  solutions  (tf  the  two  types  of  problems  for  the 
sphere  is  so  simple  that  it  should  be  known.  Neither  that  relation  nor  a  Poisson 
integral  formula  for  the  problem  of  the  third  kind  for  the  sphere  nor  the  corre¬ 
sponding  results  in  logarithmic  potential  for  the  circle,  which  follow  similarly 
from  finite  Fourier  transformations,  have  been  found  yet  in  the  literature. 

If  F(r,  cos  6)  denotes  the  potential  in  the  exterior  region  r  >  1  for  the  third 
problem 

(42)  V*r  -  0  (r  >  1),  Yril,  x)  -  kYU,  x)  -  -F(x) 

where  k  >  0  here  and  constant  and  x  cos  0,  the  transform  of  F  is  easily  found 
to  be 

y(r,  n)  -  (l/r)/(n)r"7(n  +  k  +  1)  -  (l/r)M((l/r),  n)  (r  ^  1) 

where  u(r,  n)  is  the  transform  (36)  of  the  solution  of  the  third  problem  (35)  for 
the  interior  of  the  sphere.  Hence 

(43)  F(r,  cos  0)  -  (l/r)C7(l/r,  cos  0) 


(r  >  1). 
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Moreover,  the  procedure  used  to  arrive  at  formula  (37)  is  easily  applied  to 
the  above  formula  for  y(r,  n)  to  arrive  at  the  formula 

(44)  F(r,  cos  ^  W{rt,  cos  dt 

where  Wir,  cos  6)  is  the  potential  (29)  in  the  Dirichlet  problem  for  the  exterior 
r^on, 

V*W  —  0  (r  >  1),  cos  9)  —  F(coe  d). 

The  verification  of  formulas  (43)  and  (44)  shows  that  the  potentials  and  the 
function  F  involved  need  not  be  independent  of  the  cooridnate 


7.  Distributed  sources  in  sphere.  As  a  final  illustrative  application  of  the 
transforms  consider  the  problem 

(45)  V‘r(r,  x)  -  F{t,  x)  (r  <  1),  7(1,  x)  -  0 

where  x  »  cos  9.  The  transformed  problem  is 

rV(r,  n)  +  2rv'(r,  n)  -  n(n  +  l)i>(r,  n)  -  r*/(r,  n),  »(1,  n)  -  0. 

Its  solution  can  be  written  by  elementary  methods  in  the  form 

“  /.  2m  ~  U  2m  * 


(46) 


According  to  transform  No.  6  in  the  table, 

T{Gia,  X)}  -  o7(2n  +  1) 

where  ' 

G(a,  x)  -  (1/2)(1  +  a*  -  2ax)“*. 


(|a|  ^  1) 


If  H(a,  «,  x)  denotes  the  convolution  (Theorem  3)  of  the  two  functions  G(a,  x) 
and  F(s,  x)  as  functions  of  x  the  formal  inverse  transformation  of  the  members 
of  equation  (46)  gives  the  formula 

7(r,  x)  -  J  Hirs,  s,  x)«*  ds  —  ~  H  9,  ^  8*  ds  —  H  (^,  s,  8  ds 
for  the  solution  of  problem  (45). 
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ASYMPTOTIC  PROPERTIES  OF  BESSEL  FUNCTIONS  AND  THE 
RADIATION  FROM  A  SYNCHROTRON 

By  David  Park 


L  The  radiation.  The  emission  of  electromagnetic  radiation  by  an  electron 
moving  in  a  circular  path  (due  to  the  action  of  a  magnetic  field)  has  received  a 
careful  mathematical  discussion/'*  and  it  has  been  shown  that  if  the  angular 
frequency  of  the  electron  in  its  orbit,  uo ,  is  taken  as  the  fundamental,  the 
total  power  radiated  in  the  harmonic  of  this  frequency  is 

(1)  P.  -=  n«o^  [2^yu(2n|8)  -  (1  -  d*)  mix)  dx] 

where  e  is  the  electron’s  charge,  R  is  the  radius  of  its  orbit,  and  is  its  velocity 
expressed  as  a  fraction  of  the  speed  of  light.  Schwinger  has  investigated  the 
asymptotic  behavior  of  this  formula  as  n  becomes  very  large  and  approaches 
unity.  It  follows  quite  simply  from  the  as3rmptotic  properties  of  Bessel  func¬ 
tions  that  for  n  large,  but  still  smaller  than  a  critical  n«  in  the  neighborhood  of 
(1  —  /3*)“*^*,  Pn  increases  with  n  according  to 

oW«  1 

(2)  — 

T  K 


and  that  for  larger  n  it  drops  sharply  to  small  values.  A  remarkable  feature  of 
this  result  is  that  for  existing  high-energy  accelerators  n,  approaches  10*,  and 
some  of  the  radiation  is  visible  to  the  eye.* 

For  values  of  n  on  both  sides  of  n« ,  Schwinger  has  given  the  approximation, 
related  to  Nicholson’s  formulas,*  that 

oi/i  *1  «  r*® 

~  i;  "•  s 


where  K  is  the  Bessel  function  as  defined  by  Watson  and  n,  =  %(1 
The  integral  has  been  evaluated  numerically*  and  the  result  found  to  agree 
well  witii  experiment.  The  mathematical  procedure  has  two  disadvantages, 
however:  that  the  accuracy  of  approximations  of  this  kind  is  unknown,  and 
that  an  infinite  numerical  integration  is  required. 

The  purpose  of  this  paper  is  to  investigate  the  behavior  of  the  function  J,ix)  • 
in  the  critical  region  of  x  in  the  neighborhood  of  v  when  y  is  large,  and  to  use 
the  resulting  formulas  in  order  to  evaluate  (1)  with  an  accuracy  which  can  be 
estimated  and  in  a  form  suitable  for  computation. 

*  G.  A.  Schott,  Phil.  Mag.  (6)  18,  189  (1907);  Electromagnetic  Radiation  (Cambridge 
Univenity  Press,  Cambridge,  1912). 

*  J.  Schwinger,  Phyt.  Rev.  76,  1912  (1949). 

*  Eider,  Gurewitsch,  Langmuir,  and  Pollock,  Phya.  Rev.  71,  829  (1947). 

*  G.  N.  Watson,  Beaael  Functiona  (Cambridge  University  Press,  Cambridge,  Second 
Edition,  1944). 

'  Elder,  Lwgmuir,  and  Pollock,  Phya.  Rev.  74,  62  (1948). 
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2.  The  Behavior  of  J,{x)  in  the  critical  region.  The  question  of  evaluating 
Jf{x)  for  large  real  values  v  and  x  in  the  neighborhood  of  v  has  been  studied 
in  detail,'  but  the  resulting  formulas  are  not  only  imwieldy,  but  in  some  cases 
it  is  not  even  known  to  what  extent  they  are  accurate.  We  shall  therefore  ap¬ 
proach  the  question  from  a  different  direction,  and  try  to  expand  the  function 
Jw{v  +  <)  in  powers  of  c.  For  this  we  need  the  asymptotic  values  of  J,  and  its 
derivatives  at  the  point  v.  To  find  them  we  start  with  the  formulas^ 


(3) 


(4) 


J»{v) 

J'M 


r(H) 

2»/i3i/«„wi 

3‘'‘r(%) 


+ 


3'"r(^) 

2i/i.i40xv»/» 

2‘'*r(^) 


and  derive  from  them  the  higher  derivatives  by  the  use  of  Bessel’s  equation. 


y:(z)  +  +  (i  - 


(r). 


Differentiating  it  n  times  gives 

+  -Erl  (“)(~^)  -  0 


of  which  the  dominant  terms  as  v  becomes  large  are 

(5)  ~  -I-  2nJr‘>W]. 

V 

Neglecting  all  but  the  first  terms  of  (3)  and  (4),  which  are  already  accurate  to 
within  a  few  percent  when  y  —  10,  we  can  write 

(6)  J'M  Cy~^'*JM,  C  -  0.919  •  •  • 

and  then  the  first  few  terms  of  Taylor’s  series  are  found  to  be 

J,iy  4-  e)  =  Jiiy)  [l  +  tCy-^''  -  ^  Cy'*'*  -  ^  2p-‘ 

_^4C.-'''-h^lOC.-^'‘  +  ^16v-* 

(7) 

+  40Cy~''*  -  |j  Ifiocr”'*  -  224r* 


•  Ref.  4,  Chapter  VIII. 

’  Ref.  4,  pp.  232,  247.  (Note  that  in  (2),  p.  232,  3«*  should  be  3^.) 
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It  is  found  also  that  the  exponent  of  v  springing  from  the  iteration  of  (5)  de¬ 
creases  by  unity  for  every  three  steps  in  n.  Setting  c  equal  to  av'*  in  (7)  and 
omitting  some  terms  proportional  to  gives 

J,{v  +  av'*)  y,(i')(l  -b  Ca  —  +  HibCa' 

(8) 

-  K620a  -  ^760Ca“  -h  -  .-I  »  /,(.)/(«) 

from  which  we  have  the 
Theorem:  The  quantity 

J,{v  -h 

is,  asymptotically,  a  function  of  a  alone.  This  function  is  plotted  as /(a)  in  Fig.  1. 
The  theorem  implies  that,  asymptotically,  the  first  zero  of  J,ix)  occurs  at 
X  V  +  for  some  fixed  ai  independent  of  v,  and  similarly  for  the  first 
tmurimiim  and  subsequent  zeros  and  maxima.' 

We  shall  also  need  the  corresponding  formula  for  the  derivative: 

j',ip  -H  oa>^'*)  ^1  —  ^  a*  —  I  o*  -{-  <x 

,l6  1  I 

^18  180C  567 

and  that  for  the  intend,  which  we  shall  write  as 

(10)  /  J,(x)  dx  =  I  J,(x)  dx  +  J  J,ix)  dx. 

*  The  formulas  for  the  hrst  zeros  and  maxima  were  given  by  Airey,  Phil.  Mag.  (6)  S4, 
193  (1917) ;  they  are  discussed  by  Watson,  Ref.  4,  pp.  516, 621.  The  series  (8)  gives  at|  »  0.809, 
Airey  gives  0.763,  and  Watson  gives  0.808618.  We  are  also  in  agreement  with  Watson,  as 
well  as  with  Airey,  on  the  position  of  the  first  zero. 


182 


DAVID  PARK 


The  first  of  these  has  been  evaluated  by  Watson:* 

r”  2*/* 

(11)  I  JM  <it  ~  K  - 

of  which  we  shall  use  only  the  first  term.  Further,  we  have 

(12)  J  Jr(x)  dx  J  f(a)  da 

so  that  (10)  is 

(13)  /o  + 


~  HoCa*  +  Hi5«^  “  KoOsC®*  “  K6200«**  +  •  •  *]• 

As  regards  the  accuracy  of  the  approximation  method,  it  is  possible  to  find 
the  next  terms  in  the  expressions  of  which  we  have  given  the  leading  ones  by 
the  use  of  the  subsequent  terms  of  (3),  (4),  (6),  and  (11),  but  they  would  con¬ 
tribute  quite  negligibly  to  results  which  we  are  seeking. 


3.  The  radiation  spectrum.  We  can  now  return  to  (1)  and  evaluate  it  as  a 
power  series  in  a.  First,  however,  we  can  note  some  of  its  general  aspects.  We 
shall  suppose  that  jS  is  close  to  unity,  and  shall  write 

(14)  E  -  ^,(1  -  /3*)-* 

for  the  electron’s  relativistic  energy  in  terms  of  its  rest  energy.  Now  for  a  given 
n  and  E  (^  Eo),  we  can  find  the  corresponding  value  of  the  parameter  a: 

2nd  =  2n  -I-  a(2n)‘'* 
a  -  -(2n)‘'*(l  -  d)  «  -(2n)*'*(l  -  d) 


or 

(15)  o  -  -2~^''n''\Eo/E)*. 

It  is  clear  that  a  remains  /;loee  to  zero  as  n  increases  until  it  reaches  a  value  in 
the  neighborhood  of 

(16)  no  -  2''\E/Eo)*  -  2*'*-3n. 

at  which  a  »  —  1.  Below  no  we  can  use  the  asymptotic  forms  (4)  and  (11)  in 
(1),  and  Pn  increases  with  n  approximately  in  accordance  with  (2).  Above  no , 
Pn  begins  to  decrease.  The  final  formula  for  P.  is  found  by  substituting  the  above 
results  into  (1).  It  is 

(17)  Pn  ~  (Pn).nF(a) 

*  G.'S.yf&taoa, Phil.  Mag.  (6)88,364  (1918).  (Note  that  n*^*  should  be  n*^*  in  the  relevant 
formula  on  p.  365.)  See  also  Ref.  4,  p.  259. 
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in  which,  by  (15)  and  (16), 
(18) 


a  =  —  (n/no)* 


(19)  ^  ^  ^  2‘/*3‘/*C  6 

,1  111*  1  I 

■*"  20C“  4^  420C“ 

At  n  no ,  i.e.  a  »  —  1,  the  power  has  dropped  to  0.321  (P  Jm 
We  can  also  write  (17)  as 


or,  by  (16), 


q1/«  .» 

T  It 


p»  ~  r(%)  OH,  ^  (-«)*P(a). 


This  increases  with  a  until  it  reaches  a  maxiinum  at  a  —  0.41,  corresponding 
to  n  ■»  0.37  (E/Et)*.  The  function  (— a)‘^*P(o)  is  plotted  in  Fig.  2.  It  is  re¬ 
markable  that  the  harmonic  in  which  the  radiation  is  greatest  is  a  function 
only  of  the  electron’s  velocity  in  its  orbit.  The  General  Electric  synchrotron  on 
which  Elder,  Langmuir,  and  Pollock*  took  their  measurements  has  a  funda¬ 
mental  frequency  of  163.5  me,  and  our  formula  predicts  that,  leaving  out  the 
fact  that  the  electron  is  being  accelerated  as  it  goes,  the  peak  of  the  spectrum 
will  occur  at  a  wavelength 


(-«rFw 


Fio.  2 
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where  8  is  the  electron’s  energy  in  mev.  These  results  correspond  well  with 
those  obtained  previously*  by  numerical  integration  of  Schwinger’s  approxi¬ 
mate  formula. 

This  work  was  done  five  years  ago  at  the  University  of  Michigan,  assisted 
by  the  grant  of  a  Rackham  fellowship,  for  which  the  author  offers  his  belated 
thanks. 

Note  added  in  proof:  Since  submitting  this  paper  we  have  noticed  that  the 
series  in  (7)  can  be  expressed  in  terms  of  a  tabulated  function,  for  if  we  substi¬ 
tute  (8)  into  Bessel’s  equation  and  take  |  a  |  v*'*  we  find  that /(a)  satisfies 

r(a)  +  2a/(a)  -  0 

which  is  a  form  of  Airy’s  equation.  The  solution  of  this  corresponding  to  the 
series  (8)  is 

/(a)  -  3*'*r(%)  Ai  (-2*'*a) 

where  Ai(x)  is  Airy’s  fimction  as  defined  by  Jeffreys.*®  This  result  clarifies  the 
relation  of  our  formulas  to  those  of  Nicolson^  and  Tricomi.** 

WiLUAlfS  COU4EOE 

(Received  September  8,  1953) 


**11.  and  B.  Jeffreys,  Methods  of  Mathematical  Physics  (Cambridge  University  Press, 
Cambridge,  second  edition,  1960). 

“  F.  Tricomi,  Atti  Acad.  8ci.  Torino  88,  1  (1948).  I  am  indebted  to  Dr.  A.  Erd61yi  for 
calling  this  paper  to*  my  attention. 


ON  ELECTRICAL  NETWORK  DETERMINANTS 
Bt  N.  F.  Tsang 

In  dealing  with  problems  in  electrical  networks,  Kirchhofl’s  Laws  (which  are 
in  fact  existence  theorems  of  current  and  potential)  are  usually  taken  as  a  start¬ 
ing  point.  Then  the  system  of  loop  equations  or  node  equations  is  developed, 
whichever  is  more  convenient  for  the  problem  on  hand. 

Maxwell  has  been  usually  accredited  with  the  loop  equations,  although 
Kirchhoff  probably  had  obtained  them  earlier'.  On  the  other  hand,  node  equa¬ 
tions  were  qrstematically  developed  in  Maxwell’s  classical  treatise  on  Elec¬ 
tricity  and  Magnetism.  Loop  equations  have  been  mbre  convenient  in  most 
cases  and  therefore  very  much  more  widely  adopted  up  until  the  development 
of  vacuum  tube  circuits.  In  general  the  two  systems  of  equations  are  both 
linear  simultaneous  algebraic,  but  the  number  of  unknowns,  or  order,  are  dif¬ 
ferent.  The  order  of  loop  system  equations  is  equal  to  the  number  of  inde¬ 
pendent  loops  I,  while  that  of  the  node  system,  one  less  than  the  number  of 
junction  points  or  nodes,  n  —  1.  Thus,  the  loop  equations  are  to  be  preferred  if 
1  <  n  —  1,  and  vice  versa. 

As  the  two  procedures  yield  different  number  of  equations,  they  are  some¬ 
times  considered  as  quite  unrelated,  and  frequent  claims  have  been  made  on 
the  relative  merits  of  one  over  the  other.  Although  the  two  determinants  are  of 
different  order,  the  loop  determinant  A  being  I  X  I  square,  and  the  node  de¬ 
terminant  A’,  n  —  1  X  n  —  1  square,  it  will  be  shown  in  this  paper  that  under 
certain  conditions,  they  will  have  simple  relations  with  each  other. 

Let  a  network  be  given  with  I  loops,  n  nodes,  and  k  independent  branches 
(that  is,  not  coupled  with  any  other)  of  impedances.  Then  the  following  facts 
are  known: 

1.  The  determinant  A  resulting  from  the  system  of  loop  equations  will  consist 
of  a  number  of  terms,  each  being  a  product  of  1  of  the  k  branch  impedances  Z.  . 
It  is  therefore  a  homogeneous  algebraic  integral  power  function  of  the  im¬ 
pedances  of  degree  1.  The  coefficients  are  all  unity.  Each  branch  impedance  will 
appear  at  least  once  among  the  products.  None  of  the  terms  will  involve  square 
or  higher  powers  of  any  impedance. 

2.  The  determinant  is  independent  of  the  manner  in  which  the  I  loops  are 
taken.  It  is  also  independent  of  the  voltage  sources  (in  series  with  the  impedances) 
and  current  sources  (across  any  junction  pair). 

3.  Similar  properties  hold  for  the  determinant  A'  resulting  from  the  system  of 
node  equations.  It  is  a  homogeneous  integral  power  function  of  the  branch 
admittances  of  degree  n  —  1.  The  coefficients  are  all  unity.  It  is  independent  of 
the  choice  of  the  node  as  0  potential,  and  also  of  the  voltage  and  current  sources. 

4.  The  look-in  impedance  from  a  branch  a  is 

-  A/(dA/aZ.) 
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5.  The  look-in  admittance  from  the  jimction  points  of  the  terminals  of  branch 
a  is 

n  -  AVOA'/dr.)  (2) 


6.  The  following  relation  holds  in  general: 

k  “  1  +  n  —  1 

-(3) 

It  is  well  known  that  if  A  is  a  homogeneous  function  of  the  Zs  (the  apostrophe 
between  Z  and  s  is  omitted  to  avoid  possible  confusion  with  the  dashed  quanti¬ 
ties)  of  degree  1,  then 

2:t.,z.(aA/az.) 

(4) 

Hence 

izjz'.)  - 1 

(5) 

Similarly, 

-  n  -  1 

(6) 

Note  that  although  is  the  reciprocal  of  Za ,  is  not  the  reciprocal  of  Z'«  . 
The  symbols  Zl  and  will  appear  only  once  more  in  this  paper,  so  no  con¬ 
fusion  should  arise  as  a  result  of  this  notation. 

Theorem  1.  The  sum  of  the  complex  ratios  of  a  branch  impedance  to  the 
corresponding  look-in  impedance  over  all  branches  in  a  network  (without 
coupling  between  impedances)  is  equal  to  the  number  of  independent  loops. 
The  sum  of  the  complex  ratios  of  a  branch  admittance  to  the  corresponding 
look-in  admittance  over  all  branches  in  a  network  is  equal  to  the  number  of 
junction  points  less  one. 

A  simpler  case  will  now  be  considered  in  detail.  Let  each  branch  contain 
only  a  resistance  and  an  inductance  in  series,  so  that 

Z,  “  +  L«p. 

Here  p  is  used  instead  of  the  conventional  ju,  because  it  is  intended  to  study  the 
behavior  of  the  network  toward  any  voltage  or  cxurent  of  the  tyro  (in  this 
case  p  will  be  real  and  n^ative).  A  will  be  a  polynomial  of  p  of  ^  degree,  so  it 
will  have  I  roots.  Let  the  roots  of  A  and  those  of  the  Zs  be  subjected  to  the 
following  conditions: 

a.  All  the  roots  of  A  are  different  from  each  other. 

b.  All  the  roots  of  A  are  different  from  any  of  those  of  the  Zs.  The  root  of 

Z. ,  for  example,  is  —RJLa  . 

c.  All  the  roots  of  A  are  different  from  any  of  those  of  the  bLjdZ^. 

There  will  be  no  root  for  A'  and  the  Yb  except  the  trivial  value  of  infinity. 

The  above  3  conditions  assure  that  the  look-in  impedance  from  any  branch 
will  have  the  same  set  of  I  roots.  In  general  the  above  three  conditions  are 
usually  satisfied  if  As  and  Lb  are  taken  at  random.  Condition  c  is  violated,  e.g.. 
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(a)  (b) 

Fig.  1 

by  a  balanced  bridge  circuit.  If  all  the  above  three  conditions  are  satisfied,  the 
network  is  called  non-degenerate. 

Let  the  terminals  of  one  of  the  impedances,  Z. ,  be  denoted  by  A,  B.  The 
loop  look-in  impedance  will  be  that  appearing  to  the  voltage  source  E,  in  Fig. 
la.  Let  the  network  be  subjected  to  the  previous  conditions  and  the  roots  of 
the  determinant  be  pi ,  ps ,  p* ,  •  •  *  pi .  For  p  equal  to  any  of  the  roots,  say 
pt ,  A  "  0,  and  the  look-in  impedances  is  also  0,  by  condition  c.  By  condition 
b,  Z«  ^  0.  Hence  the  look-in  impedance  of  the  rest  of  the  network  N  will  be 
-Z.  0. 

The  look-in  admittance  from  the  nodes  A,  B  is  that  appearing  to  the  cur¬ 
rent  source  U,  Fig.  lb.  It  is  contributed  by  branch  a  and  N  in  parallel,  and 
therefore  is  equal  to  the  sum  of  the  corresponding  admittances.  When  p  »  Pi , 

r  -  (i/z.)  +  (1/-Z.)  -  0, 

smce  Z«  ^  0.  (If  Z«  «  0,  then  the  look-in  admittance  will  be  infinite.) 

The  converse  is  also  true,  ^or,  if  the  look-in  admittance  from  AB  is  0,  then 
the  partial  network  N  will  necessarily  appear  to  be  an  impedance  of  —  Z« , 
since  Z.  «  0.  Hence, 

Theorem  2.  In  a  non-degenerative  network  each  root  of  A  will  also  be  a 
root  of  A'. 

Now  examine  the  form  of  A^  It  is  a  homogeneous  integral  power  polynomial 
in  Yb  with  no  square  in  any  term  and  each  Y  appears  at  least  once  among  the 
various  products.  In  terms  of  the  Zs  it  is  a  homogeneous  power  function  of 
degree  — n  +  1. 

When  A'  is  multiplied  by  the  product  ZiZjZt  *  *  ■  Z*  ,  it  will  become  a  homo¬ 
geneous  integral  power  function  of  the  Zs  with  the  degree 

— n  *1-  1  4"  ■■  L 

The  Zs  are  su£Bcient  to  offset  the  Fs  in  all  the  terms,  since  no  term  in  A'  con¬ 
tains  square  or  higher  powers  of  any  Y.  Hence  the  product  ZiZtZi  *  •  •  Z*  is 
sufiBcient  to  convert  A'  into  a  homogeneous  integral  power  functicm  of  the  Zs. 

Since  each  Y  appears  at  least  once  in  some  product,  all  the  Zs  are  necessary 
for  multiplication  to  convert  A'  into  an  integral  power  fimction  of  Zs.  For  if 
Zi  is  left  out,  then  Yi  will  appear  somewhere  among  the  terms. 

Hence  the  product  ZiZiZi  *  *  •  Z*  is  necessary  and  sufficient  to  convert  A' 


Z« 


(4)U 
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into  an  integral  power  function  of  the  Zs  of  d^ree.  Since  A'  has  the  same 
set  of  I  roots  as  A,  then  by  condition  (b),  ZiZtZt  ■  ■  ■  Zk^'  will  also  have  the 
same  set  of  roots.  Moreover,  all  the  coefficients  of  the  terms  in  both  A  and 
A'  are  unity.  Hence  these  two  expressions  must  be  identical: 

A  -  ZiZ,Z,  •  •  •  Z*A'  (7) 


or, 


A' -  r*A  (8) 

Since  Eqs.  7,  8  are  algebraic  identities,  they  do  not  depend  upon  the  par¬ 
ticular  form  of  the  Zs.  In  other  words,  they  will  hold  true  for  any  network, 
with  no  coupling  between  the  branch  impedances,  disregarding  the  three  con¬ 
ditions. 

Theorem  3.  For  a  network  with  independent  impedances  the  ratio  (d  the 
determinant  of  the  system  of  loop  equations  to  that  of  the  node  equations  is 
the  product  of  all  the  branch  impedances. 

Consider  the  more  general  case  in  which  the  Zs  may  be  any  combinations  of 
impedance  elements.  Eqs.  7,  8  will  still  hold,  as  explained  above.  If  one  of  the 
impedances,  say  Zi ,  has  an  identical  root  as  A,  (both  simple)  then 


A'  -  A/(Z,Z^?,-..Z») 

will  not  have  this  root.  A  similar  condition  exists  when  some  of  the  Ya  have 
coincident  roots  as  A'. 

Several  examples  will  be  given  for  illustrative  purpose.  The  procedure  of 
setting  up  the  loop  and  node  equations  for  many  common  networks  are  well 
known.  To  save  space,  it  will  be  omitted  in  examples  m  1  and  2:  only  the  de¬ 
rived  determinants  are  given  in  these  examples. 

Example  1.  Fig.  2  shows  a  non-planar  network:  k  9,  f  *  4,  n  >■  6.  The 
following  loops  are  chosen: 

Loop  1:  ABED,  Loop  2:  BCFE,  Loop  3:  ADCB,  Loop  4:  ADEF.  The  de¬ 
terminant  for  the  mesh  equations  is  (The  Zs  are  omitted.  Thus  the  first  term 
Zi  +  Z»  +  Zi  +  Z»  is  written  for  shortness  1  +  3  +  4  +  6) 


A 


1  -h  3  -h  4  -H  6 
-4 

-1-3 

-3-6 


2+4+5+7 
-2 
-  7 


-1-3 

-2 

1  4-2-f3-f-8 
3 


-3-6 

-7 

3 

3-I-6  +  7-H9 


- 

1235 

+ 

1236 

+ 

1237 

+ 

1238 

+ 

1256 

4- 

1257 

4- 

1259 

4- 

1268 

4' 

1269 

4- 

1278 

+ 

1279 

+ 

1289 

+ 

1345 

+ 

1346 

+ 

1347 

4- 

1348 

4- 

1356 

4- 

1358 

4- 

1367 

4- 

1378 

+ 

1456 

+ 

1457 

+ 

1459 

+ 

1468 

+ 

1469 

4- 

1478 

4- 

1479 

4- 

1489 

.1. 

1567 

4- 

1568 

+ 

1569 

+ 

1578 

+ 

1589 

+ 

1678 

+ 

1679 

4- 

1789 

4- 

2345 

4- 

2346 

4- 

2347 

4- 

2348 

+ 

2357 

+ 

2359 

+ 

2367 

+ 

2369 

+ 

2378 

4- 

2379 

4- 

2389 

4- 

2456 

4- 

2457 

4- 

2459 

4- 

2468 

+ 

2469 

+ 

2478 

+ 

2479 

+ 

2489 

4- 

2567 

4- 

2569 

4- 

2678 

4- 

2679 

4- 

2689 

+ 

3456 

+ 

3457 

+ 

3458 

+ 

3459 

4* 

3469 

4- 

3479 

4- 

3489 

4- 

3567 

4- 

3569 

4- 

3578 

+ 

3589 

+ 

3679 

+ 

3789 

4568 

4578 

4- 

4589 

4- 

4689 

4- 

4789 

4- 

5678 

-f 

5689 

-I-  6789 


Z9 

w 

B 
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For  the  node  equations,  take  Z)  as  0  potential,  and  ABCEF  in  order.  The  letter 
Y  will  be  omitt^,  thus:  Fi  +  F|  +  F»  will  be  written  as  1  +  3  +  9.  The  de¬ 
terminant  A'  will  then  be: 


14-34-9 

-  1 

0 

0 

-9 

t  - 1 

14-24-4 

-2 

-4 

0 

0 

-2 

24-64-8 

0 

-  5 

0 

-  4 

0 

44-64-7 

-7 

-9 

0 

-  5 

-7 

64-74-9 

12345  +  12347  +  12349 
-I-  12458  +  12467  +  12469 
+  12679  +  12689  f  12789 
+  13568  -f-  13569  +  13578 
+  14569  -I-  14578  +  14589 
+  23466  +  23458  +  23459 
-f  23568  -I-  23669  +  23678 
-I-  24679  +  24789  +  25679 
4-  34578  +  34679  +  34678 


-1-  12356  +  12357  +  12367 
+  12478  +  12489  +  12567 
+  13467  +  13458  +  13459 
+  13579  +  13678  +  13689 
+  14678  +  14689  +  16679 
+  23467  +  23469  +  23478 
+  23579  +  23678  +  23689 
+  25689  +  26789  +  26789 
+  34689  +  34789  +  45679 


-I-  12369  -I-  12379  +  12456 
+  12668  -I-  12578  -f-  12678 
4-  13478  4-  13489  4-  13567 
-t-  13789  +  14667  4-  14668 
+  15689  4-  15789  4-  16789 
-I-  23479  4-  23489  +  23667 
-I-  23789  4-  24569  +  24589 
-I-  34567  4-  34568  4-  34669 
4-  45689  +  64789  4-  46789 


Each  determinant  contains  81  terms.  The  relation  given  by  Eqs.  (7),  (8)  can  be 
shown  to  hold  by  checking  each  term  of  A'  against  another  in  A.  For  example, 
the  first  term  of  A',  12345  or  YiYtYtYiYt ,  when  multiplied  by  ZiZ^t  *  *  *  ZtZt 
givee  ZtZyZtZt  or  6789,  corresponding  to  the  last  term  of  A. 

It  should  be  noted  that  Fig.  2  shows  the  simplest  non-planar  network.  The 
two  determinants  obtained  above  are  therefore  simplest  among  those  in  con¬ 
nection  with  non-planar  networks. 

We  shall  now  examine  the  effect  of  couplings  between  the  various  branch 
elements.  These  couplings  may  be  in  the  form  of  mutual  or  transimpedance  or 
transadmittance,  bilateral  or  unilateral.  In  general,  they  may  be  called  transim- 
mittance*.  Theorem  3  was  derived  from  Theorem  2,  and  the  fact  that  the  product 
ZiZfZs  •  •  ■  Zjk  is  necessary  and  sufficient  to  convert  A'  into  a  homogeneous 
int^ptd  power  function  of  the  Zs.  Theorem  2  is  quite  general  and  independent 
of  any  transimmittance  between  the  Zs.  The  latter  relation,  however,  depends 
■  upon  the  algebraic  form  of  A',  and  so  is  affected  by  these  transimmittances. 

Fig.  3  shows  a  3-loop  network  with  a  bilateral  mutual  impedance  Zm  between 
Zi  and  Za .  The  loop  equations  can  be  easily  derived.  The  coefficients  of  the 
circulating  currents  are  all  linear  combinations  Zt ,  Zi ,  Z| ,  Z4 ,  Za  and  Zm , 
so  that  A  will  be  a  homogeneous  integral  power  fimction  of  liie  Zs,  including  Zm  • 
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Consider  the  branch  currents  h  and  1% : 

/i  -  -  ZM,  /,  -  Yt{vB  -  ZM. 

The  solutions  are 

,  _  Y,{va  -  YiZ^Vb)  r  _  Ytiv,  -  YxZ^Vj,) 

*“  \-YiYtZl  *  l-YxYtZl  ' 

The  node  equations  now  become: 

(i  -  y'y.zi  +  *'•  +  *'•)  -  (j'*  +  I  -r'rUd 

-(»'•+  1  -rlr'zd +  (i  -  Y^Y.zi  + 

Thus  the  determinant  A'  will  contain  the  factor  1  —  YiYtZm  in  the  denon^inator: 
it  will  be  evident  if  the  coefficients  for  Yt  are  collected.  In  the  present  case, 
therefore,  Eqs.  (7),  (8)  do  not  hold. 

Next  consider  the  same  case,  but  with  Zm  unilateral,  from  Zi  to  Z| ,  that  is, 
1 1  will  cause  a  voltage  drop  in  branch  3,  but  /« will  not  cause  any  drop  in  branch 
1.  Then 


h  -  YiVb  ,  /.  -  Y»iv,  -  ZM  -  YtivB  -  ZJTxVa) 

The  node  equations  are: 

(Yi  +  F,  +  Yt)vB  -  YtVB  -  Ub 

-  (F,  +  F,F,Z«)i;^  +  (F,  +  F,  +  F,)t;«  -  Ub  . 

Hence  the  determinant  A'  will  still  be  an  integral  algebraic  power  fimction  of 
Fs  and  Z*. ,  although  some  terms  will  contain  more  Fs  than  the  others,  being 
compensated  by  Zm.  No  square  or  higher  powers  are  present.  Multiplied  by 
ZiZtZtZtZt ,  it  will  become  an  intend  algebraic  homogeneous  fimction  in 
Zi ,  *  •  •  ,  Zm  .  By  the  same  line  of  reasoning,  we  see  that  Eqs.  (7)  and  (8)  will 
still  hold. 

Definition.  A  simply  conpected  set  of  unilateral  transimmittancee  in  a  net¬ 
work  consists  of  a  number  of  transimmittances,  the  whole  or  any  part  of  them 
do  not  form  any  closed  loop.  For  example,  a  simply  connected  set  would  be 
formed  by  the  following  group  of  transimpedances:  1.  branch  1  to  3,  2.  branch 
3  to  6,  and  3.  branch  1  to  6.  If  the  third  one  is  from  6  to  1,  Uien  1-3-6-1  will 
form  a  closed  loop,  and  the  set  will  be  no  more  simply  connected. 

The  above  generalization  may  be  extended  to  networks  with  more  than 
one  unilateral  transimmittances,  provided  they  form  a  simply  connected  set. 

Thsorem  4.  For  a  network  with  impedances  containing  transimmittances 
forming  a  simply  connected  set,  the  ratio  of  the  determinant  oi  the  system  of 
loop  equations  to  that  of  the  node  equations  is  the  product  of  all  the  branch 
impedances.  This  ratio  is  independent  of  any  of  the  transmimittances  present. 

The  proof  of  the  above  theorem  is  necessarily  very  lengthy.  Moreover,  mathe- 
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matical  rigor  is  hard  to  attain.  Instead,  two  examples  will  be  given  as  a  check 
on  the  results.  Example  2  involves  the  familiar  vacuum  tube  transconductance. 
In  example  3  a  number  of  transimpedances  are  present,  so  the  procedure  of 
obtaining  the  loop  and  node  equations  is  also  given. 

Example  fS.  Fig.  4  shows  a  simple  feedback  amplifier  with  4  loops,  4  nodes, 
and  7  branches.  The  following  loops  are  chosen: 

Loop  1 :  ABO,  Loop  2 :  BCO,  Loop  3 :  Z|  and  Z* ,  Loop  4 :  ACB.  The  determinant 
A  is: 

1  +  2  -f  3  -  3  0 

-3-8  3  +  4  +  5-I-8  -5 

8  -5-8  5+6 

-  1  -  4  0 

Expanding  by  the  usual  process,  we  obtain, 

a  -  1236  +  1236  +  1246  +  1246  +  1286  +  1268  +  13e6  +  1367  +  1367 

+  1466  +  1487  +  1467  +  1867  +  1678  +  2348  +  2346  +  2367  +  2367 

+  2486  +  2467  -t-  2467  +  2468  +  2867  +  2678  +  3466  +  3467  -f  3467 

+  3667 

The  node  equations  are  obtained  by  taking  ABC  in  order  as  nodes  and  point 
0  as  ground.  The  determinant  becomes 

1  +  2+7  -1  -7 

A'—  —  1  1  +  3  +  4  —4  where  Y%  —  mF* 

-7  9-4  4+5+6+7 

-  124  +  125  +  126  +  127  +  134  +  135  +  136  +  137  +  145  +  146 

+  149  +  157  +  167  +  179  +  234  +  235  +  236  +  237  +  245  +  246 

+  247  +  249  +  347  +  357  +  367  +  457  +  467  +  479. 

The  validity  of  Eqs.  (7)  and  (8)  can  again  be  demonstrated  by  checking  term 

for  term  of  A  against  A'.  The  term  479  or  YiYjYt  in  A',  when  multiplied  by 
ZiZtZtZtZtZtZj  I  gives  ZiZtZtZt  or  1268,  since  ZtZtYt  **  ZtZi/iFt  ^  itZt  ^  Zg . 
Example  5.  Fig.  5  shows  a  network  with  5  branches,  3  junctions  and  3  loops. 
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(a)  lb) 

Fio.  6 


There  are  4  unilateral  transimpedances  simply  connected.  The  loop  equations 
may  be  written  down  as  follows: 

^1*1  +  —  it)  ^  El 

Zi(it  —  ii)  +  Ziit  +  Zaii  +  Zt(it  —  it)  +  Zgit  +  Zjit  *  Et 

Zt(t|  “  **)  —  Z,it  —  +  Zttt  +  Ztit  “  Et . 

The  system  determinant  is  then 

1  +  4  -  4  0 

A-o-4  2  +  4  +  5  +  d  c-5 
0  b  —  d  —  5  3  +  5  —  c 

-  123  +  125  -  12c  +  134  +  135  +  13d  +  145  -  14c  +  156  -  16c 

+  234  +  245  -  24c  +  345  +  34a  +  34d  +  45o  +  456  -  4ac  -  46c. 

The  setting  up  of  the  node  equations  are  not  so  direct,  but  can  be  obtained 
from  the  following  voltage  drops: 

Zi/i  “  Va  t  Z4/4  "  Va  ,  ZtIt  —  Z«/i  ^  Va  ~  vm  , 

ZtIt  +  Ztit  “  Vb  t  Ztit  +  Zelt  +  Zdit  “  Vm  . 

The  currents  are  then  found  from  the  above  equations: 

h  “  YiVa  t  -f*  “  "I"  YlZm)VA  ~  Y^a , 

7,  -  y,  -  YtZtil  +  yiZ.)t;^  +  (1  +  YtZt)vB ,  U  -  Y^a  , 

7,  -  YtYtH  +  y,z.)(F,z*z.  -  Z4)va  +  (1  -  r.z.  +  r,z,  -  r,r,z»z.)t;, . 

If  there  are  current  sources  Ua  and  Ua  at  A,  B  respectively,  then 

(Fi  +  Fi  +  F4  +  YiYtZa)vA  -  YtPa  -  7,  +  7,  +  74  -  f/a 
F,(l  +  FiZ.)(-l  -  F,Z*  -  F*Z,  +  F,F,Z4Z.)i;4 

+  F,  +  F,  +  F.d  +  YtZa  -  YtZ,)  +  F,F,Z*(1  -  YtZ,)va 

“  "”7i  +  7|  +  7i  ■■  Ua  • 
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The  system  determinant  A'  is  now 

...  I  yi  +  El  +  K4  +  YiYtZ;  -Yt  1 

^  “  I  Ktd  +  Ki  Ka)(-1  -  YUt  -  Ya*  +  YiYaiZ.),  Ki  +  +  y»(l  +  YtZd  -  Ya.)  +  YtY^td  -  YtZ,)  I 

-U  +  13  +  U4-33  +  34  +  26  +  34+45 

+  133«  +  13M  +  13<a  +  UU-13&!  +  3346  +  33<c  +  34M-34&;  -  1235ae  -  123Sbe  -  33M&e, 

in  which  the  abbreviated  expression  1,  2,  3,  4,  5  refer  to  the  Ks,  and  a,  b,  c,  d 
refer  to  the  transimpedances  Zb.  The  relatimi 

A  ^  ZiZiZtZjZf/^* 

can  be  shown  to  hold  in  this  case  by  checking  such  term,  e.g., 
ZiZiZtZiZtY%YtYtZt  ^  ZiZtZi  or  15&. 

In  the  above  example,  if  Z4  acts  unilaterally  in  the  other  direction  (from  5  to  2), 
then  there  will  be  simultaneous  equations  between  I»,  It,  Rnd  It ,  and  A'  would 
be  no  more  an  int^ptd  power  function  of  Fi ,  •  •  *  ,  F| ,  Z«  ,  •  •  •  .  Eq.  (7)  will 

not  be  satisfied. 

The  writer  acknowledges  certain  suggestions  from  Mr.  T.  T.  Wu,  of  the  Uni¬ 
versity  of  Minnesota. 
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CONVERSION  OF  A  BRUNE  CYCLE  WITH  AN  IDEAL  TRANSFORMER 
INTO  A  CYCLE  WITHOUT  AN  IDEAL  TRANSFORMER* 

F.  M.  Reza 


1.  Introduction.  O.  Brune  (1)  has  proved  that  any  rational  “positive  real’' 
function  possesses  a  one  terminal-pair  network  configuration  containing  a  finite 
number  of  linear  passive  elements.  Brune  suggested  the  ladder  synthesis  for 
positive  real  functions,  but  this  is  generally  confronted  by  mutual  couplings, 
which  are  not  desirable  from  a  practical  standpoint.  Thus  there  has  always  been 
a  great  desire  to  eliminate  ideal  transformers  from  the  picture.  As  steps  towards 
this  goal,  H.  W.  Bode  suggests  resistance  padding,  and  E.  A.  Guillemin  (2) 
often  uses  some  practical  methods  for  eliminating  the  ideal  transformer  in 
special  cases.  The  existence  proof,  along  with  a  s}mthesis  procedure  without  an 
ideal  transformer,  was  first  given  by  R.  Bott  and  R.  J.  Dufi^  (3). 

The  object  of  this  paper  is  to  outline  some  results  which  have  been  found 
by  the  author: 

By  the  continuation  of  the  Brune  s)mthesis  procedure  we  have  arrived 
at  Bott  and  DufiBn’s  result.  This  provides  an  alternative  proof  to  that  of 
Bott  and  DufiKn  for  the  existence  of  a  network  configuration  without  an 
ideal  transformer  for  any  positive  real  function. 

Our  method  of  approach  suggests  a  more  unified  synthesis  procedure: 
Follow  the  Brune  synthesis  procedure.  If  a  Brune  cycle  with  an  ideal 
transformer  is  confronted,  convert  that  cycle  into  a  cycle  without  a  trans¬ 
former.  Numerical  values  of  the  elements  of  the  latter  cycle  are  found 
in  terms  of  elements  of  the  corresponding  Brune  cycle. 


2.  Existence  proof.  In  the  Brune  synthesis  of  a  driving-point  impedance 
Z(s),  when  Re  Z|C;w)has  a  finite  minimum  along  the  axis  of  real  frequencies, 
one  is  confronted  with  an  ideal  transformer.  Let  Z(«)  be  such  a  function,  whose 
minimum  real  part  has  already  been  removed.  It  is  known  (1,  4)  that  the  re¬ 
moval  of  elements  Li ,  Li ,  Ls  (L|  assumed  negative),  and  c  as  shown  in  Figure  1 
will  lead  to  a  positive  real  function  z  which  may  or  may  not  contain  an  ideal 
transformer  in  its  Brune  configuration.  From  Figure  1  it  is  seen  that 


1  ^ 
Z  —  LiS 

"  Z  ”  Ij\  8 


I  X 

clnf?  -j-  1  ltt8  z 

^  {l>%8  +  z)(cL«s*  +  1) 

[c(Za  +  •Lj)s*  +  1)  +  csz 


(1) 


It  is  known  to  those  using  the  Brime  synthesis  that  the  function  (Z  —  Li«) 
has  only  one  positive  real  zero,  a  fact  which  necessitates  an  ideal  transformer 

*  This  work  was  supported  in  part  by  the  Signal  Ck>rps,  the  Air  Materiel  Command, 
and  the  Office  of  Naval  Research. 
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in  this  synthesis.  For  the  sake  of  future  reference  we  may  conveniently  state 
this  fact  in  the  following  theorem. 

Theorem:  Let  Z(«)  be  a  positive  real  function  and  A  a  positive  constant. 
Then  Z(s)  —  As  —  0  cannot  have  more  than  one  zero  in  the  right  half-plane. 

Proof  of  this  theorem  was  first  given  by  Bnme  (ref.  1,  Theorem  VI,  Corollary 
I).  An  independent  proof  has  also  been  established  by  the  author.  (This  proof 
will  not  be  presented  in  this  paper.) 

If  the  positive  real  root  which  enters  Eq.  1  is  denoted  as  k,  then 


Z(lfc)  -  Lifc  -  0 

(2) 

z(A;)  ”)■  Lak  *  0 

(3) 

In  an  attempt  to  avoid  the  obstacle  of  the  ideal  transformer  it  seems  natural 
at  first  to  attempt  the  Brune  s}mtheeiB  of  the  reciprocal  function  on  the  ad¬ 
mittance  basis  (see  ref.  4,  page  268). 

[1/Z(s)]  -  As 

where  A  is  a  positive  constant. 

Based  on  the  above  theorem,  it  could  be  shown  that  if  Z(s)  satisfies  the  con¬ 
ditions  outlined  above,  then 

Z,  -  Z"‘  -  As 

has  all  its  poles  and  zeros  in  the  left  half-plane,  except  for  one  positive  real 
zero.  One  may  select  A  so  that  the  positive  real  zero  of  Z*  coincides  with  that 
of  Zi .  In  that  case, 

ll/Z(Jk)l  -  Ak~0,  A  -  1/Ltk'  (4) 

Now  consider  the  function 


Z  —  LiS 

I  -  (./t*L,) 


Z  “  Li  s 
jeia  -  «Z 


•  k'LiZ 


and  let 

/ 

It  can  be  shown  that  Z|  is  a  positive  real  function:  its  poles  and  zeros  are  in 
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the  left  half -plane,  the  difference  of  the  degree  of  its  numerator  and  denominator 
is  not  more  than  one,  and  Re  Zt(ju)  ^  0,  as  shown  below 


Re  Ztiju) 


InUik'  +  J) 

(k*Li  +  o>V)*  +  «*C7» 


(6) 


where 


Z(jo>)  ^  U+jV 


The  networtc  configuration  of  Figure  2  is  an  immediate  consequence  of  Eqs.  5 
and  7. 


Z 


- 1 - 1 - ; - 

Zt  .  1  s  I  1 

Ink  LnS  Za It*  '  kin Z% 


(7) 


3.  Synthesis  of  Zt .  Using  formulas  1  and  5,  we  will  find 

1  _  Li(fc*  —  «*)[c«2  -f-  c(Li  +  Li)«*  +  1]  —  «(L»«  -H  z)(,LiCs*  -H  1)  /gx 
Z,  ”  A:(L,«-|-z)(cL,«*4- 1) 


which  suggests  that  a  pair  of  poles  of  1/Zs  on  the  axis  of  imaginaries  could  be 
removed.  To  find  the  values  of  elements  corresponding  to  this  pair  of  poles, 
one  can  proceed  by  finding  the  proper  residues: 


residue  of 


at 


ln(,k*ltiC  -f-  1) 
2kL\c 


(9) 


Let  the  corresponding  elements  be  L,  and  e> .  Then 


L, 

Cf 


L,{k'L,c+  1) 

kin 

kL\c 

InO^lnC  "f*  1) 


(10) 


The  network  of  Figure  2  with  proper  impedance  levels  for  Zt  will  lead,  along 
with  the  results  outlined  in  Eqs.  8  and  10,  to  the  final  conversion  cycle  such 
as  that  shown  in  Figure  3. 
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In  the  particular  case  of  a  quadratic  rational  fraction,  one  obtains  the  equiv¬ 
alent  network,  without  an  ideal  transformer,  by  letting  2  «  r  in  Figure  1,  and 


k 


Za 


r,  and  Zb 


r(In  +  L«) 

In  Lz 


(11) 


in  Figure  3. 

It  is  important  to  note  that  the  structure  of  Figure  3  and  2  represent  a  balanced 
bridge.  In  fact 

Lis  X  —  -  ^  X  kLiZ,  -  k'L\  (12) 

8  Zt 

which  shows  that  the  opening  of  the  node  M  will  not  destroy  the  balance  of  the 
bridge.  This  reduces  Figure  2  to  one  loop  in  conformity  with  Reference  5. 

This  method  may  be  summarized  as  follows: 

1.  Proceed  with  the  Brune  synthesis  in  general.  If  confronted  with  an  ideal 

transformer,  finish  the  Bnme  cycle  and  find  Li ,  Ln ,  Lt ,  e  and  k. 

2.  Draw  Figure  3  and  compute  the  proper  values  of  B,  C,  D,  E,  F,  Zt , 

Za  ,  and  Zb  as  shown  below. 

A  -  1/Lijfc*  D  -  Li 

L\ik*LnC  -1-  1) 


P  - 

LKl^LzC  + 1) 

L\{k*  —  8*)[c8z  “I"  ciln  "b  Bi)s*  "HI]  8 
Z,  “  kiZ  -  Li  8)  Jb^iTTflKcL^i^Tl)  k 

.  1  1  (k*ljtc  -{=  l)s  „  Ink  Li(,k*Lnc  +  1)* 

Zl  “  ifcirz,  ib»L,(cL,«*  +  1)  *  “  L,(cL,«»  +  1) 

3.  Follow  the  Brune  procedure  on  Za  and  Zb  .  If  the  Brune  synthesis  of 
Za  or  Zb  again  introduces  ideal  transformers,  proceed  again  as  in  step  2. 
Further  results  are  given  in  a  Letter  to  the  Editor,  Journal  of  Applied  Physics, 
25,  807  (1954) 


o  _  k'Llc 
k^Ltc  +  1 

r,  _  k*LiC  -H  1 

jb*L, 

1  Lik*  -  8Z 
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A  GENERAL  SOLUTION  OF  THE  TWO-FREQUENCY  MODULATION 
PRODUCT  PROBLEM.  III.  RECTIFIERS 
AND  LIMITERS 

By  Robert  L.  Sternberg 

L  Introduction.  In  Part  I  of  this  paper  by  the  present  writer  with  H.  Kaufman 

[3]  it  was  shown  that  if  a  two-frequency  input  is  applied  to  a  continuous  non¬ 
linear  device  then  the  amplitudes  of  the  modulation  products  which  occur  in 
the  output  can  always  be  determined  approximately  as  linear  combinations  of 
certain  new  functions  A^nih,  k)  introduced  by  W.  R.  Bennett  [1],  [2]  and,  more¬ 
over,  that  if  the  output  versus  input  characteristic  of  the  device  is  not  only 
continuous  but  is  polygonal  as  well,  then  the  values  of  the  modulation  product 
amplitudes  so  determined  are  exact.  In  Part  II  of  this  paper  by  the  present  writer 

[4]  short  tables  of  the  first  ten  functions  A^nih,  k)  were  provided.  The  purpose 
of  the  present  paper  then  is  to  apply  the  theory  of  Part  I  to  the  case  of  various 
ideal  rectifiers  and  limiters  having  continuous  polygonal  output  versus  input 
characteristics  to  obtain  exact  expressions  for  the  modulation  product  amplitudes 
in  terms  of  the  functions  Amn(h,  k)  tabulated  in  Part  II.  Thus,  in  particular, 
using  the  notation  of  Part  I,  if  the  input  to  the  ideal  rectifier  or  limiter  is  given 
as 

(1.1)  x(t)  ~  P  coe  (pt  +  e,)  -h  Q  coe  (qt  +  e,),  0  <  P  <  P  +  Q  ^  2P, 

so  that  the  output  is  expressible  in  the  form 

(1.2)  l/(t)  «  COS  (ci±m»i  +  ^±m»), 

where  the  asterisk  has  the  same  meaning  as  in  (2.2)  of  Part  I  and 

(1.3)  mp  dong,  -  md,  ±  n^, ,  (m  +  n  ^  1), 

then  the  purpose  of  this  paper  is  to  obtain  explicit  formulas  for  the  quantities 
,  (m  -f  n  ^  0)  in  terms  of  the  functions  Amn{h,  k).  Numerical  values  oi  the 
modulation  product  amplitudes  and  Bj^mn ,  (m  -|-  n  ^  1)  may  then  be 
obtained  with  the  aid  of  the  tables  of  Part  II  while  a  partial  solution  for  the 
quantities  }4B<n  and  B±mn  ,  (m  -H  n  ^  1)  of  an  anal3rtic  nature  in  the  form  of 
power  series  expansions  of  these  quantities  in  powers  of  various  associated 
parameters  which  converge  in  restricted  regions  will  be  indicated. 

For  purposes  of  application  to  actual  non-ideal  rectifiers  and  limiters  we  recall 
from  Part  I  that  if  the  output  versus  input  characteristic  of  the  actual  device 
differs  from  that  of  the  ideal  device  by  not  more  than  c  throughout  the  operating 
range  then  the  values  of  the  modulation  product  amplitudes  in  the  output  from 
the  actual  device  will  differ  from  the  values  obtained  for  the  quantities  ^^Boo 
and  B^n. ,  (m  +  n  ^  1)  by  not  more  than  4</ir  for  all  m  and  n  while  the  output 
as  given  by  (1.2)  will  differ  from  the  actual  output  by  not  more  than  c  for  all 
time. 

The  biased  ideal  rectifier  is  treated  in  §2,  the  full  wave  ideal  rectifier  is  treated 
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in  §3  and  the  symmetrical  and  unsymmetrical  ideal  limiters  are  treated  in  §§4 
and  5.  In  §6  some  closing  remarks  about  terminology  are  made.  The  notation  of 
Part  I  is  used  throughout.  For  purposes  of  future  reference  we  note  that  the 
name  “Bennett  functions”  has  been  proposed  in  Part  II  for  the  functions 
k). 


2.  The  biased  ideal  rectifier.  For  the  biased  ideal  rectifier  with  the  output 
versus  input  characteristic 


(2.1) 


Y(X) 


(0. 

\g(X  -  X.), 


X  ^  Xo, 
X  ^  x«, 


g>o, 


g  being  a  given  constant  as  indicated,  we  have  by  definition  the  result 

(2.2)  PgA  mn  {h,  k),  (m,  n  -  0, 1,  2,  •  •  •  ), 

where  h  —  (Xo/P)  and  k  ^  (Q/P).  Except  for  minor  notational  changes  rela¬ 
tions  (2.2)  are  equivalent  to  the  original  results  of  Bennett  [1],  [2].  All  of  the 
properties  of  the  functions  A^n(h,  k)  given  in  Parts  I  and  II  apply.  In  par¬ 
ticular,  for  analytical  purposes  we  call  attention  to  the  double  power  series 
expansions  of  the  four  basic  functions  Ataih,  k),  Au{h,  k),  AniK  ^)  AuiK  k) 
for  I  A  I  +  k  ^  1  given  in  Part  I,  §5  which  with  the  aid  of  the  recursion  identities 
of  Part  I,  §4  can  be  combined  to  3rield  double  power  series  expansions  of  the 
higher  order  functions  Amnih,  A;)  for  |  A  |  +  A;  ^  1  and  for  immediate  numerical 
results  we  call  attention  to  the  tables  of  the  first  ten  functions  Amn(h,  k)  given 
in  Part  II.  Finally,  for  the  special  case  of  the  zero  biased  ideal  rectifier  we  refer 
the  reader  to  the  complete  solution  for  the  A««(0,  k)  in  terms  of  tabulated  com¬ 
plete  elliptic  integrals  for  A;  1,  or  rational  functions  of  r  for  A;  1,  partially 
indicated  in  formulas  (2.7)  and  (2.8)  of  Part  II  and  given  in  detail  in  the  original 
results  of  Bennett  [1;  pp.  234-235]. 


3.  The  full  wave  ideal  rectifier.  Consider  now  the  full  wave  ideal  rectifier 
having  the  output  versus  input  characteristic 

(3.1)  YiX)~g\X\,  g>0, 

g  again  being  a  given  coRstant  as  indicated.  Applying  the  theory  of  Part  I, 
§3  we  see  readily  that  in  any  operating  range  — ^  a,  a  ^  2P,  the  full 
wave  ideal  rectifier  characteristic  (3.1)  may  be  expressed  exactly  in  the  form 

(3.1)  of  Part  I  with,  in  particular, 

(3.2)  Xi  -  —a,  Xi  -  0,  gi  -  —g,  gt  -  2^,  AT  -  2. 

Hence,  applying  formulas  (3.8)  of  Part  I  and  simplifying  with  the  aid  of  rela¬ 
tions  (4.3)  and  (4.8)  of  Part  I,  we  have  the  results 

J5±«,  -  2PgA»n(0,  k),  (m  +  n  -  0,  2,  4,  •  •  •  ). 

(3.3) 

B±mn  -  0,  (m  -t-  n  -  1,  3,  5,  •  •  •  ), 


where  again  k  (Q/P). 
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E^xcept  for  the  factor  Pg  the  coefficients  (3.3)  are  functions  of  k  only  and  thus  - 
in  this  case  taking  A  0  in  the  double  power  series  expansions  of  the  functions 
AmniK  of  Part  I,  §5  and  appljdng  the  recursion  identities  of  Part  I,  §4  we  are 
led  by  (3.3)  to  the  simple  power  series  expansions 


(3.4)  MBoo  «  {Pg/r)[2  +  (M)k’  -f  +•••], 

(3.5)  -  iPg/3ir)[4  -  3**  +  (Ke)**  +•••), 

(3.6)  -  (Pgk/T)[2  -  (>i)fc*  -  iyi2)k* - 1, 

(3.7)  -  (Pj/*V3x)[(%)  +  {H)k'  +  (%56)*'  +•••], 

(3.8)  B40  »  (Pff/15x)[-4  -f  15*’  -  (22^6)*'  +•••], 

(3.9)  B^^  =  {Pgk/ZT)l-2  +  (%)*’  -  (1^2)*^ - ], 

(3.10)  Bn  -  iPgkVir)[-  (H)  +  (1^)*’  +  (%56)fc‘  +•••], 

(3.11)  B„  -  (Pj^*V3x)I-  (H)  -  iH4)k'  -  i%i2)k* - ]. 

(3.12)  B04  =  iPgk*/15r)m2)  +  iH2s)k*  +  mo4s)k*  +•••], 


where  for  the  sake  of  simplicity  the  double  signs  on  the  subscripts  have  been 
omitted. 

These  series  converge  for  all  values  of  *,  0  <  *  *■  (Q/P)  ^  1,  considered  and 
thus  in  a  sense  provide  a  complete  solution  for  the  two-frequency  modulation 
product  problem  for  the  full  wave  ideal  rectifier.  Similarly  as  in  the  special  case 
of  the  zero  biased  ideal  rectifier  the  coefficients  (3.3)  also  may  be  expressed  in 
finite  form  in  terms  of  tabulated  complete  elliptic  intends  for  k  9^  1,  or  as 
rational  functions  of  x  for  *  »  1,  which  in  a  sense  thus  provides  another  complete 
solution  to  the  problem  for  the  full  wave  ideal  rectifier;  see  again  the  formulas 
(2.7)  and  (2.8)  of  Part  II  or  the  original  results  of  Bennett  [1;  pp.  234-235] 
referred  to  earlier. 


4.  The  symmetric  ideal  limiter.  Consider  next  the  symmetric  ideal  limiter 
having  the  output  versus  input  characteristic 


(4.1)  YiX) 


—gXt , 

^  gx, 

gXo , 


X  ^  -Xo, 

-Xo  ^  X  ^  Xo,  0  <  Xo  <  2P,  g>  0, 
X  ^  Xo, 


Xo  and  g  being  given  constants  as  indicated.  Again  applying  the  theory  of  Part  I, 
§3  we  see  that  in  any  operating  range  —a^X^a,a^  2P,  the  symmetric 
ideal  limiter  characteristic  (4.1)  may  be  expressed  exactly  in  the  form  (3.1) 
of  Part  I  with,  in  particular, 

(4.2)  Xi  —Xo ,  Xt  “  Xo ,  gi  ^  g,  *=  ~g,  N  ^  2. 


Hence,  appl3ring  formulas  (3.8)  of  Part  I  and  simplifying  with  the  aid  of  relations 
(4.8)  of  Part  I  much  as  before,  we  have  the  results 
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(45) 


B±«m.  -  0,  (m  +  n  -  0,  2,  4,  •  •  •  ), 

Bi0  -  Py[l  -  2AUh,  k)], 

Bn  -  Pg[k  —  2Aoi(h,  *)], 

B±»n  -  —2PgAmmih,  k),  (m  +  n  -  3,  5,  7,  •  •  •  ). 


where  h  —  (Xo/P)  and  fc  -  (Q/P). 

Similarly  as  before  applying  the  double  power  series  expansions  of  the  functions 
Amn(,h,  k)  and  the  recursion  identities  of  Part  I,  §$4  and  5  we  obtain  for  values 
of  h  and  k  in  case  (ii)  of  Part  I,  §4  the  double  power  series  expansions 


(4.4) 


Bit 


-  (H)h'  -  (Ho)h*  - 


(Pgh/r) 


-  -  (H)AV - 

-  iHe)k* - 


(4.6) 


Bn 


(Pghk/r) 


2  4-  (H)A*  4*  (Ho)k*  4-  •  •  • 
4-  (>i)fc‘  4-  (H)h*k'  4-  •  •  • 
4-  {%2)k*  4-  •  •  • 


(4.6) 


Bn 


iPgh/T) 


-  iH)  4-  2h'  -  (H)h*  - 
4-  3jk*  -  i^)h*k*  -  •  •  • 

-  m6)k* - 


(4.7) 


Bn 


iPghk/T)\ 


-  2  4-  A*  4-  (I4)h*  4-  • 
+  iH)k*  +  {H)h'k' + - 
4-  {%2)k*  4-  •  •  • 


(4.8) 


Bn 


.  f  -  (M)  -  (K)A*  -  - 


{PghkVT)\ 


-  (H)A*  -  (^6)AV - 

-  (1^56)A* - 


(4.9) 


Boi 


(K2)  +  Gi)A‘  4-  (^2)A‘  4-  •  •  • 


{Pghk* /ir)\ 


+  (%4)A*  4-  (*^28)AV  4-  •  •  • 
4-  (^5^12)*^  4-  •  •  • 


each  of  which  thus  converges  for  A  4-  A  ^  1,  i.e,,  for  Xo  4-  Q  ^  P  and  where 
again  the  double  signs  on  the  subscripts  have  been  omitted. 
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The  reader  will  note  readily  from  these  expansions  the  general  behavior  of 
the  corresponding  coefficients  for  small  values  of  h  and  k  together  with 
several  specific  properties  of  them;  e.  g.,  for  h  +  A;  ^  1  the  coefficients  Bu , 
Bn,  Bk,  Bn ,  Bu  and  Bot  are  odd  fimctions  of  h  and  contain  as  a  factor  the 
power  k’'  where  n  is  maximal  and  is  the  second  subscript  on  the  coefficient.  The 
formulas  (4.3)  together  with  these  expansions  and  the  tables  of  Part  II  essentially 
provide  a  practical  solution  for  the  two-frequency  modulation  product  problem 
for  the  8}rmmetric  ideal  limiter. 


6.  The  unsymmetric  ideal  limiter.  We  consider  finally  the  unsymmetric  ideal 
limiter  having  the  output  versus  input  characteristic 

fO,  X^O, 

(5.1)  YiX)  -  I  pX,  0  ^  X  ^  Xo ,  0  <  Xo  <  2P,  p  >  0, 

i  qXo  ,  X  ^  Xo » 

X#  and  p  again  being  given  constants  as  indicated.  Proceeding  similarly  as  before 
we  apply  the  theory  of  Part  I,  §3  with 

(5.2)  Xi  “  0,  Xj  “  Xo  I  01  ^  ff,  ™  — 0,  W  "  2, 
and  obtain  after  simplification  the  results 


B±«,  -  Pp[i4«,(0,  k)  —  A„n{h,  *)],  (m  -1-  n  »  0,  2,  4,  •  •  •), 

B„  -  (Pp/2)I1  -  2A,o(A,  fc)], 

Bn  -  (Pp/2)[A;  -  2AniK  fc)l, 

“  -PgA^nih,  k),  (m  +  n  -  3,  5,  7,  •  •  •). 

where  again  h  —  (Xo/P)  and  k  «■  (Q/P). 

Applying  the  resiilts  of  Part  I,  §§4  and  5  once  more  we  note  for  values  of 
h  and  k  in  case  (ii)  of  Part  I,  §4  the  double  power  series  expansions 


(5.4)  >^Boo 


(5.5)  Bio 


(5.6)  Bo, 


iPgh/2)  -  (PpAVx) 


f  (H)  +  +  (Ho)h*  + 

+  (H)**  +  (^2)AV  -f  .  •  . 


+  (^28)**  + 


(Pgh/r) 


2  -  (H)h*  -  (Ho)h*  - 

-  (H)k'  -  (HW  -  • 

-  (^2)** - 


iPghk/r) 


1  +  (H)h'  +  {y40)h*  +  •  •  • 

+  (M)**  +  (?^6)V*•  +  •  •  • 

+  (H4,)k*  +  •  •  • 


4 
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(5.7)  -  (Pgh'/T) 


(5.8)  J5„  -  (Pgh*k/T) 


1  _  -  .  . 
-  (?i)A:*  -  iHe)h'k'  -  •  • 
~  m4)k* - 

f  (H)  +  (H)h*  +  (He)h*  + 
+  (Ks)**  +  (i%4)AV  +  ■ 
+  (1^28)**  +  •  •  • 


(5.9)  Be,  -  (Pgh^kyr)i 


f  -  (H)  -  iH2)h'  -  iH4)h*  - 
-  iH2)k'  -  (*?^28)AV  -  •  . 


-  m024)k*  - 


(5.10)  B»  -  (Pgh/r) 


(5.11)  Bn  -  {Pghk/ir)i 


(5.12)  Bu  -  iPghk'/r) 


(5.13)  Be,  -  (Pghk'/w) 


-  iH)  +  h'-  iH)h*  -  .  . 

+  (%)**  -  iH)h'k' - 

-  m2)k* - 

f-i  +  (>^)^’  +  (M)A*+--*l 
+  mk'  +  (K6)^v  + . . . 

+  {H4,)k*  +  •  •  • 

-  (M)  -  (H)fc*  -  {H2)h*  - 

-  (Ke)*’  -  (%2)fcV - 

-  (1%12)** - 

(H4)  +  (Ke)^*  +  (%4)A*  +  ’ 

+  iH28)k'  +  (*%56)****  +  • 

+  {^H024)k*  +  •  •  • 


each  of  which  again  converges  for  h  +  k  ^  1,  i.e.,  for  X,  +  Q  ^  P. 

The  reader  again  will  note  from  these  expansions  the  general  behavior  of  the 
corresponding  coefficients  B^mm  for  small  values  of  h  and  k  together  with  such 
elementary  properties  as,  for  instance,  that  for  ^  +  1;  ^  1  the  odd  order  co¬ 
efficients  Bio ,  Boi ,  B» ,  Bn  ,  Bn  and  Bm  are  odd  functions  of  h  while  the  even 
order  coefficients  Bn ,  Bu  and  Bn  are  even  fimctions  of  h  and  as  before  each  of 
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these  coefficients  contains  as  a  factor  the  power  k*  where  n  is  maximal  and  is 
the  second  subscript  on  the  coefficient.  As  before  the  formulas  (5.3)  together  with 
these  expansions  and  the  tables  of  Part  II  essentially  provide  a  practical  solutiim 
for  the  problem  at  hand.  This  completes  our  treatment  of  rectifiers  and  limiters. 

6.  A  remark  on  terminology.  From  the  general  form  of  the  expansion  (1.2) 
of  the  present  paper  or  (3.11)  of  Part  I,  the  user  might  be  inclined  to  refer  to 
as  the  “direct  current”  term,  to  as  the  “amplitude  oi  the  first  harmonic 
of  the  first  fundamental”,  to  Bn  as  the  “amplitude  of  the  first  harmonic  of  the 
second  fundamental”  and  so  forth.  However,  precisely  speaking  as  pointed  out 
by  H.  Kaufman,  such  terminology  would  be  correct  if  and  only  if  the  ratio 
T  *  (q/p)  of  the  two  input  frequencies  p  and  9  is  an  irrational  number.  For  if 
r  >■  (q/p)  is  rational  then  there  are  alwa3rs  additional  contributions  to  these 
and  other  terms  which  may  or  may  not  be  appreciable  depending  on  the  value 
of  r.  Thus,  to  cite  an  example,  if  g  ^  2p  then  the  so  called  “direct  current” 
term  contains  not  only  the  term  but  also  the  terms  Bn  cos  (2$,  —  0,), 
Bo  cos  (40,  —  20,),  B«t  cos  (60,  —  30,)  and  so  forth.  Hence,  for  precise  applica¬ 
tion  of  the  techniques  of  this  paper  to  the  two-frequency  modulation  product 
problem  with  commensurable  input  frequencies  these  facts  may  need  to  be 
given  consideration  if  the  results  are  to  agree  with  experiment  to  a  high  degree 
of  accuracy. 
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A  THEORY  FOR  HYDROFOILS  OF  FINITE  SPAN 
Y.  T.  Wu 


Introduction.  The  purpose  of  the  present  investigation  is  to  study  the  hydro¬ 
dynamic  properties  of  a  hydrofoil  of  finite  span  moving  with  constant  velocity 
through  deep  water  at  a  fixed  distance  beneath  the  free  surface.  The  span  of  the 
hydrofoil  is  parallel  to  the  plane  of  the  free  surface.  This  problem  has  recently 
attracted  a  great  deal  of  attention  from  both  the  theoretical  and  the  practical 
points  of  view.  However,  the  idea  of  using  the  hydrofoil  as  an  aid  for  locomotion 
over  a  water  surface  is  certainly  not  new. 

As  early  as  1898  Forlanini  in  Italy  tried  to  use  hydrofoils  for  the  purpose  of 
supporting  high-speed  boats.  That  is,  the  hull,  with  hydrofoils  fastened  under¬ 
neath,  when  moving  at  sufficiently  high  speeds,  would  be  lifted  above  the  water 
surface  and  the  familiar  ship  bow-waves  would  be  replaced  by  much  weaker 
waves  due  to  the  submerged  hydrofoil  system.  The  resisting  force  of  the  water 
is  then  considerably  reduced.  Consequently,  with  the  same  propulsive  power,  a 
hydrofoil-equipped  watercraft  can  travel  much  faster  than  conventional  ones. 
Another  practical  application  of  hydrofoils  was  made  in  1911  by  Guidoni*  who 
replaced  the  ordinary  floats  of  a  seaplane  by  hydrofoils.  The  use  of  hydrofoils  as 
floats  provides  greatly  improved  aerodynamic  characteristics  of  the  seaplane 
during  flight.  However,  the  lack  of  knowledge  of  the  fundamental  properties 
and  design  data  of  hydrofoils  has  prevented  the  use  of  hydrofoils  in  modern 
applications.  The  recent  revival  of  interest  in  the  theoretical  and  experimental 
studies  of  this  problem  is  aimed  at  removing  these  gaps  in  basic  information. 

It  is  known  that,  for  a  wing  moving  in  an  infinite  fluid  medium,  one  may 
neglect  the  influence  of  gravity  and  consider  only  the  inertia  and  viscous  effects; 
the  Reynolds  condition  for  dynamical  similarity  then  holds.  Under  this  condi¬ 
tion,  the  nondimensional  lift  and  drag  coefficients  depend  only  on  the  Rejrnolds 
number  and  the  geometry  of  the  body.  However,  the  situation  for  a  hydrofoil 
near  the  water  surface  is  quite  different.  The  hydrofoil  differs  from  the  airfoil 
not  only  because  of  the  possible  occurrence  of  cavitation  but  also  through  the 
strong  effect  of  the  free  water  surface.  For  the  motion  of  a  hydrofoil  at  shallow 
submergence,  one  must  consider  the  gravity  effect  because  the  wave  formations 
on  the  free  water  surface  will  influence  decisively  its  hydrodynamic  properties. 
It  follows  that,  in  this  case,  the  nondimensional  lift  and  drag  coefficients  will  be 
functions  not  only  of  the  Reynolds  number  and  its  geometry,  but  also  of  the 
Froude  number  and  the  cavitation  number. 

The  program  of  this  paper  is  as  follows:  After  a  brief  survey  of  the  available 
theoretical  and  experimental  information  on  the  characteristics  of  hydrofoils, 
the  theory  for  a  hydrofoil  of  finite  span  will  be  formulated.  The  liquid  medium 

*  This  paper  is  the  somewhat  condensed  version  of  a  Hydrodynamics  Laboratory  re¬ 
port  of  the  same  title.*  The  work  was  sponsored  by  the  Office  of  Naval  Research  under 
the  Contract  Number  N6onr-24426  (NR062-083). 

207 


208 


V.  T.  WU 


is  assumed  to  be  incompressible  and  nonviscous  and  of  infinite  depth.  The  basic 
concept  of  the  analysis  is  patterned  after  the  famous  Prandtl  wing  theory  of 
modem  aerodynamics  in  that  the  hydrofoil  of  large  aspect  ratio  may  be  re¬ 
placed  by  a  lifting  line.  The  lift  distribution  along  the  lifting  line  is  the  same  as 
the  lift  distribution,  integrated  with  respect  to  the  chord  of  the  hydrofoil,  along 
the  span  direction.  The  induced  velocity  field  of  the  lifting  line  is  then  calculated 
by  giving  proper  consideration  to  lift  distribution  along  the  lifting  line,  free 
water  surface  pressure  condition  and  wave  formation.  The  “local  velocity”  so 
determined  for  flow  around  each  local  section  perpendicular  to  the  span  of  the 
hydrofoil  can  be  considered  as  that  of  a  two-dimensional  flow  around  a  hydro¬ 
foil  without  free  water  surface.  The  only  additional  feature  of  the  flow  in  this 
sectional  plane  is  the  modification  of  the  geometric  angle  of  attack,  as  defined 
by  the  undisturbed  flow,  to  the  so-called  effective  angle  of  attack  on  account 
of  the  local  induced  velocity.  Thus  the  local  sectional  characteristics  to  be  used 
can  be  taken  as  those  of  a  hydrofoil  section  in  two-dimensional  flow  without  free 
water  surface  but  may  involve  cavitation.  More  precisely,  the  hydrofoil  section 
at  any  location  of  the  span  has  the  same  hydrodynamic  characteristics  as  if  it 
were  a  section  of  an  infinite  span  hydrofoil  in  a  fluid  region  of  infinite  extent  at  a 
geometric  angle  of  attack  equal  to  a« ,  together  with  proper  modification  of  the 
free  stream  velocity.  Such  characteristics  may  be  obtained  by  theory  or  by  ex¬ 
periment  and  should  be  taken  at  the  same  Reynolds  number  and  cavitation 
number.  With  this  separation  of  the  three-dimensional  effects  and  the  two- 
dimensional  effects,  the  effects  of  Froude  number  are  singled  out.  Thus  a  syste¬ 
matic  and  efficient  analysis  of  the  hydrofoil  properties  can  be  made. 

The  lifting  line  theory  used  in  this  problem  is  developed  through  various  stages 
to  include  the  formulation  of  the  direct  or  indirect  problems  and  also  the  prob¬ 
lem  of  minimum  drag.  Finally,  detailed  calculations  of  the  lift  and  drag  coeffi¬ 
cients  of  a  specified  hydrofoil  are  carried  out  for  the  case  of  elliptical  distribution 
of  circulation.  The  effects  of  the  free  water  surface  and  the  wave  formation  are 
examined  in  detail.  Needless  to  say,  the  neglect  of  viscous  effects  will  cause  the 
omission  of  the  frictional  drag  in  the  total  drag  calculation.  However,  this  error 
can  be  estimated  separately. 

The  author  wishes  to  express  his  gratitude  to  Professor  H.  S.  Tsien  for  sug¬ 
gesting  this  problem  and  for  his  many  inspiring  discussions;  he  also  wishes  to 
thank  Professors  M.  S.  Plesset,  A.  Erdelyi  and  Dr.  J.  D.  Cole  for  many  useful 
suggestions. 

Survey  of  Previous  Results.  The  investigation  of  the  properties  of  hydrofoils 
has  been  so  far  mostly  experimental.  Although  there  exist  some  approximate 
theories,  they  do  not  appear  to  show  the  effects  of  wave  formation  on  the  hydro- 
dynamic  characteristics  of  the  hydrofoil,  especially  when  the  submergence  is 
shallow.  In  Guidoni’s  work,*  it  is  claimed  that  some  of  the  advantages  of  hydro¬ 
foils  over  conventional  ships  or  floats  are  better  lift-drag  ratio  and  less  sensitivity 
to  a  rough  water  surface  so  that  their  use  may  result  in  a  substantial  decrease  in 
the  structural  weight  of  the  hull.  Some  early  preliminary  work  on  the  hydrofoil 
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problem  was  carried  out  by  Keldysch  and  Lawrentjew,*  Kotschin^  and  Wladi- 
mirow*  in  ZAHI.  Their  studies  are,  in  a  broad  sense,  only  an  extension  and  modi¬ 
fication  of  Lamb’s  work  on  the  submerged  cylinder*  and  Havelock’s  work  on  the 
sphere  beneath  a  water  surface.^*  ‘  In  Keldysch’s  work,  which  is  a  special  case 
of  Kotschin’s,  the  problem  of  the  two-dimensional  hydrofoil  was  solved  by  re¬ 
placing  the  wing  by  a  circular  cylinder  with  circulation.  Wladimirow  solved  the 
problem  of  hydrofoils  of  finite  span  by  replacing  the  hydrofoil  by  a  horseshoe 
vortex  of  constant  circulation  along  the  span  and  by  assiuning  that  the  free 
water  surface  remains  flat  no  matter  how  close  the  hydrofoil  is  to  the  surface. 
The  calculation  then  reduces  to  a  two-dimensional  problem  in  the  Trefftz’s 
plane  behind  the  wing.  This  approximation  is  even  poorer  than  the  assumption 
of  infinite  Froude  number.  In  1935,  a  test  of  a  single  hydrofoil  (the  NACA 
0.0009  profile)  was  carried  out  by  Wladimirow  and  Frolow  in  the  towing  tank 
of  ZAHI.*  Experimentally  it  was  found  that  both  lift  and  drag  coefficients  de¬ 
crease  with  the  depth  of  immersion,  but  the  rate  of  decrease  of  the  lift  coefficient 
was  faster  than  that  of  drag,  especially  for  small  depths.  The  comparison  be¬ 
tween  theory  and  experiment  on  this  point  was  not  satisfactory.  About  the  same 
time,  the  problem  of  cavitation  on  a  submerged  obstacle  of  hydrofoil  section 
such  as  a  ship  propeller  was  approached  by  Ackeret®,  Walchner'®,  Lerbs", 
Martyrer*®,  Gutsche'*,  and  Smith**.  Around  1937,  further  contributions  to  the 
hydrofoil  problem  were  made  by  Weinig**,  Tietjens**,  and  von  Schertel*^.  Weinig 
gave  a  preliminary  yet  exhaustive  discussion  on  hydrofoil  and  planing  problems 
neglecting  completely  the  effects  of  gravity  and  the  free  surface  elevation;  the 
wave  resistance  for  both  cases  was  estimated  approximately  afterwards.  During 
the  last  World  War,  a  series  of  tests  on  a  number  of  hydrofoils  of  different  foil 
sections  was  carried  out  at  NACA  by  Land,  Benson  and  Ward  ’*•  **•  “  in  the 
NACA  towing  tank.  Several  interesting  results  were  found.  At  depths  greater 
than  4  chords,  the  influence  of  the  free  surface  is  negligibly  small.  In  the  range 
of  depths  between  4  chords  and  approximately  |  chord,  lift  and  drag  coefficients 
decrease,  and  the  cavitation  speed  increases,  with  decrease  in  depth  until  the 
hydrofoil  approaches  and  breaks  through  the  surface  at  which  point  a  sudden 
decrease  in  lift  occurs.  However,  the  corresponding  values  of  the  lift-drag  ratio 
increase  to  maximum  values  when  the  hydrofoils  are  near  the  surface  then 
decrease  rapidly  with  further  decrease  in  depth  to  values  for  the  planing  sur¬ 
faces.  Obviously,  these  observations  indicate  that  there  exists  an  optimum  value 
of  the  depth  for  which  the  hydrofoil  operates  most  efficiently.  The  effect  of  an 
increase  of  speed  is  to  reduce  the  minimum  drag  coefficient  and  to  make  it 
occur  at  a  corresponding  higher  value  of  the  lift  coefficient  until  cavitation  takes 
place.  Any  lower  surface  cavitation  reduces  the  lift;  while  complete  upper  sur¬ 
face  cavitation  prevents  further  increase  of  lift.  Under  such  condition,  however, 
a  maximum  value  of  lift  as  high  as  1  ton  per  square  foot  was  recorded.  A  profile 
with  sharp  leading  edge  seems  desirable  for  reducing  cavitation.  The  hydrofoil 
section  NACA  16-509  was  observed  to  have  favorable  hydrodynamic  properties. 
The  stability  problem  of  a  system  of  hydrofoils  was  studied  by  Imlay**.  An 
exhaustive  experimental  investigation  of  a  single  hydrofoil  with  large  dihedral 
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was  made  by  Sottorf”  in  the  Gottingen  towing  tank  in  which  eighteen  different 
profiles  were  studied;  his  results  have  been  made  available  only  recently.  He 
found  that  a  thin  profile  of  almost  circular  segment  form  with  pointed  nose  and 
an  increased  convex  camber  in  the  nose  area  is  favorable  for  laminar  flow,  and 
consequently  also  reduces  cavitation,  gives  higher  lift  and  lift-drag  ratio,  and 
minimum  spray  formation  at  the  junction  of  the  tip  of  the  hydrofoil  and  the 
free  water  surface.  The  main  feature  of  the  depth  effects  on  hydrodynamic 
properties  are  in  good  agreement  with  NACA  results.  It  was  also  found  that  a 
partial  cavitation  on  the  upper  surface  has  a  favorable  effect  provided  that  it 
covers  less  than  a  half  chord  because  a  thin  cavitation  bubble  layer  reinforces 
the  flow  curvature  and  thereby  increases  the  lift.  In  addition,  the  bubble  layer 
lessens  the  surface  friction  by  acting  as  a  cushion  between  the  solid  surface  and  ^ 
the  high  velocity  water  stream.  However,  this  favorable  range  of  operation  is 
not  very  stable. 

General  Formulation  of  the  Problem.  Consider  a  hydrofoil  of  span  2b,  with 
arbitrary  profile  and  plan  form,  moving  with  constant  forward  velocity  U 
through  deep  water  at  fixed  depth  of  immersion  h  which  is  measured  from  its 
trailing  edge  to  the  mean  free  water  surface.  If  we  choose  a  coordinate  system 
fixed  with  respect  to  the  hydrofoil,  then  in  this  S3rstem  the  flow  picture  would 
appear  to  be  stationary  with  a  uniform  free  stream  velocity  U  approaching  the 
hydrofoil.  Let  the  x-axis  1t>e  parallel  to  the  direction  of  the  free  stream,  the  z- 
axis  point  upward,  with  z  =*  0  representing  the  undisturbed  free  surface  and  the 
trailing  edge  of  the  hydrofoil  lying  between  (0,  —b,  —h)  and  (0,  6,  —h)  as  shown 
in  Fig.  1.  The  elevation  of  the  disturbed  free  surface  caused  by  the  hydrofoil  is 
denoted  by  ^(x,  y)  measured  from  z  =>  0.  The  liquid  medium  is  assumed  to  be  in¬ 
compressible  and  nonviscous  so  that  the  condition  of  irrotationality  and  con¬ 
tinuity  implies  that  the  perturbation  velocity  potential  <p  satisfies  the  Laplace 
equation 

=■  0.  (1) 
From  its  solution  the  total  velocity  field  of  the  liquid  flow  can  be  obtained  as 
Q  =  I/i  +  q,  q  “  grad  v  (2) 
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The  pressure  field  may  be  determined  from  the  Bernoulli  integral 

p/p  +  iQ-Q  -\-  gz  =  const.  (3) 

in  which  the  effect  of  gravity  has  been  taken  into  account. 

Now  let  us  assume  that  the  resulting  motion  is  such  that  almost  everywhere 
I  q  I  is  much  less  than  U  so  that  Eq.  (3)  may  be  linearized  to  yield: 

p/p  +  U<Pt  +  j/z  =  const.  (4) 

The  corresponding  linearized  boundary  conditions  on  the  disturbed,  free  surface 
now  become 


{dip/dz),^  =  f/df/dx, 

(5) 

Uidp/dx),^  = 

(6) 

Eq.  (5)  represents  the  linearized  kinematic  condition  on  the  free  surface,  while 
Eq.  (6)  is  identical  with  the  dynamic  condition  p  —  po  —  constant  on  the  dis¬ 
turbed  surface.  It  may  be  noted  that  gravity  affects  the  kinematics  through  the 
boundary  conditions  (5)  and  (6)  and  thereafter  influences  the  dynamics  through 
Eq.  (4),  even  though  it  does  not  appear  explicitly  in  the  kinematical  Eq.  (1). 
The  boundary  condition  on  the  hydrofoil  surface  is 

dtp/dn  =  —U  cos  (n,  x)  (7) 

where  dtpidn  is  the  normal  component  of  the  velocity  at  the  surface.  It  may  also 
be  mentioned  here  that  the  real  physical  situation  requires  that  the  disturbance 
upstream  should  diminish  at  a  rate  which  is  made  to  agree  with  observation. 

In  order  to  simplify  the  problem,  it  will  be  assumed  that  the  aspect  ratio 

M  =  i2b)'/S  (8) 

of  the  hydrofoil  with  plan  area  S  and  span  2b  is  so  large  that  the  whole  hydro¬ 
foil  may  be  replaced  by  a  lifting  line.  Then  the  subsequent  analysis  can  be 
made  similar  to  the  Prandtl  wing  theory  of  modem  aerodynamics  by  introducing 
appropriate  modifications  of  Prandtl’s  original  concept.  The  fundamental  con¬ 
cept  is  that  the  circulation  distribution  along  the  lifting  line  which  replaces  the 
hydrofoil  is  the  same  as  the  distribution  of  bound  vorticity,  integrated  with 
respect  to  the  chord  of  the  hydrofoil,  along  the  span  direction.  We  then  calcu¬ 
late  the  induced  velocity  field  of  this  circulation  distribution  on  the  lifting  line. 
The  characteristic  length  of  this  induced  velocity  field  is  the  span  2b  or  the  im¬ 
mersion  depth  h,  whichever  is  the  smaller.  Therefore  if  h  is  much  larger  than  the 
representative  chord  of  the  hydrofoil,  then  the  characteristic  length  of  the  in¬ 
duced  velocity  field  is  very  much  larger  than  the  characteristic  length  of  the 
local  velocity  field  which  is  associated  with  the  bound  vorticity  and  the  circula¬ 
tion.  Then  as  far  as  the  lift  production  is  concerned,  each  section  of  the  hydrofoil 
is  effectively  surrounded  by  a  stream  of  infinite  extent  moving  with  an  effective 
velocity  which  is  not  the  free  stream  velocity  U  but  the  sum  of  U  and  the  in¬ 
duced  velocity.  We  then  replace  the  boundary  condition  of  Eq.  (7)  by  the 
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statement  that  the  circulation  of  the  lifting  line  at  a  certain  spanwise  station  is 
the  same  as  that  corresponding  to  a  two-dimensional  flow  without  free  surface 
around  the  same  local  section  with  an  effective  free  stream  velocity  equal  to  the 
sum  of  U  and  the  induced  velocity.  Although  our  argument  for  the  lifting  line 
concept  is  based  upon  large  aspect  ratio  i«,  experience  with  airfoils  indicates 
that  the  theory  can  be  expected  to  be  sufficiently  accurate  even  for  M.  as  low 
as  four. 

We  shall  assume  that  along  the  lifting  line  the  distribution  of  the  circulation 
strength  r(y)  is  known  for  given  angle  of  attack  and  immersion  depth.  It  should 
be  pointed  out  here  that  for  shallow  submergence  the  effects  of  the  free  surface 
modify  considerably  the  approaching  flow  velocities  and  thereby  make  the  pres¬ 
sure  and  lift  distribution  different  from  its  corresponding  aerodynamic  value. 
Therefore,  in  our  hydrofoil  problem  the  lift  distribution  is  no  longer  simply 
proportional  to  r(y)  as  it  is  in  aerod}mamic  wing  theory  but  is  rather  a  compli¬ 
cate  function  of  T{y).  When  r(j/)  is  given,  the  lift  distribution  can  be  determined 
as  will  be  shown  later.  However,  the  calculation  of  r(j/)  for  known  lift  distribution 
is  more  difficult.  Strictly  speaking,  r(y)  depends  not  only  on  the  flow  velocity, 
angle  of  attack  and  the  geometry  of  the  hydrofoil,  but  also  on  the  depth  of  sub¬ 
mergence  h.  When  h  tends  to  infinity  so  that  this  hydrofoil  is  in  a  flow  of  infinite 
extent,  the  free  surface  and  wave  effects  should  vanish  and  r(y)  then  tends  to 
its  conventional  aerodynamic  value  r.(j/).  Since  the  circulation  for  equal  airfoil 
and  equal  effective  angle  of  attack  is  proportional  to  the  approaching  relative 
flow  velocity,  we  have 

r(f/)  =  [1  +  U-%iO,  y,  -h)/dx]T^(y)  (9) 

If  r«(y)  instead  of  r(y)  at  depth  h,  were  given,  Eq.  (9)  would  lead  to  an  in¬ 
tegral  equation  for  r(t/)  as  will  be  shown  later.  A  similar  situation  results  if  one 
intends  to  find  r(t/)  at  h  for  given  geometry  of  the  hydrofoil.  Therefore  we  shall 
first  consider  the  simple  case  in  which  r(y)  is  assumed  to  be  given. 

In  this  case,  the  contribution  of  the  lifting  line  to  the  perturbation  potential 
can  be  shown  to  have  the  following  integral  representation  (cf.  Ref.  23,  also  cf. 
Ref.  1,  Appendix  I): 

['  r(,)  d, 

'  -  ^  ^ 

+  **  /*  r(,)  d,  f  om  Mv  -  d„. 

4t  •'—•0  /o 

It  may  be  noted  that  the  above  expression  satisfies  Eq.  (1)  and  has  a  singularity 
along  the  lifting  line,  a  jump  of  r(y)  across  the  vortex  sheet  on  the  downstream 
side  of  the  lifting  line  and  is  regular  elsewhere  inside  the  water.  Needless  to  say, 
has  no  meaning  above  the  free  surface  (z  >  f).  It  may  also  be  remarked  here 
that  some  other  useful  representations  for  can  be  written  as  follows  (cf.  Ref.  1, 
Appendix  I): 

r  r(v)  dv  f  f  V(x  -  {)*  +iy-  r,y)k  dk,  (10a) 

4t  •'-•0  •'0  •'0 
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+  +  (j/  -  vr  +{z  +  hy 

where  Jo  denotes  the  Bessel  function  of  the  first  kind. 

It  is  convenient  to  decompose  ^  into  three  parts 

w  =  <01  +  ^  +  (11) 

in  such  a  way  that  the  boundary  condition  of  £q.  (6)  is  decomposed  as  follows: 

difii/dx  +  difit/dx  =  0  at  2  =  0,  (12) 

and 

U{M/dx).^ - gl:.  (13) 

Physically  this  decomposition  means  that  wa  represents  the  potential  due  to 
wave  formation  so  that  wa  is  the  only  part  of  w  which  involves  the  effect  of  grav¬ 
ity,  and  it  vanishes  when  the  gravitational  effect  is  neglected.  In  the  latter 
case  the  boundary  condition  £q.  (6)  reduces  to  Eq.  (12).  It  does  not  follow, 
however,  that  the  disturbance  f  should  also  vanish  because  f  is  also  influenced 
by  wi  and  ^  through  Eq.  (5).  The  remaining  part  of  namely,  wi  +  >  is  equiv¬ 

alent  to  the  potential  of  a  biplane  system  in  infinite  flow  with  the  upper  lifting 
line  of  an  equal  circulation  r(2/),  rotating  in  the  same  sense,  distributed  along 
the  image  points  (z  =  -\-h)  of  the  real  wing.  In  other  words,  ^  represents  the 
correction  to  <p  due  to  the  effect  of  the  mean  free  surface  2  =»  0.  According  to  this 
reflection,  niay  be  written  down  directly  from  Eq.  (10)  by  replacing  h  by 
(—h).  In  the  range  of  present  interest,  we  have 

~  f  r(ij)  dv  I  dX  /  cos  n(y  -  dn 

Zw  Jo  A  *0 

(14) 

1  r* 

—  —  /  r(ij)  drf  /  cos  n(y  —  i?)e'‘^*  dy,  for  2^0, 

4t  J— «c  Jo 

which  may  also  be  converted  into  expressions  similar  to  Eqs.  (10a)  and  (10b). 
It  may  be  noted  that  this  expression  is  regular  everywhere  inside  the  water. 

Now  it  seems  plausible  to  assume  that  <pt  and  f  may  be  represented  by  the 
following  expressions: 

vt  j  r(ij)  dij  o(X,  m)  d\  cos  y(y  —  dy 

+  ^  f  f  ~  for  2^0; 

2t  J-¥)  Jo 

f  »  J  r(rj)  dri  j  /3(X,  m)  cos  Xx  dX  J  COS  y(y  —  dy; 
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where  a(X,  m)  and  m)  are  two  functions  of  m  and  X  to  be  determined  by  using 
boundary  conditions  (5)  and  (13).  Substituting  these  values  into  Eqs.  (5)  and 
(13),  we  obtain: 


and 


«(X,  m) 


K 

ir*(X*(X*  +  M*)-*  -  «)’ 


ft)  =*  —{U/g)a(\,  ft). 

These  integral  representations  of  ^  and  f  can  be  converted  into  forms  convenient 
for  calculation  by  introducing  the  new  variables  k  and  6  such  that: 

\  =  k  cos  $,  ft  —  k  sin  0. 


Then 

_  JL  /"  r(,)  dv  f  di  /"*  sec*  edef 

T*  Jo  Jo  Jo 

cos  (A:{  cos  d)  cos  ik(y  —  tj)  sin  d)  ^ 
k  —  K  sec*  d 

+  ^  f  rW  dt?  cos  m(i/  —  >l)  dft,  for  z  ^  0; 

f  ''"i 

cos  (Au:  cos  d)  cos  (k(y  —  tf)  sin  6) 


(15) 


(16)  , 


It  can  be  seen  that  this  value  of  f  given  by  Eq.  (16)  is  even  in  x  so  that  the 
elevation  upstream  is  merely  the  reflection  of  that  downstream.  Therefore  it 
seems  necessary  to  investigate  the  behavior  of  f  for  large  negative  values  of  x 
in  order  to  make  a  comparison  with  observation.  The  integral  representing 
as  given  by  Eq.  (16)  is  indeterminate,  but  it  is  familiar  in  plane  wave  problems 
that  its  principal  value  can  be  obtained  by  considering  A;  to  be  complex  and 
evaluating  it  by  contour  integration.  The  path  on  the  positive  real  axis  should 
be  indented  around  the  point  k  =  k  sec*  0  which  is  a  simple  pole  of  the  integrand. 
After  deforming  the  contour  to  the  imaginary  axis,  we  obtain: 


_  .  .  ,  ,  .  -ki  cos  (kx  COB  0)  cos  (k(y  —  rf)  sin  0)  ,  ,, 

Principal  value  of  e  - - ^  ^  dfc 

•'0  K  tC  300  V 

=  —(sign  x)tk  sec*  0  c”*'"*’*  sin  (kx  sec  0)  cos  («c(y  —  rji)  sec*  0  sin  0)  (17) 


— *|*|oo«# 


,  „  /  \  *  sec*  0  cos  (kh)  4-  k  sin  (kh)  ,  ,, 

cosh  {k(y  -  v)  sm  0)  - -  fc  dk. 


The  integration  of  the  last  integral  in  Eq.  (17)  with  respect  to  0  (cf.  Eq.  (16)) 
should  only  extend  over  the  range  for  which  |  x  \  cos  ±  (j/  —  ij)  sin  ®  >  0  for 
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an  assigned  point  (x,  y).  It  is  evident  from  Eq.  (17)  that  although  the  integral 
vanishes  as  |  x  j  — ►  « ,  the  first  term  remains  even  for  x  — »  —  « .  Then  there  are 
surface  waves  even  far  ahead  of  the  hydrofoil.  This  is  in  contradiction  with  ex¬ 
perience.  The  paradox  can  be  resolved  by  observing  that  there  are  solutions  of 
the  basic  flow  equation,  the  free  wave  solutions,  which  satisfy  the  surface  pres¬ 
sure  condition  of  Eq.  (6).  We  can  then  add  these  solutions  to  our  velocity  poten¬ 
tial  without  rendering  the  solution  so  far  obtained  invalid  for  our  problem.  The 
appropriate  free  wave  solution  to  be  added  is  determined  by  the  condition  that 
the  free  surface  elevation  must  vanish  at  large  distances  ahead  of  the  hydro¬ 
foil.  Therefore,  we  have  to  superimpose  on  f  another  system  of  waves 

- - ^  /  r(tj)  dij  /  sec*  6  e~*******  sin  (kx  sec  6) 

tU  Jo  (Ig) 

•cos  («c(j/  —  ri)  sec*  6  sin  0)  d0 

which  is  odd  in  x.  In  order  to  remain  consistent  with  all  the  boundary  conditions, 
we  must  add  to  the  velocity  potential  another  term,  say,  ,  given  by 


Vi 


~  ~  ~  j  j  ® 


•'0  (19) 

•cos  ((cx  sec  0)  co6(k(j/  —  ij)  sec*  0 sin  0)  d0,  (for  z  ^  0) 


which  obviously  satisfies  Eq.  (1).  This  part  of  the  potential  may  be  thought  of  as  a 
correction  term.  The  same  result  can  be  obtained  by  introducing  a  fictitious 
viscous  term  to  the  Bernoulli  equation  (cf.  Ref.  1  Appendix  II,  (Eq.  (18)),  a 
device  first  discovered  by  Lord  Rayleigh.  The  physical  significance  of  this 
viscous  term  is,  however,  not  easy  to  understand.  Our  argument,  even  if  some¬ 
what  lengthy,  has  its  merit. 

From  the  resulting  expression  of  the  surface  elevation,  f  +  f',  it  can  be  seen 
that  the  term  with  the  factor  in  Eq.  (17)  diminishes  exponentially  with 

increasing  |  x  |  both  in  upstream  and  downstream  direction.  Hence  for  large 
positive  values  of  x,  the  surface  elevation  can  be  approximated  by 


r 


-  %  /'  TMd,  /"’sec'De-"-* 
rU  Jo 

•  sin  (kx  sec  0)  cos  (k(j/  —  ri)  sec*  0  sin  0)  dB, 


(20) 

for  X  >  0,  large) 


This  relation  shows  that  ^  is  analyzed  into  components  of  simple  waves,  where 
each  train  of  waves  (corresponding  to  one  value  of  0)  propagates  on  the  down¬ 
stream  side  of  the  wave  front  x  cos  5  +  (j/  —  ij)  sin  =  constant  with  wave 
length 


I 


2r 

K  sec*  0 


2x17* 

9 


cos*  0. 


(21) 


This  configuration  of  surface  waves  resembles  that  of  t3rpical  ship  waves  (cf. 
Ref.  6,  pp.  433-437).  To  study  the  behavior  of  f  behind  the  hydrofoil  as  x  — » 
+  <»,!/  finite,  we  can  approximate  the  integral  in  Eq.  (20)  by  applying  the 


method  of  stationary  phase  (e.g.  cf.  Ref.  24,  p.  505).  Only  the  result  will  be  given 
here: 


as  x  — ►  +  « ,  y  finite. 


(22) 


Therefore  f  tends  to  zero  like  0(x“*)  far  downstream;  and  at  fixed  x  the  effect 
of  free  stream  velocity  is  such  that  f  is  proportional  to  C/“‘,  noting  that  in  Eq. 
(22)  r(y)  is  proportional  to  IJ .  Eq.  (22)  shows  that  as  the  distance  from  the 
hydrofoil  is  increased  only  the  total  circulation  on  the  lifting  line  matters,  the 
detail  of  the  distribution  of  circulation  is  inconsequential.  This  is,  of  course, 
what  we  would  expect  from  general  principles. 

It  may  also  be  seen  from  Eqs.  (16)  and  (18)  that  there  is  a  local  disturbance 
immediately  above  the  obstacle.  As  we  do  not  intend  to  examine  the  surface 
wave  pattern  in  detail,  the  above  discussion  suffices  to  describe  the  general 
behavior  of  the  surface  elevation. 

Thus  far  we  have  found  the  complete  perturbation  potential,  namely. 


=  (23) 

where  and  ^>4  are  given  by  Eqs.  (10),  (14),  (15)  and  (19)  respectively. 


Calculation  of  the  Drag  from  Induced  Velocities.  The  total  drag,  neglecting 
the  part  caused  by  frictional  effects,  experienced  by  the  hydrofoil  may  be  cal¬ 
culated  by  using  the  Kutta-Joukowsky  law: 


D  = 


ay(0,  y,  -/») 


(24) 


where  —  (d/d2)^(0,  y,  —h)  represents  the  total  induced  downwash  at  the  trailing 
edge  of  the  hydrofoil.  If  we  split  D  into  components,  each  of  which  corresponds 
to  the  respective  component  of  ip,  we  have 


where 


Dn 


D  =  Di  +  Di  +  Dj  Dt 


-p  f  r(y)(d/dz)ip„{0,  y,  -h)  dy,  (n  =  1,  2,  3,  4) 
•'-•0 


(25) 


The  calculation  of  Di ,  the  induced  drag  due  to  the  trailing  vortices  of  the  hydro¬ 
foil  itself,  is  familiar  in  three-dimensional  aerodynamic  wing  theory  and  is  given 
by  (cf.  Ref.  23) : 


1^1  =  ^  f  I/(m)*  +  p(m)*J  m  dp 

4  .'o 

where 


(26) 
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f(jt)  and  g(ji)  are  thus  merely  the  Fourier-coeflScients  of  the  circulation  distribu¬ 
tion  r(y). 

For  the  rest  of  D,  we  first  calculate  dipjdz  from  Eqs.  (14),  (15)  and  (19)  and 
obtain: 


\  dz  dz  * 


^  J  T(ri)  dri  e  cos  (ji(y  —  »;))  n  dn, 


-  i  r  r(v)  dv  r'  sec*  e  6"***““** 

T  J-a,  Jo 

cos  (^(y  —  ij)  sec*  6  sin  d)  d8. 


Substitution  of  these  values  into  £q.  (25)  leads  to: 

A  +  D.  =  -  ^  I  +  17(m)*]m  dM,  (28) 

and 

j-wlt 

Di  =  rpK  /  6“****“**f/(i<  sec*  6  sin  fl)*  -H  gU  sec*  6  sin  fl)*]  sec*  d  d$  (29) 

Jo 

where  /  and  g  are  defined  by  Eq.  (27).  The  combination  of  Z>j  and  Dt  represents 
the  total  contribution  of  the  mean  free  surface  effect,  which  favorably  decreases 
the  total  drag  especially  when  h  is  small.  As  h  tends  to  zero,  Dt  -|-  Dt  cancels 
Di .  The  part  Dt  represents  the  wave  drag  due  to  the  downstream  wave  forma¬ 
tion  which  results  from  the  gravity  effect.  It  may  be  remarked  here  that  the 
wave  drag  can  also  be  obtaihed  by  the  method  of  traveling  surface  pressure 
(cf.  Ref.  1  Appendix  III). 

From  the  above  result  we  see  that  the  drag  is  expressed  in  terms  of  the  Fourier 
coefficients,  (/(m)  and  ^(m)),  of  the  circulation  distribution  r(j/).  Therefore  for  a 
given  r(y),  the  total  drag  is  completely  determined.  In  most  cases,  the  wing 
form  is  symmetric  with  respect  to  the  central  plane  y  =*  0,  that  is, 

r(y)  =  r(-y),  (30) 

then  it  follows  from  Eq.  (27)  that  g  vanishes  identically  under  this  condition. 

By  substituting  the  relations  of  Eq.  (27)  into  Eqs.  (26),  (28)  and  (29),  the 
drags  can  be  expressed  directly  in  terms  of  the  circulation  distribution.  Thus 

r(,)  d,  r  d,',  (26a) 

4t  J-^  V  ~  V 

S  / 1  / !  “n  d,’  (2Sa) 

and 

f>r  r  T(r,)rW)G(v  -  nO  dr,  dv' 

•'“00  •'“00 


(29a) 
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where 


*  /.»/* 

Giv  ~  v')  =  —  I  g-**‘*~*»  (jog  ggQ*  0  gju  ggg*  (29b) 

T  Ja 


Eq.  (26a)  is  the  familiar  drag  formula  for  the  Prandtl  lifting  line  theory.  Eq. 
(29b)  shows  that  G{fi  —  ti')  is  symmetrical  with  respect  to  ij  and  ij'. 

It  is  seen  that  the  drag  components  Di ,  Dj  and  Di  are  independent  of  the 
gravitational  effect.  They  are  thus  properly  called  the  components  of  the  in¬ 
duced  drag.  All  the  drag  caused  by  the  presence  of  surface  waves  is  represented 
by  Di.  Di  is  thus  the  wave  drag.  Our  calculation  does  not  include,  however,  the 
skin  friction  drag  produced  by  the  viscous  shearing  stress  on  the  surface  of  the 
hydrofoil.  This  skin  friction  drag  should  be  added  to  the  drag  calculated  in  this 
section  to  obtain  the  total  drag  of  the  hydrofoil. 

Calculation  of  the  Total  Lift.  It  is  well  known  that  the  lift  exerted  on  a  wing 
flying  in  an  infinite  fluid  is  given  by 


U  =  pU  j  r(y)  dy 


(31) 


In  the  hydrofoil  problem,  however,  the  approaching  stream  velocity  is  influenced 
by  effects  of  the  free  surface  and  wave  formations.  Hence,  the  total  lift  on  the 
hydrofoil  will  differ  from  its  aerod}aiamic  value  Lo  by  an  amount  AL  such  that 
the  total  lift 


where 


L  =  Lo  AL 


AL 


dipjO,  y,  -h) 
dx 


(32) 

(33) 


From  the  expression  of  ^  we  find  that  and  ^4  have  no  contribution  to  the  value 
of  (d^/dx)  at  the  hydrofoil.  The  final  result  is 


3^(0,  y,  -h) 


dx 


-A 

\dx  dx  ) 

=  -  J  r(jj)  dri  j  de  j  6““*  cos  (kiy  -  ri)  sin  0) 


k  +  K  sec*  6 
k  —  K  sec^  d 


k  dk 


(34) 


Substitution  of  this  value  into  Eq.  (33)  yields: 

AL=  -  ^  r  e-**'‘M  dp  r"  [/(m  sin  <?)*  +  g{p  sin  0)*]  ^  dB  (35) 

2  .'0  •'0  p  —  K  sec*  6 

where  /  and  g  are  again  given  by  Eq.  (27)  and  g  vanishes  for  symmetrical  wings. 
Equation  (35)  represents  the  contribution  of  free  surface  effects,  which  tend  to 
lessen  the  total  lift. 


HYDROFOILS  OF  FINITE  SPAN 


219 


By  substituting  the  relations  of  Eq.  (34)  into  Eq.  (33),  a  direct  expression  of 
AL  in  terms  of  the  circulation  distribution  r(i/)  is  obtained: 

AL  ^  ^  j  j  r(ij)r(V)f^(>?  —  V)  dr}  dr}'  (35a) 

where 

F(v  -  nO  -  4  /  *  r*  cos  [(v  -  V)m  sin  e]  ^  de  (35b) 

TWO  Jo  }i  —  K  sec*  B 


Therefore  the  magnitude  of  AL  is  in  general  equal  to  the  magnitude  of  drag,  i.e., 
of  one  order  smaller  than  the  lift  Lo . 

In  connection  with  the  present  discussion,  we  examine  the  effect  of  immersion 
depth  on  the  value  of  r(j/).  Substituting  Eq.  (34)  into  Eq.  (9),  we  obtain  the 
following  relation  for  a  S3rmmetrical  hydrofoil. 


r(y) 


r«(y) 


r 


e  M 


*/» 

/(m  sin  B)  cos  iny  sin  B) 


.  M 
M 


+  K  sec*  B 
—  K  sec*  B 


(36) 


where  r.(y)  is  the  value  of  V{y)  for  the  same  wing  and  same  effective  angle  of 
attack  08  h—*  « .  If  r(i/)  at  depth  h  is  given,  then  the  aerodynamic  value  of  the 
circulation  of  the  same  wing,  can  be  calculated  from  Eq.  (36).  On  the  other  hand, 
if  only  r.(y)  is  known,  then  Eq.  (36)  provides  an  integral  equation  for  T(y) 
since/ also  depends  on  r(y).  However,  for  moderate  values  of  h,  r(y)  and  r,g(j/) 
are  approximately  equal  as  will  be  shown  later. 


Geometry  of  the  Hydrofoil;  Effective  Angle  of  Attack.  Take  a  strip  of  the  hy¬ 
drofoil  of  width  (dy)  in  the  spanwise  direction  and  with  chord  c(y)  located  at 
y.  According  to  the  basic  concepts  of  the  lifting  line  theory  explained  in  the 
section  “General  Formulation  of  the  Problem”,  the  circulation  r(.v)  around  the 
lifting  line  at  y  is  the  same  as  the  circulation  around  the  corresponding  hydrofoil 
section.  It  then  follows  that  the  lift  on  this  lifting  line  segment  is  the  same  as  the 
lift  on  this  hydrofoil  section,  integrated  with  respect  to  the  chord  of  the  hydro¬ 
foil.  The  local  flow  around  this  hydrofoil  section  in  a  plane  y  =  constant  may  be 
then  considered  as  a  two-dimensional  flow  around  the  same  hydrofoil  section, 
with  free  stream  velocity  {U  +  M(y),  w{y))  and  without  free  water  surface. 
Therefore  the  local  lift  coefficient  Ci{y)  and  drag  coefficient  Cd{y)  per  unit  chord 
length  can  be  defined  by 

\p[U  -f  ti(y)l*c(y)Cj(y)  dy  -  p[U  +  «(y)]r(y)  dy, 

\p[U  -I-  u{y)^c{y)Cd(y)  dy  =  piw{y)V{y)  dy 

where  u{y)  and  w{y)  denote  the  induced  velocities  {dtp/dx)  and  {—dip/dz)  re¬ 
spectively  at  the  hydrofoil.  The  above  relations  then  give 

r(y)  =  \[U  +  u{y)\c{y)Ci{y) 


(37) 
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Fio.  2.  Downwash  and  effective  angle  of  attack. 


and 

t{y)  =  C,/Ci  =  w{v)/[U  +  u(y)],  (38) 

where  e(y)  is  defined  by  the  above  equation  as  the  downwash  angle.  Eq.  (38) 
indicates  an  important  feature  of  the  local  flow  that  the  actual  absolute  angle  of 
attack  Oa  ,  measured  from  the  free  stream  to  the  zero-lift  direction,  is  modified 
to  an  effective  angle  of  attack  a« ,  measured  from  the  approaching  stream  to  the 
zero-lift  direction  on  account  of  the  local  perturbed  velocity  as  shown  in  Fig.  2. 
The  relation  between  Oa  and  a«  is  given  by 

a,  =  Oa  —  t{y)  (39) 

In  this  way  we  can  separate  the  three-dimensional  effects  and  two-dimensional  4 
effects  by  taking  the  local  sectional  characteristics  of  the  hydrofoil  at  depth  h  ^ 
and  at  absolute  incidence  a.  to  be  the  same  characteristics  of  the  section  of  a 
two-dimensional  hydrofoil  submerged  at  infinite  depth  and  sustained  at  an 
absolute  incidence  equal  to  a,  =  Oa  —  «fj/).  Referring  to  these  two  incidences, 
Ciiy)  is  approximately  proportional  to  Oa  or  a,  for  most  of  the  usual  profiles  at 
small  incidences  (Ref.  18  and  22).  Moreover,  when  aa  vanishes  so  do  a,  and  t{y). 
Hence  we  may  put 

Ciiy)  =  Oa  Oa  =  a.  a, .  (40) 

In  general,  all  Oa  ,  aa  ,  a«  and  a.  may  be  functions  of  y.  In  particular,  Oa  is  constant 
for  wings  with  no  geometric  twist,  and  in  addition  with  the  same  profile  along 
the  span,  a,  is  constant.  Combining  Eqs.  (37)-(40),  we  have 

=  +  (41) 

For  given  T{y),  u(y)  and  w(y)  are  determined,  then  this  relation  gives  the  value 
of  the  chord  length  c(y)  except  for  a  proportionality  constant.  In  particular, 

r(0)-^-[a,(l+!ig>)-'f>]  (41.) 

which  gives  the  relation  between  r(0)  and  Co ,  the  chord  at  the  central  section. 
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Formulation  of  Problem  with  Specified  Geometry.  The  problem  is  for  given 
geometry  of  the  hydrofoil,  that  is,  given  6,  c(y),  o„(y),  o,  and  h,  to  find  T(y), 
Cl  and  Cd  .  The  relation  between  the  given  quantities  and  the  unknown  r(y) 
was  approximated  in  the  previous  section  to  be 


r(y) 

\Uc{y)a, 


wiy) 
U  ’ 


(42) 


where  from  Eq.  (34)  and  the  section  “Calculation  of  the  Drag  from  Induced 
velocities”, 


«(y)  ~  ~  j  I  j[  ®  ****  ~ 

n  K  sec*  6 
n  —  K  sec*  6 

w(y)  =  ^  /  r(Tj)  dn  jf  (1  -  e"**")  cos  [n(y  -  tj)]m  dn 


fjidft, 


+  -  (  T(rj)  dri  [  sec*  6e  ****"**  cos  [k(j/  —  jj)  sec*  0  sin  fl]  dd 
T  Jo 


(43) 


(44) 


One  way  to  solve  this  integral  equation  is  by  using  a  method  similar  to  that  of 
I.  Lotz**  in  aerodynamic  wing  theory.  This  method  consists  in  assuming  for  the 
circulation  r(y)  at  distance  y  from  the  plane  of  symmetry  the  formula 

r(y)  =  46C7  2Z»-o^*«+i  sin  (2n  +  1)0,  y  =  6cos0;  (45) 


=  0,  _  1  y  1  ^  6 

so  that  r(y)  =  r(— y)  and 

r(0)  =  4bU  Z»-o  (-)"^»»+i .  (45a) 

The  coefficients  Atn+i  are  to  be  determined  by  using  the  condition  (42).  The  first 
term  of  the  Fourier  series  in  Eq.  (45),  namely. 


ri(y)  =46l/Aisin0  =  4bUAi 


(45b) 


represents  an  elliptical  distribution  of  the  circulation.  The  rest  of  the  terms  may 
be  regarded  as  a  measure  of  the  deviation  between  the  actual  distribution  and 
the  elliptical. 

Substituting  Eq.  (45)  in  (43)  and  integrating  by  parts  with  respect  to  ri,  we 
obtain  (cf.  Ref.  1,  Appendix  IV,  A) 


niy)  =  -C/  L«-o  (-)"(2n  +  l)A2,+iU,.+i(0)  (46) 

where 

..  2  f  ^^*  dd  f  —sxit  ■}■  6k  sec*  f  /I  •  a\  It  J  Jj  t  AD  \ 

U*M-i(0)  “  -  /  -T— i  ; - r - ra  sm  0)  cos  {t  cos  0  sm  0)  dt,  (46a) 

tJo  sm  0  Jo  t  —  Ok  sec*  0 


X 


h 

b 


depth  —  I  span  ratio. 


(46b) 
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In  a  similar  manner,  substitution  of  (45)  in  (44)  gives  (cf.  Ref.  1,  Appendix 
IV,  B) 

wiy)  *  i  (2n  +  l)A„+i  3Bj,+i(«/»)  (47) 

sin  K-o 


where 

©ii*+i(0)  =  sin(2n  +  1)0  +  (— )"^*(sin  <l>)Rl 

[\/ 1  +  (2X  —  i  cos  0)^  ~  (2m  —  i  cos  0)]*"^* 
\/l  +  (2X  —  /  cos  0)* 


(— )"46k  sin  0 


(47a) 


I  e  sec*  6  sin  d)  cos  (6»c  cos  0  sec*  0  sin  0)  ^  f  dB 

Jo  L  sm  0  _ 


For  symmetrical  wing  we  require  that  both  the  chord  c{y)  and  the  incidence 
a,(y)  are  even  in  y,  hence  we  may  expand  the  following  quantities  into  Fourier 
series  with  known  coefficients 


Co  sin  0 
c{y) 


-tc,. 


cos  2n0, 


aaiy)  sin  0  =*  S  Bjn  cos  2n0. 

K-o 

Substituting  Eqs.  (45)-(49)  into  Eq.  (42),  we  get 


(48) 

(49) 


86 

-  Cin 

Co  a,  L  »-o 


cos  2n0  ^  i4i«+i  sin  (2n  +  1)0 

^  L 


i  B,k  cos  2n0'|  1  -  £  (-)"(2n  +  1)A„h-i U„+i(0)  (50) 

_K-0  JL  K-o 


~  ^  (2n  +  l)Aj*+i  9EStn^.i(0) 

K-o 

where  Ujk+i  and  ©jk+i  are  given  by  Eqs.  (46a)  and  (47a).  To  determine  the 
coefficients  Atn+i  from  Eq.  (50)  would  necessitate  the  expansion  of  the  left  side, 
and  both  UtK+i(0)  and  ©ik+i(0)  into  a  Fourier  series  in  0,  thus  leading  to  in¬ 
finitely  many  linear  equations,  in  infinitely  many  unknowns.  The  solution  to 
this  problem  is  obviously  ^  difficult  one.  However,  a  very  good  approximation 
can  be  obtained  by  using  a  method  for  practical  calculation  on  wings  of  finite 
span,  due  to  H.  Glauert*^  Replace  the  infinite  series  representation  of  r(j/) 
given  by  Eq.  (45)  by  an  approximate  value  in  terms  of  a  finite  series  of,  say, 
m  +  1  terms, 

Tiy)  -  461/  52"-o  -^jK+i  sin  (2n  -f  1)0,  »  6  cos  0.  (51) 


This  expression  of  r(i/)  then  reduces  the  condition  of  Eq.  (42)  to 

•Fl  ~  (■■)"(2n  -|-  l)AtK-t-i UiK-t-i(0)l  “  S  (2w  -|-  l)AtK+i ©tK.«-i(0)< 

L  »-o  J  K-o 


(52) 
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This  equation  cannot  be  satisfied  identically  for  all  values  of  0.  However,  if 
(m  +  1)  particular  values  are  suitably  chosen  for  we  get  m  +  1  linear  equa¬ 
tions  from  which  the  (m  -f  1)  coefficients,  Ai,  At,  •  •  •  can  be  determined. 
The  values  of  these  Atn+i  so  obtained  will  satisfy  Eq.  (52),  not  identically,  but 
only  at  the  selected  points.  In  general,  the  first  four  coefficients  usually  give  a 
sufficiently  accurate  result.  The  detail  of  such  calculations  will  not  be  given 
here;  however,  the  calculation  of  the  first  order  term  is  quite  similar  to  that  of  a 
specific  example  of  the  direct  problem  discussed  in  the  section  “Example — 
Elliptical  Distribution  of  the  Circulation  Strength.” 

Having  obtained  the  value  of  r(y)  for  this  indirect  problem,  the  calculation 
of  the  lift  and  the  drag  is  then  the  same  as  that  of  the  direct  problem  discussed 
in  section  “Calculation  of  the  Drag  from  Induced  Velocities”  and  section  “Calcu¬ 
lation  of  the  Total  Lift.”  The  results  can  be  directly  written  down  by  ascribing 
to  /(m)  and  giti)  the  following  value: 

/(m)  =  -  /  ^(v)  COB  fit)  dri  ^  — -  f  sin  mi?  dri 

T  J-i  T/i  J-t  ari 

=  ^  (2n  -f  l)i4jn+i  f  sin  (nh  cos  cos  (2n  +  1)^  (53a) 

TM  <1-0  •'0 

-  M  £  (-)"(2n  + 
and 

g(jt)  =  0  (53b) 

Minimum  Drag  for  Given  Lift.  We  shall  consider  a  hydrofoil  of  span  2b  so 
that  r(y)  »  0  for  I  y  I  ^  b.  The  problem  is  to  find  a  distribution  r(y)  such  that 
the  drag  D  is  minimum  under  the  condition  of  constant  lift  L.  By  the  method 
of  undetermined  multipliers  the  requirement  is 

6D  -  \oSL  =  0  (54) 

where  the  variation  is  carried  out  such  that  ir(y)  =«  0  at  y  ==  dbb.  Applying  the 
above  variation  to  the  general  expressions  for  D  and  L  given  by  Eqs.  (26a)- 
(29b),  (31),  (35a),  and  (35b),  using  the  relation  that  5[r(i;)r(ij')]  =  r(tj)ir(ij')  -f 
r(i7')4r(i>)  and  noting  that  both  /^(jj  —  if')  and  G(i?  —  i?')  defined  respectively 
by  Eqs.  (35b)  and  (29b)  are  symmetric  with  respect  to  (ij  —  ij')>  we  obtain 

2  +  2  ~^^)]  «r(y)  dy  -  0. 

Since  <r(y)  is  otherwise  arbitrary,  the  quantity  inside  the  bracket  must  vanish 
identically.  Or,  using  the  present  notation,  we  have 

2ic(y)  —  \o[U  +  2u(y))  -  0.  (55) 

The  constant  multiplier  Xo  determined  by  Eq.  (55)  equals  approximately  twice 
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the  value  of  the  downwash  angle  c  for  not  too  shallow  submergences;  more  pre¬ 
cisely,  the  difference  c  —  Xo/2  is  a  second  order  small  quantity  given  by 

Xo  _  u(y)wiy) 

‘  2  [U  +  u{y)][U  +  2u(y)y 

Therefore,  the  condition  for  the  minimum  total  drag,  accounting  for  all  causes 
and  holding  lift  constant,  is  that  the  total  downwash  angle  must  be  constant, 
along  the  span,  up  to  the  first  order  term.  When  depth  of  submergence  becomes 
infinite,  u(y)  tends  to  zero,  the  above  condition  is  reduced  to  the  requirement  of 
constant  downwash  which  is  in  agreement  with  aerodynamic  wing  theory. 

Substituting  the  expUcit  expressions  of  the  induced  velocities  w(y)  and  u{y) 
given  by  Eqs.  (43)  and  (44)  into  Eq.  (55),  we  obtain  the  following  integral  equa¬ 
tion  for  T(y): 


^  r(ij)  (1  —  cos  n(y  —  ri)n  dn  +  4<c* 

’  j  e~*^“®**  cos  Uiy  —  rj)  sec*  d  sin  0)  sec*  0  =  Xo  (55a) 

•■lu  -  ^  f  r(ri)  dri  f  dn  f  cos  (m(j/  —  1?)  sin  0)  ^ 

(  T*  J-t  Jo  Jo  n  —  K  sec*  0  ) 

To  solve  this  equation  a  practical  method  of  approximation  similar  to  that 
used  in  solving  Eq.  (42)  of  the  indirect  problem  may  also  be  applied  here.  As¬ 
suming  that  the  exact  solution  of  Eq.  (55a)  may  be  approximated  by  the  expres¬ 
sion  given  by  Eq.  (51),  Eq.  (55)  can  be  reduced  to  the  form 

(2n  -H  l)i4jn+jSB2n+l(0) 

(56) 

=  Xo  sin  —  X)»-o  (“)"(2n  -|-  1)Ask.i.i  Uii,+i(^)] 

where  Uj*+i  and  ©in+i  are  given  by  Eqs.  (46a)  and  (47a)  respectively.  From 
this  equation  the  (m  -f  1)  coefficients  A  may  then  be  determined  for  (m  -f  1) 
particularly  selected  values  of  4>.  It  should  be  remarked  here  again  that  the  solu¬ 
tion  so  obtained  cannot  satisfy  Eq.  (56)  identically  in  0,  but  nevertheless  gives 
a  good  approximation.  The  estimation  of  the  deviation  of  this  solution  from  the 
elliptical  distribution,  wllich  is  the  solution  of  the  corresponding  problem  in 
aerodynamic  wing  theory,  will  be  made  in  the  specific  example  discussed  below. 

Example  Elliptical  Distribution  of  the  Circulation  Strength.  As  shown  in 
the  indirect  problem  that  the  first  term  in  the  assumed  expansion  of  r(p)  given 
by  Eq.  (45)  represents  the  so-called  elliptical  distribution,  it  would  be  of  interest 
to  consider  a  direct  problem  of  a  hydrofoil  of  span  2b  immersed  at  a  fixed  depth  h 
with  an  elliptical  distribution  of  r(y),  that  is. 


r(p)  =  ToVi  -  yW, 

=  0, 


\y\ 

\y\^b. 


(57) 
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Although  for  a  given  hydrofoil  of  fixed  geometrical  form  this  distribution  cannot 
be  held  for  different  values  of  h,  nevertheless  it  gives  interesting  results.  In  this 
problem  we  shall  further  define  the  Froude  number  of  the  motion  by 

-  1/Ac  -  U*/gh  (58a) 

which  is  one  of  important  parameters  of  this  problem.  We  shall  mostly  be  con¬ 
cerned  with  large  values  of  a,  corresponding  to  shallow  submergences  and  large 
U.  For  instance,  for  U  equal  to  80  ft/sec  and  h  equal  to  4  ft,  tr  is  approximately 
50.  We  shall  further  denote 

0  -  1/6*  .  U*/gb,  0/a  -  h/b  -  X.  (58b) 

/3  is  in  general  also  very  large  in  our  velocity  range  of  interest. 

For  this  distribution  of  r(y)  we  find,  from  Eq.  (27), 

fin)  -  —  f  ^  1  _  ^  cos  (ny)  dy  -  g(ji)  »  0.  (59) 

ir  Jo  V  b*  M 

a.  Calculation  of  the  Drag.  Substituting  Eq.  (59)  into  Eq.  (26),  we  have  (cf. 
Ref.  25,  p.  405) : 


and  from  Eq.  (28)  we  obtain  (cf.  Ref.  1) 


where  K{k)  and  E{k)  denote  the  complete  elliptic  integral  of  the  first  and  second 
kind  respectively.  Using  the  series  expansions  and  the  as3rmptotic  expansions 
of  K  and  E  (cf.  Ref.  27,  p.  73),  we  find  the  behavior  of  (Dj  -|-  Df)  for  small  and 
large  values  of  X  respectively  as  follows: 


As  6  — ♦  00 ,  the  drag  due  to  the  surface  effect  diminishes  like  1/6*.  When  the 
hydrofoil  becomes  a  planning  surface,  i.e.  6  — ♦  0,  we  find  that  (D*  +  JD|)  tends 
to  a  finite  value  —irpTl/8  which  cancels  Di ,  and  consequently,  the  drag  is  then 
solely  due  to  the  wave  effect. 
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To  find  the  wave  drag,  we  substitute  Eq.  (59)  into  Eq.  (29)  and  obtain  the 
following  integral*: 

(63) 


Di  =  rpVl  [ 

Jo 


-(*/»)  MO»# 


J 1  Q  aec^d  sin 
sec^  0  sin  0 


sec*  0  dJ0. 


For  general  values  of  the  Froude  number  a,  the  above  integral  may  be  converted 
into  an  infinite  series,  each  term  of  which  contains  modified  Bessel  functions  of 
the  second  kind,  (cf.  App.),  as  follows: 


pTS  f  (-)T(n+l)r(n+|)  ,  Y 
*  4  tTo  n!(n  +  l)!(n  +  2)1  \2^J 


+  [1  +  <r(n  +  ( - 


(64) 


For  very  small  values  of  <r  ('^  large  hlT*,  or  XCT"*),  we  can  use  the  asymptotic 
expansion  of  /Cn(l/<r), 


,  ,  4n‘  -  1  ,  (4n*  -  l)(4n*  -  3*)  ,  , 


1!8 


2:(8)* 


(65) 


So  we  see  that  in  this  case  the  series  in  Eq.  (64)  converges  very  fast  and  the  final 
result  may  be  expressed  asjonptotically  by 


as  ff  — ►  0,  (66)  0 


which  diminishes  exponentially  with  increasing  h.  As  a  remark,  the  above  asymp¬ 
totic  expression  of  Dt  for  o  small  can  also  be  obtained  by  evaluating  the  integral 
of  Eq.  (63)  in  a  complex  0  plane  and  applying  the  method  of  steepest  descent 
(e.g.  cf.  Ref.  24,  p.  504). 

For  large  values  of  a  ('^  small  h/U'),  Knil/a)  has  the  following  expansion: 

Jm 


log  (2v)*/o 


/i\  +  j  (m: 

V<r/  (m!)’ 


yjfim  +  1), 


(-)’"(n  -  m  -1)! 


(2<r)" 


+ 


(-)-£ 


(2v)- 


(67) 


ml  ii^^om!(n -f- m) ! 

(log  (2<r)  -f  ^{m  +  1)  +  Hin  +  m  +  1)],  n  =  1,  2,  • 


It  can  be  seen  that  the  most  important  contribution  to  the  sum  of  the  series  in 
Eq.  (64)  comes  from  the  term  §n  !(2ff)"‘'’‘  of  the  expansion  of  /C,+i(1/<t).  As  shown 


*  From  the  integral  representation  of  the  wave  drag  given  by  Eq.  (63),  we  note  that 

Dt  -  pVlfia,  X),  or,  Dt/pU*C\  -  /n(ff,  X) 

which  can  be  directly  derived  from  dimensional  analysis  (cf.  Ref.  6,  p.  438).  This  is  a  use¬ 
ful  non-dimensional  form  for  experimental  purpose. 
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in  Appendix,  this  term  results  in  a  series  which  converges  only  for  X  ^  1 
and  represents,  in  this  region,  an  analytic  function  of  X.  Consequently  the  value 
of  the  wave  drag  2)4  for  shallow  submergences  ('^X  <  1)  may  be  obtained  by 
some  analytical  continuation  of  this  function  from  the  region  X  ^  1  to  the  whole 
region  of  physical  interest,  namely,  0  ^  X  <  «>  (cf.  App.)>  The  final  result  is 


Z).  S  - 1 XVI  +  X.  [k  -  E  (^7=)] 

+  ^  [2  (1  +  xy'>£  (^7=^)  -  4X  -  x-vr+x- 


(68) 


as  a 


It  is  of  interest  to  note  that  when  the  hydrofoil  is  close  to  the  surface,  the  wave 
drag  is  rather  similar  in  behavior  but  of  the  opposite  sign  and  numerically  almost 
twice  of  the  drag  due  to  the  surface  effect  (cf.  Eq.  (61)).  However,  it  should  be 
emphasized  here  that  even  T(y)/To  were  the  same  function  of  y  for  all  values 
of  X,  To  still  depend  on  X,  especially  for  X  small,  (cf.  Eqs.  (9)  and  (41a)).  Conse¬ 
quently  the  actual  dep>endence  of  the  induced  and  wave  drag  on  X  for  a  given 
hydrofoil  at  fixed  geometric  incidence  can  only  be  determined  after  the  function 
ro(X)  is  foimd  later  in  this  section,  part  (d). 

It  is  al0O  of  interest  to  compare,  when  <t  is  small,  the  first  term  in  Eq.  (64), 


(ff) (;)  +  (1  +  i)  (0!  • 

with  the  wave  resistance  on  a  moving  sphere  of  radius  r  given  approximately 
by  (cf .  Ref.  6,  p.  437,  also  Ref.  7) : 

* 


R 


Except  for  a  proportionality  constant  which  depends  on  the  size  of  the  obstacle, 
they  have  the  same  dependence  on  a.  Evidently  an  observer  on  water  surface 
cannot  distinguish  bodies  of  different  forms  if  they  move  at  sufficiently  great 
depth. 

b.  Calculation  of  the  Lift.  The  total  lift  experienced  by  the  hydrofoil  can  be 
obtained,  by  substituting  Eq.  (59)  into  Eqs.  01)-(35),  as  follows: 


where 

Lo 

A2/i 

AL, 


1/  —  ht  AX/i  + 
pUT,  £  |/l  -  ^  dj,  -  I  pUhT„ 

_,ri  j"‘  *  r  ^ 

2  Jo  sm*  8  Jo 

f  f  d/d  f  —2kn  fi/t  sec  8  j 

— *pro  /  /  e  sin  8)  — - -j-t  dp. 

Jo  sm*  8  Jo  p(p  —  K  sec*  8) 


(69) 

(70) 

(71) 

(72) 
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It  can  be  seen  that  Lq  is  the  aerodynamic  value  of  the  lift,  ALi  is  independent 
of  the  gravitational  effect  and  thus  represents  the  correction  due  to  the  mean  free 
surface.  All  the  lift  caused  by  the  surface  wave  effects  is  represented  by  ALt . 
For  small  incidence  angles,  To  is  approximately  proportional  to  the  incidence 
angle  (cf.  £q.  (41a)),  hence  relative  to  Lo ,  AL  and  D  are  second  order  small 
quantities. 

The  integral  representing  ALi  contains  the  same  integral  given  in  Eq.  (61) 
(cf.  also  Ref.  1),  the  result  of  which  may  be  then  applied  here.  After  this  sub¬ 
stitution,  integrating  by  parts  with  respect  to  0,  we  obtain  a  simpler  representa¬ 
tion  for  ALi  (cf.  Ref.  1): 


where  Cik)  is  a  derived  complete  elliptic  integral  (cf.  Ref.  27,  p.  73)  defined  by 

Jo 


and 


(1  -  k*  sin*  ^]*'* 
X  =  (1  +  X*)-* 


(73a) 

(73b) 


For  0  <  A  <  oo  we  have  the  corresponding  values  of  X  and  x  as  0  <  X  <  « 
and  1  >  X  >  0-  When  X  — »  0  (x  — ►  1),  the  integral  in  Eq.  (73)  tends  to  a 
definite  value,  namely 


.1 

=  /  Cik)dk 

Jo 


H\kB{k)  -  (1  -  k')kCik)]l  -  H 


(74) 


0 


where  B{k)  is  another  derived  complete  elliptic  integral  (cf.  Ref.  27,  p.  78)  de¬ 
fined  by 

B(k)  =■  ( 1  A* )  [E{k)  -  (1  -  k')K(k)].  (74a) 

Hence  Eq.  (73)  indicates  that  ALi  tends  to  <»  as  X  0  noting  that  To  does  not 
vanish  as  fast  as  X,  as  will  be  shown  later.  This  fact  is  not  surprising  because 
it  is  known  that  as  the  hydrofoil  approaches  the  planning  condition,  the  total 
lift  drops  to  almost  half  of  its  aerodynamic  value  Lo  (e.g.  cf.  Ref.  15).  The  di¬ 
vergence  of  the  integral  in  Eq.  (71)  simply  implies  that  this  second  order  small 
quantity  will  grow  so  large  that  it  will  modify  the  value  of  the  first  order  quan¬ 
tity  Lo . 

For  X  not  too  small  ('^x  not  too  close  to  1),  the  integral  in  Eq.  (73)  can  be 
calculated  by  using  the  known  expansion  of  Cik),  (cf.  Ref.  27,  p.  73),  given  as 
follows: 

C(k)  =  i  [l  +  6  (!■)  +  f  (!’)’  +  245(1’)’  +  Ott*)].  (75) 
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Substituting  this  expansion  into  Eq.  (73),  then  applying  the  transformation 
A:*  =  xt  and  integrating  termwise,  we  obtain: 


AZ/1  =  — 


Fpro 

64X\/r+ 


X*  . 


1  + 


16  (1  +  X») 

.  3015 


+ 


181 


512  (1  +  X*)* 


30L5  1 

8‘  (1+X*)»^''V(1  +  X’)VJ 


(76) 


This  formula  should  be  good  for  X  >  1  (or  h  >  b).  For  x  close  to  1  (A  ~  0),  the 
above  series  converges  slowly;  hence  we  have  to  resort  to  some  other  approxima¬ 
tion  in  order  to  facilitate  calculation.  For  this  case,  we  define 

X'’«l.  x'’-i-^.-x‘  +  0(x‘).  (77) 

Then 

and 

AL^  =  -  l^jf  *  Cik)  dk  -  \x'"  fj  +  0(x'*)] . 

Now  the  first  integral  can  be  integrated, 

f  *  Cik)  dk  =  VslxBix)  -  xx'^Cix)], 

•0 

and  the  second  integral  may  be  approximated  by 

IJ  rri?  =  -y*  lof!  vi-x-  -  -y, 


Finally  we  have 


X* 


(1  +  y) 


•  r  c(-yJ=J)  -I- 1  log  +  ^*1  -b  0(X*  log  X))  , 

LvTTx*  VvT+Xv  8  X  J  J 

and  using  the  known  expansion  of  B(x)  and  C(x)  as  x  1  we  obtain 

AL,^-^®|l  -  3X*|^log2 -|-f  |log^^^5S*  +0(xMogX)j, 


(78) 


as  X  — ♦  0. 


(78a) 


The  integral  representing  ALj  in  Eq.  (72)  is  indeterminate,  but  its  principle 
value  exists.  The  method  of  contour  integration  described  previously  in  the  sec¬ 
tion  “General  Formulation  of  the  Problem”  gives  a  complicated  expression.  In 


230 


T.  T.  WU 


this  caae  we  shall  use  the  following  approximation.  By  letting  m  ™  (<c  sec*  0)u  we 
can  transform  Elq.  (72)  into  the  following  form: 


»/i 


Ji  sec*  B  sin 
sec*  6  am  6 


sec*  B  dB  (79) 


The  inner  integral  is  very  similar  to  that  representing  Dt  in  Eq.  (63)  which  is 
discussed  in  detail  in  Appendix.  This  integral  may  be  treated  in  a  similar 
way.  Because  the  interesting  feature  of  ALj  also  comes  from  the  integration  with 
respect  to  u,  we  shall  take  only  the  first  order  term  of  the  inner  integral.  The 
final  result  is  as  follows  (cf.  Ref.  1):  for  <r  very  large  (shallow  submergence), 


pTl 

^V2 


T(H) 


{- 


r(H)  _ 

v^r(H)  Vi  +  X* 


|[ 


1  + 


V%(: 

( 


y  +  log 


;)] 


(80) 


where  y  is  Euler’s  constant,  y  =  0.5772;  and  for  a  very  small,  the  inner  integral 
in  Eq.  (79)  can  first  be  approximated  by  using  the  method  of  steepest  descent, 
so  that  the  asymptotic  value  of  ALj  is 


TV  2  ^ 


y/u 


du  (1  +  0(<r)). 


The  principal  value  of  the  above  integral  for  a  small  may  be  then  approximated 
by  using  the  generalized  Watson’s  lemma  (cf.  Ref.  24,  p.  502)  to  yield: 

+  0(<r*)l.  (81) 


From  these  relations  it  is  of  interest  to  see  that  ALi  tends  to  a  value 

pr2r(K)/4N/2 

as  h  tends  to  zero.  This  result  is  quite  a  contrast  to  the  feature  of  ALi .  Compared 
with  ALi ,  the  value  of  ALi  is  smaller  for  <r  large,  and  greater  for  a  small. 

c.  The  Induced  Velocity  tU  the  Hydrofoil.  In  order  to  investigate  further  the 
geometric  and  hydrodynamic  properties  of  the  hydrofoil,  we  need  to  know  the 
value  of  To ;  and  if  we  want  to  calculate  To  in  terms  of  given  quantities,  we  have 
first  to  obtain  the  values  of  the  u-velocity  and  the  downwash  at  the  hydrofoil 
(cf.  Eq.  41). 

Substituting  the  value  of  r(j/)  into  Eq.  (43),  we  may  express  u(y)  in  terms  of 
two  parts: 

ii(y)  =“  uiiy)  +  Uiiy)  (82) 


where 


(82a) 
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utiy) 

and 


«tre  f’'*  ^  f  J i(m  sin  0) 
T  Jo  Jo  sin  6 


cos  {firi  sin  B) 


sec*  0 

n  —  bK  sec*  0 


dn,  (82b) 


Jl  =  y/b,  K  =  g/U*,  X  =  h/b.  (82c) 


The  int^ral  in  Eq.  (82a),  which  represents  the  effect  due  to  the  mean  free 
surface,  can  be  evaluated  exactly.  Expanding  both  Ji  (ji  sin  0)  and  cos  (jtri  sin  0) 
into  power  series,  then  integrating  termwise  and  summing  up  the  series  which  is 
resulted  from  Ji  expansion,  we  obtain 


uiiy) 


To  1  A  i-yrjn  +  H)  1>^" 

SyArb  Wl  +  4X»  h  n!  (1  +  4X*)’* 


i^n 


iFi(  n  +  i  —  n;  2; 


1 


1  +  4X»> 


(83) 


The  value  of  ui(y)  is  always  negative  and  becomes  infinite  as  A  —♦  0.  It  can  be 
shown  that  the  above  series  converges  uniformly  with  respect  to  t/  when  0  ^ 
n  ^  1.  We  may  also  find  that  Ui(y)  is  a  slowly  varying  function  of  y ;  in  particular, 
the  value  of  t<i(0)  is 


ui(0)  =  - 


To 


166  xVl  +  4X*  * 


1^1  (i,  2;  j  ^ 


h  1 

4t6  xVl  +  4X* 


B 


(Vl  -1-  4X») 


(84) 


where  B(k)  is  a  derived  complete  elliptic  integral  defined  by  Eq.  (74a). 

It  can  be  shown  that  Utiy)  is  also  a  slowly  vaiying  function  of  y,  i.e.  the  values 
of  Utiy)  at  points  close  to  the  hydrofoil  differ  very  slightly  from  Mj(0),  its  value 
at  plane  of  symmetry.  Applying  the  transformation  n  =  (&k  sec*  0)u  to  Eq. 
(82b),  we  have 


u,(0) 


r  du  ,  Ji(^8ec*<»sin(>) 

^  r  f  ^-(2.  /.).«>«♦  _/  ^  ^ 

T  Jo  w  —  1  Jo  sec*  0  sm  0 


For  (T  very  large,  the  inner  integral  may  be  approximated  in  a  manner  similar 
to  that  described  in  appendix.  The  final  result  is 

®  -  5  ^  («■  nb?) 

■  ['  +  +  '”*;)]('  ■*■*(;)) 

where  y  =  0.5772.  The  above  hypergeometric  function  can  be  expressed  in 
terms  of  tabulated  elliptic  integrals  by  using  Hummer’s  transformation: 

nb)  -  -  vr^.) 

«  ?  Vl  +  4X*  „/,/!_  X  \ 

T  2X  +  Vl  +  4X*  W  2  y/l  +  4X»/ 
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where  B{k)  is  defined  by  Eq.  (74a).  Therefore,  we  obtain  finally: 
-  _2Lo_1_  -  X(1  +  4X«)->/^) 

rb  (1  +  4X*)‘'"[2X  +  Vl  +  4X*] 


For  a  very  small,  we  apply  the  method  of  steejjest  descent  to  the  inner  integral 
and  Watson’s  lemma  to  the  integral  with  respect  to  u,  we  have 

u,(0)  S  {1  +  +  0(v*)}.  (85b) 

It  is  of  interest  to  see  that  ni(0)  and  txi(0)  are  of  the  same  order  of  magnitude. 
Therefore  the  total  M-component  velocity  at  y  =  0  is 


u(0)  S  -  ^ 


To  (Bid  +  4X*)-‘'*) 


2B(Vi  -  X(1  +  4X*)-'/*) 


I  4X\/l  +  4X*  V^(l  +  4X*)‘'*[2X  +  Vl  +^"*1 

id 

~  ~  ^  (vi  +  4X*)  “  SK* 

II  +  +  0(<r*)]|,  for  a  small. 

The  down  wash  at  the  hydrofoil  can  be  calculated  in  a  similar  way: 
v>iy)  =  y,  —h)  =  —d>i,  +  <02,  +  <e»,  +  <04.)(o.,.-») 


<01, (0,  y,  —h)  =  —  ^  J  JiOib)  cos  (mj/)  dfx 


(<02,  +  <o»,)(o.if.-»)  “  liftb)  cos  iny)  dn, 

nd 

i,\  T'  f  2*«4«o*»  «7 idb  sec  6  sin  6) 

•cos  (jcy  sec*  $  sin  9)  sec*  9  dB. 
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Now  the  integral  in  Eq.  (87c)  can  be  evaluated  while  that  in  Eq.  (87d)  again 
has  to  be  approximated. 


+  <Pa)(o,».-») 

OZ 


where 


=  -  Rl . ~  *  ^ 

46 1  V(2h-t|yl)*  +  6*/ 

“  (cf.Ref.26,p.33) 


f  i(^i  v) 


and 


/ +  1  ~  +  (4Xi;)V  +  (4X*  +  1  ~  ?*)V 

\  (4X»  +  1  -  n*)*  +  (4Xn)»  / 

,  ,  /[(4X*  +  1  -  +  (4Xi,)*]*  -  (4X*  +  1  - 

(4X*  +  1  -,,*)» -H  (4Xt,)*  / 


X  =  6/6,  7J  =  y/h 


(88a) 


(88b) 

(88c) 


It  can  be  seen  that  Fi  (X,  ij)  is  a  slowly  varying  function  of  tj  for  i;  <  1  and  for 
fixed  X.  In  particular,  we  have 


Fi(\,  0) 


2v^X 
Vl  +  4X*  ’ 


(89a) 


Fi{\,  ±  1)  = 


Wvi  X*  +  X  +  Vyr+T*  -  X 

v'x(i  +  X*) 


(89b) 


For  small  values  of  a,  application  of  the  method  of  steepest  descent  to  the  inte¬ 
gral  in  Eq.  (87d)  yields 

»..(0,  y, -!,)&-  e-’"(l  +  OM)  (90) 


which  diminishes  exponentially  with  increasing  h  and  is  independent  of  y  for 
points  close  to  the  hydrofoil.  For  very  large  a,  the  integral  in  Eq.  (87d)  also 
represents  a  slowly  varying  function  of  y  and  consequently  only  the  value  of 
Vi,  (0,  0,  —h)  is  of  interest.  It  can  be  shown  that  (cf.  Ref.  1): 


.(0. 0,  -«  ^  -  g{l  -  ^7r=}  [l  +  0  (i  .i)] 

a  -2  ^  (v,  +  ot),.,..-,,  [‘  +  ®  (;  ■  j)]  • 


(91) 


Finally  we  have  the  value  of  ic(0),  by  substituting  Eqs.  (87a),  (88)-(91)  into 
Eq.  (87b),  as  follows 

(92a) 

-i{vi+4X’  +  2^  -/? ’ 


for  a  small,  (92b) 
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which  tends  to  aerodynamic  value 

u»-(0)  -  r,(0)/46  (92c) 

as  A  — »  00. 

It  may  be  remarked  here  that  both  u(p)  and  w(j/)  are  almost  constant  spanwise 
at  points  close  to  the  hydrofoil.  This  fact  justifies  some  of  the  basic  assmnptions 
introduced  previously  in  the  sections,  “General  Formulation  of  the  Problem” 
and  “Geometry  of  the  Hydrofoil;  Effective  Angle  of  Attack.”  This  result  also 
supports  the  assumption  that  the  same  circulation  distribution  will  hold  for  a 
wide  range  of  depths. 

d.  Geometry  of  the  Hydrofoil.  We  are  interested  primarily  in  the  case  of  shallow 
immersion,  because  the  geometry  of  the  hydrofoil  at  deep  immersion  will  be  the 
same  as  the  corresponding  aerodynamic  problem.  Substituting  Eqs.  (86)  and 
(92)  into  (41a),  we  obtain  the  value  of  To  (=  r(0))  as  a  function  of  X  and  a  as 
follows: 


To  = 


iUCo(l*Ota 


1  +  (co/46)a,  1/,(X,  <t)  +  (2/T)aa/i(X,  (t)] 


(93a) 


where 


(93b) 


rrx  =  fi((l  +  4X^)~*)  .  -  X(1  +  4X«)-*) 

’  4XVl  +  4X*  (1  +  4X*)‘''[2X  +  VlH-  4X*1 


for  a  small, 


and 


/j(X,  o)  =  •{  1  — 
/j(X,  o)  = 


5}[‘ 


(93d) 


Vl  +  4X»J 


Vl  +  4X* 


+ 


As  h  tends  to  «,  /i  tends  to  zero  and  ft  tends  to  i;  hence  the  value  of  To  at 
infinite  depth  becomes 

^  ff  Cq  Of  OCq 


To.  = 


1  ■}-  H(co/A)o« 


(94) 


which  is  the  well-know'n  aerodynamic  value  of  r(0)  in  terms  of  given  quantities. 
It  is  of  interest  to  note  that  To  changes  with  respect  to  To^  ,  as  X  and  <r  vary, 
according  to  the  following  relation: 


To  ^  _ 1  +  l^(cQ/b)af _ 

To.  1  +  K(<*«/A)o»l/*(A.  «■)  +  (2/T)a«/i(X,  (r)] 


’I^(X,  ff,  Oa) 


(95) 
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Fiq.  3.  Effect  of  depth  on  circulation  strength  (large  v). 


which  is  a  function  of  X,  <r  and  Oa  for  a  given  hydrofoil.  This  function  and  its 
squared  value,  Sf'*,  are  plotted  against  X  in  Fig.  3  for  two  incidences  oe«  =  3® 
and  6°  under  the  following  operating  condition : 

Co  =  8  ft,  6  =  20  ft,  a.  ±  2t,  U  =  100  ft/sec,  <t  =  U'/gh  =  15.5/X  (96a) 
so  that 


To  _  1.314 

Fo.  1  +  0.628[/,(X,  15.5/X)  +  (2/T)a„/i(X,  15VX)1  ‘ 


(96b) 


The  values  of  ^  and  4^*  decrease  with  decreasing  X,  and  tend  to  unity  asymptot¬ 
ically  as  X  — ♦  00.  For  small  values  of  X(X  <  1),  both  To  and  fJ  deviate  appre¬ 
ciably  from  their  respective  values  at  infinite  depth.  This  result  is  in  agreement 
with  the  experimental  fact  observed  by  J.  S.  Ausman*"  that  for  a  two-dimen¬ 
sional  hydrofoil  moving  at  large  Froude  numbers  the  stagnation  point  moves 
from  the  lower  surface  across  the  leading  edge  to  the  upper  surface  of  the  hydro¬ 
foil  as  it  arises  from  infinite  submergence  to  shallow  depths,  consequently  the 
circulation  developed  becomes  less  and  less  than  that  developed  at  infinite 
submergence,  with  the  same  absolute  angle  of  attack.  Although  at  present  there 
is  no  other  available  experimental  evidence  on  such  property  for  three-dimen¬ 
sional  hydrofoil,  it  would  still  be  plausible  to  believe  that  a  similar  behavior 
would  hold  for  hydrofoils  of  finite  span. 

However,  the  dependence  of  4^  on  X  for  small  values  of  a  is  quite  different.  For 
instance,  if  we  take  the  same  hydrofoil  as  before,  moving  at  a  low  speed  U  =» 
5  ft/sec  so  that  a  =  0.()388/X  which  may  be  considered  small  for  X  >  0.16 


(<^  <  /4)>  then  the  result  (cf.  Fig.  4)  obtained  by  using  Eqs.  (93a,  c,  e)  shows  * 
that  4^  increases  gradually  as  X  decreases  from  infinity  to  about  0.15  and  then  * 
decreases  rapidly  for  further  decrease  in  X. 

It  may  be  pointed  out  here  that  because  both  u(2/)  and  to(y)  are  almost  constant 
along  the  span  of  the  hydrofoil,  it  follows  from  Eq.  (41)  that  for  an  elliptical 
distribution  of  r(^)  the  plan  form  is  also  nearly  elliptical, 

c(j/)  =  Co\/l  —  yVd*,  (97) 

together  with  a  negligible  geometric  twist. 

Another  consequence  Of  the  above  results  is  that  the  condition  of  Eq.  (55) 
for  minimum  drag  with  prescribed  lift  is  also  approximately  satisfied  by  almost 
constant  (spanwise)  u(2/)  and  w{y).  Hence  the  hydrofoil  of  elliptical  plan  form 
still  gives  approximately  the  minimum  drag  for  a  given  lift. 

e.  Over-all  Hydrodynamic  Properties;  Lift  and  Drag  Coefficient.  In  this  section 
we  shall  again  only  consider  the  case  of  shallow  submergence.  Combining  our 
previous  results  we  obtain  the  total  lift  and  drag  of  the  hydrofoil  at  small  depths 
as  follows: 

L  ±  ^  pC/bFo.  ^  [/,(X)  -  /4(X,  <r)] 


(98a) 
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where 


iv^y)  -  m?  ^  (^) 


3  X* 


Aft.') 


0- 


T(H) 


8  Vl  +  X* 
^  ) 


log 


a/TTX* 


'}• 


(98b) 


nv^)  Vi  +  X* 

[‘ + /I  (^ +'»«;)] 


(98c) 


=  6.05  (l  -  0.19  +  ]/i{y  +  log?);  . 


/|(X,  ~  ^^6®"*  +  0((r*)], 


for  <r  large; 
for  <r  small,  (98d) 


and  and  (X,  <r,  are  given  by  Eqs.  (94)  and  (95)  respectively. 

■  D  ^  ^  4r*{/,(X)  +  /.(X,  «r) } ,  (99a) 

where 

Aft)  -  ;  ^  (^^.)  -  ®  (vm-)] 

and 

/6(X,  a)  *  2[1  —  /j(X)],  for  a  large;  (99c) 

=  /3  * T<r/2e  *^*[1  +  0(<r)],  for  <r  small.  (99d) 


At  this  stage  we  should  be  able  to  see  the  properties  of  the  total  drag  exerted 
on  the  hydrofoil.  As  mentioned  before,  when  \—*<x>,D  tends  to  the  aerodynamic 
value  D,  =  rpTl^/S,  hence  we  write,  for  the  case  of  large  a, 

D/D^  =  4^/»(X)  +  29^[1  -  /.(X)].  (99e) 

This  ratio  is  plotted  in  Fig.  5  for  =  6°  and  under  the  operating  condition 
given  by  Eq.  (96a).  The  first  term  on  the  right  hand  side  represents  the  contri¬ 
bution  from  the  total  induced  drag;  this  quantity  tends  to  Z).  asymptotically 
for  large  h  and  decreases  rapidly  as  the  hydrofoil  approaches  the  surface  (h  <  2b). 
The  second  term  represents  approximately  the  wave  drag  which  is  negligibly 
small  for  h  >  2b,  and  become  important  only  at  small  depths.  As  a  whole,  the 
total  drag  D  deviates  only  slightly  from  for  h  >  (6/2),  and  decreases  mod¬ 
erately  at  small  depths  (h  <  (6/2))  which  is  actually  the  range  of  interest.  When 
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Fio.  5.  Effect  of  depth  on  drag  (large  v). 
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the  hydrofoil  approaches  the  planning  condition,  the  total  drag  is  solely  due  to 
the  wave  effect. 

In  order  to  measure  the  total  drag,  including  the  wave  drag,  exerted  on  a 
hydrofoil,  the  previous  experiments  were  mostly  carried  out  in  a  towing  tank.*  * 
Then  it  would  be  convenient  to  define  the  over-all  lift  and  drag  coefficient  with  • 
respect  to  the  towing  speed,  such  as. 

Cl  -  L/yU*S,  Cd  ~  D/hpU'S  (100) 


where  p  is  the  density  of  the  liquid,  U  the  towing  speed,  and  S  the  area  of  the 
plan  form.  The  above  definition  for  Cl  and  Cd  were  used  in  previous  experi¬ 
ments  (known  to  the  author).  In  order  to  compare  with  these  available  experi¬ 
mental  results,  we  shall  also  adopt  the  above  definition  of  Cl  and  Cd  .  Sub¬ 
stituting  Eqs.  (94),  (98)  and  (99)  into  (1(X)),  we  obtain 

rt  .  *■  _  /co\  a,a«^  “ 


s'* 


(1  +  HWbM 


M 


O.aa^ 


-]» 

)a._ 


.1  +  H(co/b)i 

•  {/i(X)  “  fi(^,  «■) } , 


(101) 


*  The  reason  for  this  point  is  well-known  to  most  experimenters.  When  the  water  in  a 
conventional  free  surface  water  tunnel  of  finite  depth  is  driven  at  sub-critical  speeds,  the 
free  surface  is  usually  found  to  have  standing  waves  which  are  difficult  to  be  eliminated. 
And  if  the  water  is  driven  at  supercritical  speeds,  the  surface  appears  almost  flat  without 
testing  model,  but,  with  the  model  submerged,  the  feature  of  the  wave  drag  in  deep  water 
is  then  lost  due  to  the  depth  effect  of  the  tunnel  bottom  (cf.  Ref.  6,  p.  415).  However,  a 
new  method  has  been  recently  introduced  by  Hoerner  and  Ausman*  to  eliminate  standing 
waves  at  subcritical  speeds  by  using  an  adjustable  surface  guide  vane  installed  at  the  con¬ 
traction  throat  of  the  tunnel. 
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Co  * 


XiR  / Co 


0.0.^  1 


(102) 


where  M.  =  46*/  5  =  aspect  ratio  and  ft,  ft,  ft,  ft  are  given  in  Eqs.  (98)  and 
(99).  The  lift  drag  ratio  is 


Co 


•-3^( 

'co\ 

*1  ...  V  _  ,  f 

Kr) 

Ll  +  >^(co/6)o.J 

(103) 


From  the  expressions  of  Ct.  and  Co  for  h  large,  we  note  that  as  6  — >  «,  both 
Cl  and  Co  tend  asymptotically  to  their  aerodynamic  values,  namely, 


Cl 


(^\  _ 

\6  /  1  +  H(co/6)o.’ 


* 

_1  +  ^(ct/b)a,_  ’ 


so  that 


which  agrees  with  aerodynamic  wing  theory.  However,  it  can  also  be  seen  from 
Eqs.  (101)  and  (102)  that  even  for  X  small,  CofCX  is  still  proportional  to  if 
the  small  quantity  of  the  second  order  is  neglected.  From  this  result  it  follows 
that  in  order  to  improve  the  hydrodynamic  properties  the  preference  should  be 
for  a  high  aspect  ratio  hydrofoil,  even  for  operations  near  the  water  surface. 

To  illustrate  the  details  of  the  behavior,  and  to  compare  our  results  with  ex¬ 
periments,  we  shall  take  specific  values  of  Co ,  6,  M  and  a«  to  determine  all  the 
*  coefficients.  This  will  be  shown  as  follows. 


Discussion  of  Results.  Consider  a  hydrofoil  of  elliptical  plan  form  with  the 
following  specifications 

Co  =  8  ft,  6  =  20  ft,  o,  *  2t  (104a) 

so  that 

M  =»  6.3  (104b) 


These  data  determine  the  coefficients  in  Eqs.  (95),  (101)-(103)  which  then  become 
Cl  ±  4.74  Cia'9  -  0.306  -  fti\,  a)],  (105) 

Co  ^  1.14  aJt*[/,(X)  +  /.(X,  a)]  (106) 


where 


'9 


1.314 

i  +  0.628[/,(X,  a)  +  i2a^x)M\,  <r)l 


(107) 


and  fi  to  ft  are  given  respectively  by  Eqs.  (93),  (98),  (99)  for  both  large  and 
small  values  of  a.  In  the  following,  for  either  large  or  small  <r,  we  shall  concern 
only  the  case  of  shallow  submergence,  say,  X  <  2. 
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Fig.  6.  Effect  of  depth  on  Cl  ,  Co  and  CJCd  (large  a). 


Let  us  first  investigate  the  case  of  large  a.  Neglecting  the  possibility  of  cavita¬ 
tion,  we  shall  take  the  operating  condition 

=  100  ft/sec,  <r  =  l^lgh  -  15.5/X.  (108) 

The  value  of  a  may  be  regarded  as  large  for  X  <  2  (<r  >  7.7).  Then  we  may  use 
the  formulas  of  fi,  ft,  ft  and  ft  for  a  large.  The  results  are  plotted  against  X 
for  o,  =  6®  in  Fig.  6  and  also  plotted  against  o«  for  several  small  values  of  X 
in  Fig.  7.  From  these  curves  several  interesting  conclusions  may  be  drawn. 

At  depths  greater  than  2  chords,  the  influence  of  the  surface  of  the  water  is 
negligibly  small  and  the  hydrofoil  will  have  characteristics  similar  to  those  of  an 
airfoil  of  the  same  section.  In  the  range  of  depths  less  than  2  chords,  Co  de¬ 
creases  gradually  with  depreasing  X  because  the  decrease  of  liquid  flow  (with 
respect  to  U)  above  the  foil  diminishes  the  induced  downwash.  At  very  small 
depths  (h  <  §Co),  the  wave  drag  only  is  important;  our  results  show  that  when 
the  hydrofoil  is  near  the  surface,  the  rate  of  energy  shed  to  form  the  wave  sys¬ 
tem  is  slightly  less  than  the  induced  drag  at  large  depths.  In  the  same  range  of 
operation  (h  <  2co),  Cl  decreases  comparatively  rapidly  to  almost  as  the 
hydrofoil  approaches  the  surface.  This  reduction  in  lift  results  from  the  decrease 
of  mass  of  water  flowing  over  the  upper  surface  of  the  hydrofoil,  causing  a  reduc¬ 
tion  of  the  absolute  value  of  the  negative  pressure  on  the  suction  side.  The 
corresponding  lift-drag  ratio  decreases  very  slowly  with  decrease  in  depths  for 
h  >  and  is  almost  constant  about  the  point  h  =  c«/2.  This  ratio  decreases 
rapidly  with  further  decrease  in  depth  for  h  <  ^Co.  This  result  also  indicates 
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C,-8FT,  b»20FT,  U*  100  FT/SEC 


Fiq.  7.  Hydrodynamic  characteristics  of  the  hydrofoil  at  shallow  submergence  (large  v). 


that  if  the  water  surface  is  not  too  choppy,  then  the  depths  between  ^Co  and  Ico 
would  be  a  favorable  range  for  operation.  This  optimum  range  of  depths  also 
associates  with  a  stabilizing  effect  because  this  range  corresponds  to  the  middle 
*  part  of  increasing  slope  dCt/dX]  consequently,  any  further  decrease  in  depths 
will  result  in  a  rapid  decrease  of  lift  so  the  hydrofoil  will  sink,  and  if  it  sinks,  an 
increase  in  lift  will  raise  it  up  again.  The  above  results  as  shown  in  Fig.  6  agree 
well  with  some  of  previous  experiments  (cf.  Ref.  18,  Fig.  15,  and  Refs.  19,  5). 

If  we  add  an  almost  constant  frictional  drag  (about  Cd/  =  0.02)  to  the  drag 
coefficient,  then  the  result  shown  in  Fig.  7  is  in  good  agreement  with  the  observa¬ 
tions  made  in  Ref.  22  and  19.  The  reduction  in  Cl  and  Cd  with  decrease  in  depths 
becomes  more  appreciable  at  larger  angles  of  attack. 

It  is  also  of  interest  to  consider  the  situation  of  practical  operation.  When  a 
hydrofoil  moves  through  water  of  infinite  surface  extent  at  shallow  submergence, 
an  observer  who  moves  with  the  hydrofoil  can  measure  the  value  of  the  approach¬ 
ing  flow  velocity  U  -f-  ii(0)  more  easily  (for  instance,  with  a  pitot  tube)  than  the 
value  of  U  at  upstream  infinity.  Then  if  one  defines  the  over-all  lift  and  drag  co¬ 
efficient  based  on  the  value  of  U  +  u(0),  that  is, 

u(0)/lf)»5 

where 


tt(0) 

U 


(co/b)a,aa 
2t  1  -f-  ^(co/5)a. 


l4'/i(X,  a)]. 


(109b) 
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Fia.  9.  Effect  of  depth  on  Cl  and  Co  (small  v) 
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one  will  find  that  both  Cl  and  Co  are  almost  constant  for  X  >  0.1  (cf.  Fig.  8) 
although  Cl/Co  is  identical  to  CJCd  .  However,  the  total  lift  L  and  the  total 
drag  D  calculated  from  £q.  (109)  would  still  have  the  same  dependence  on  X  as 
Ct  and  Co  only  with  a  different  proportionality  constant. 

To  complete  the  study  of  the  depth  effect,  we  consider  next,  in  the  case  of 
small  0-,  two  operating  conditions  of  low-speed: 

(A)  1/  =  5  ft/sec,  (T  -  0.0388/X,  (<r  <  ^  for  X  >  0.16);  (110a) 

(B)  C  -  8  ft/sec,  <r  =  0.1/X,  (a  <  K  for  X  >  0.4).  (110b) 

The  values  of  <r  may  be  regarded  as  small  if  less  than  0.25.  Then  the  formulas  of 
fi,  h,  ft  and  /«  for  <r  small  may  be  used  as  appropriate  approximations.  The 
effect  of  the  submergence  depth  on  Cl  and  Co  in  this  case  is  plotted  in  Fig.  9. 
The  result  shows  that  at  depths  greater  than  one  span  (X  >  2)  the  surface 
effect  is  negligibly  small.  At  depths  X  <  2,  Co  decreases  slightly  while  Cl  in¬ 
creases  gradually  as  X  decreases  from  X  =>  2  to  the  point  at  which  a  is  approxi¬ 
mately  equal  to  where  Co  reaches  a  minimum  and  Cl  obtains  a  maximum 
value.  Numerical  calculation  shows  that  Co  increases  and  Cl  decreases  rapidly 
with  further  decrease  in  X.  This  behavior  may  probably  be  explained  by  visualiz¬ 
ing  that  for  small  a,  the  gravitational  effect  is  predominant,  so  that  the  free 


U  FT/SEC. 

Fio.  10.  Effect  of  free  stream  velocity  U  on  Cl  ,  Co  at  small  values  of  v. 
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surface  is  almost  immobile  and  acts  like  a  solid  boundary  to  which  one  may  draw 
the  analogy  of  so-called  ground  effect  in  aerodynamics. 

From  the  above  result  derived  from  this  analysis  we  find  that  the  effect  of 
free  stream  velocity  U  on  Cl  and  Cj>  becomes  significant  only  for  motions  with 
small  Froude  number  and  small  X.  For  instance,  if  we  take  three  small  values  of 
X,  say,  X  «  i,  i  and  f ,  then  a  of  the  aforementioned  hydrofoil  may  be  taken  as 
small  for  U  less  than  10,  12,  and  14  ft/sec  respectively.  Using  Eqs.  (105)-(107) 
together  with  (93c,  e),  (98d)  and  (99d),  we  obtain  the  result  as  shown  by  Fig. 
10.  The  corresponding  values  of  Cl  and  Co  are  almost  constant  with  respect 
to  (7  for  <r  approximately  less  than  and  for  greater  values  of  a,  Cl  decreases 
and  Co  increases  slightly  with  increase  in  U. 

If  one  wants  to  investigate  all  different  effects  for  intermediate  values  of  <r, 
one  has  to  evaluate  integrals  in  Eqs.  (63),  (72),  (82)  and  (87d)  by  numerical 
methods. 


Appendix.  EvcUnation  of  the  Integral  Representing  Wave  Drag.  In  this  appen¬ 
dix  the  value  of  the  integral  in  Eq.  (63) 


=r 


-(j /»)»«>«♦ 


^  sec*  6  sin 
sec*  0  sin  0 


sec*  ff  dd 


(A.1) 


will  be  approximated  for  large  values  of  <r.  Applying  the  transformation  sec  0  = 
cosh  (t(/2),  we  obtain 


r,  =  K'"  r 

Jo 


'■  *  sinh  u)  *  +  cosh  wV 

i  sinh  M  J  \  2  / 


If  we  further  expand  the  term  J*  into  an  infinite  series  (cf.  Ref.  25,  p.  147) 

r*M  -  f'  -  _%)_  *«+* 

,4^0  V^n!(n  +  1)  !(n  -|-  2) !  * 

and  integrate  termwise,  we  then  have 


ft  = 


€!!.'  t  (-)"r(n  +  ^)r(n  +  H) 

4ir|8*  «-o  n!(n  +  ;)!(n  -|-  2)1  \2$^J 

•{-0) 


+  (1  +  (r(n  J)]  Kn+1  ( - 


(A.2) 


where  denotes  modified  Bessel  function  of  the  second  kind.  The  process  of 
interchanging  the  order  of  integration  and  summation  is  justified  whenever  the 
above  series  converges  absolutely.  It  can  be  shown  that  this  series  has  different 
regions  of  convergence  for  large  and  small  values  of  a  due  to  the  different  be¬ 
havior  of  the  function  K^(l/a).  When  a  is  small,  this  series  converges  absolutely 
and  uniformly  for  any  closed  interval  of  /3;  but  for  large  values  of  <r  (>?>1),  the 
above  series  only  converges  for  d/ff  =  X  >  1. 

Now  the  sum  of  the  series  in  Eq.  (A.2)  (also  cf.  Eq.  64)  will  be  approximated 
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for  large  values  of  <r.  In  this  case  Kn{\/a)  has  the  expansion  given  by  Eq.  (67). 
It  is  easy  to  see  that  the  most  important  contribution  to  the  sum  of  this 
series  comes  from  the  term  of  theexpansiom  of  Kn+xiX/v).  Here  it 

seems  convenient  to  decompose  Ii  into  three  parts 


/i  =»  /u  +  Ill  +  lu  (A.3) 

where  lu  ,  In  and  In  are  given  below. 

■  S  £  ig  (i) 

~  ®  (— )"r*(n  +  %)  . -j(,+i)  . .  .X 

-  4x  \nt-o  (n  +  l)l(n  +  2)1  ^ 

1  f.  (-)"r*(n  +  %)  T  log  (2(r)\ 

4/3*  n(n  +  l)l(n  +  2)1  16/8*  / 

where  the  expansion  formula  Eq.  (67)  has  been  used.  Now  both  these  two  series 
converge  only  when  X  ^  1 ;  but  the  6rst  series  can  be  directly  related  to  a  h3rper- 
geometric  function  which  may  further  be  continued  analytically  to  the  whole 
region  0  ^  X  <  «  as  follows; 

^  (— )*r*(n  +  ^)  .-*(«+!) 

(n  +  l)l(n  +  2)l 


=  -  [» -  ”  (i  2;  rb)]  (A^) 

-  t|i  -  -  Wt  +  x>  (v'rqr^.)  -  ®  (vT+T’)]} 

where  in  the  last  step  the  hypergeometric  function  are  expressed  in  terms  of 
complete  elliptic  integrals  by  using  one  of  Gauss’s  recursion  formulas  (cf.  Ref. 
26,  pp.  9,  10). 

2;  k')  =  I  (F(i,  i;  1;  k')  -  F{-h,  i;  1;  k')\  =  IA:(A:)  -  E(k)]. 

To  carry  out  the  summation  of  the  second  series  in  Eq.  (A.4),  we  note  that  if 
we  write 

_  f'  (-)"r*(n  +  %)  .-n  .  _ 

«^in(n  +  l)l(n  +  2)l  ’ 

then  f'(z)  reduces  to  the  same  form  as  the  first  series  in  Eq.  (A.4)  and  hence 

/'« s  - ;  + ')  (vm)  -  ®  (^z)]}- 

The  as)Tnptotic  value  of  f'(z)  as  z  — »  0  ('^X  — » 0)  may  be  deduced  from  the 
above  relation  by  using  the  knowm  asymptotic  expansion  of  K  and  E 

/-(,)  a  ,{-I  +  i  +  i  / [log  4  -  1  +  0(z  log  ^)]}. 
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Since  the  integral  of  an  a83anptotic  expression  is  also  asymptotic,  the  asymptotic 
value  of  fit)  is  then 

fiz)  ^  ^  log  z  +  0(1)  =  j  log  -  +  0(1),  as  i  -+  0.  (A.7) 

o  4  <r 

Therefore,  substituting  Eqs.  (A.5,  7)  into  (A.4),  we  obtain 

-i{‘  -  z ['f  (vi^) 

(A.8) 

The  second  part  of  h  ,  namely,  /« ,  is  given  by 

r  _  ^  (— )*r(n  +  i)r(n  +  V  ir  AA 

4t/3*  .^0  n!(n  +  l)!(n  +  2)!  \20*/  V<^/ 

-  f'  (-)"r(n  +  i)r(n  +  ^)  /fV'"'’” 

-  4tv  -4^  (n  +  l)!(n  +  2)1  W 

— 3tf{i  **  ■*■  ^**  *  ^  (vr+1?) 

-  F  (-J,  1;  r^,)}  (i  +  0  (i)) 

where  in  the  last  step,  after  the  analytic  continuation.  Gauss’s  recursion  formula 
is  again  used.  It  is  evident  that  the  last  hypergeometric  function  in  Eq.  (A.9)  has 
singularity  at  X  =  0.  To  calculate  its  value  near  X  =  0,  we  need  the  following 
formula 

F(a,  6;  o  +  6;  z)  =  E?-o  «n(l  -  z)"[)8,  +  log  (1  -  z)] 
where  , 

=  r(a  +  b)r(a  +  n)r(fe  +  n) 
r*(o)p(6)r*(n  +  1) 

/3,  =  ^(o  +  n)  +  ^(6  +  n)  —  2i^(l  +  n). 

Hence 

F  (- H;  1;  =  ;  (2  -  log  +  o(x*  log  x) 

and  finally  we  have 

/„  ^  ^|(i  +  X*)*'*  -  ^  X  -  log  +  o(x*)| .  (a.io) 
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The  third  part  of  /i  denoted  by  /n  is 


The  series  in  the  above  equation  can  be  approximated  in  a  manner  similar  to  that 
applied  to  Eq.  (A. 6).  The  final  result  is 

Therefore,  substituting  Eqs.  (A.8,  10,  11)  into  Eq.  (A.3),  we  obtain  a  go<xl  ap¬ 
proximation  of  the  value  of  I\  for  a  large  as  follows: 

(vr^)  ”  *  (viTx’)]} 

-  -  x’vTTx’  (- },  1;  r^.)}  +  ^  •  0 ' 
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A  NOTE  ON  THE  ASYMPTOTIC  SOLUTIONS  OF  THE  EQUATION  OF 
HYDRODYNAMIC  STABILITY* 


Richard  C.  Di  PRiBiAf 

1.  Introduction.  For  an  incompressible,  viscous,  essentially  parallel  flow  the 
linearized  differential  equation  for  the  amplitude  function  of  two  dimensional 
disturbances  is,  in  dimensionless  form, 

—  2a  ~  tctR{(tc  —  —  aV)  ~  —  0.  (1.1) 

Here,  the  disturbance  is  given  by  the  stream  function  ^  =  0(y)  exp  |ia(x  — 
<^)i>  v>(y)  is  the  basic  velocity  distribution,  and  R  is  the  Reynolds  number  of 
the  basic  flow. 

To  solve  the  associated  characteristic  value  problems,  asymptotic  representa¬ 
tions  of  a  fundamental  system  of  four  solutions  0/ ,  <t>ii ,  4>ttt ,  ^ir  of  Eq.  (1.1) 
are  needed.  Two  solutions  ^  and  <fn  are  obtained  from  the  in  viscid  equation. 

(to  -  c)(0"  -  aV)  -  w"<l>  =  0.  (1.2) 

Tollmien  [1]  has  applied  the  usual  theory  of  differential  equations  to  study 
solutions  of  Eq.  (1.2)  in  the  neighborhood  of  the  critical  point  j/o  >  w(yo)  =  c, 
obtaining 

^(y)  -  (1.3) 

4>t(y)  =  Bi(y)  +  (wo /wo)yBi(y)  log  y,  (1.4) 

where  for  simplicity  yo  is  taken  to  be  zero.  The  power  series  for  Bi(y)  and  Bt(y) 
are 

Biiy)  =  1  +  (wo  /2wo)y  +  (tco  +  a)y'  +  •  •  •  ,  (1.5) 

Bi(y)  “  1  +  (— (tco  /wo*)  +  (wo  /2wo)  +  ia*]?/*  +  •  •  •  .  (1.6) 

The  ^  solution  is  regular,  but  the  <tn  solution  has  a  logarithmic  singularity 
with  derivative  becoming  infinite  as  y  — »  0,  and  hence  its  derivatives  fail  to 
represent  asymptotically  those  of  the  solution  4»ii  of  Eq.  (1.1).  In  a  boundary 
value  problem  it  is  actually  necessary  to  consider  the  case  in  which  y  — >  0  as 
the  small  parameter  e  —  —*■  0,  more  precisely  ri  ™  y/t  approaches  a 

finite  non-zero  value  as  e  — ►  0.  Recently  Tollmien  (considering  only  real  y  and 
real  parameters  a,  R,  and  c)  constructed  an  improved  solution  which  is  an 
approximation  to  even  in  the  neighborhood  of  zero  [2].  For  y  ==  0(c),  the 
most  difficult  case,  he  states  the  following  error  estimates 

!♦//  —  ^i|  •“  0(e), 

ld^///dy  -  d4>V  dy\  -  0(e  log  e). 

*  This  work  was  sponsored  by  the  Office  of  Naval  Research  under  Contract  N  6  ori -07871. 

t  The  author  would  like  to  express  his  appreciation  to  Professor  C.  C.  Lin  for  suggesting 
this  work,  and  for  his  continued  interest  during  many  helpful  discussions.  He  is  also  in¬ 
debted  to  Dr.  Wasow  for  helpful  comments  for  the  6nal  version. 
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Wasow  (considering  general  values  of  y  and  the  parameters)  has  given  a  com¬ 
plete  theory  of  the  manner  in  which  the  a83rmptotic- solutions  represent  the 
fundamental  solutions  of  Eq.  (1.1)  [3].  However,  his  error  estimate  for  the 
derivative  of  the  solution  v%  which  approximates  <f>ii  is  not  as  good  as  that  stated 
by  Tollmien  for  d4»i/dy. 

In  this  paper  the  representations  of  ,  Vt  and  their  derivatives  are  studied 
in  greater  detail  than  previously  for  the  case  when  ij  is  finite,  and  when  |  17  [  — ► 
* .  Using  these  representations,  it  will  be  shown  that  the  agreement  between 
and  cs  and  their  first  derivatives  is  0(c)  as  long  as  17  does  not  equal  zero, 
i.e.,  for  the  range  of  17  of  interest  in  the  eigenvalue  problem.  Thus  one  suspects 
that  Vt  and  its  derivative  approximate  and  d^nldy  to  the  same  degree  of 
accuracy  for  complex  c  as  does  the  Tollmien  solution  for  real  c. 

2.  Tollmien  Solution.  Tollmien  [2]  considers  in  place  of  ^  the  function  <l>t 
defined  by 

Bt(y)  +  Hi(y)«r^(i7p)i  •  .  (2.1) 

where  rir  =  yiaRwoY'*  =  and  0ii(i7r)  satisfies  the  following  differential 

equation: 

(2.2) 

difr  ai7r  u»o 


and  (*ertain  conditions  to  be  specified.  If  Eq.  (2.2)  is  integrated  for  0ti(i7r), 
there  are  two  (‘onstants  of  integration.  These  are  determined  so  that  02i(i7t)  — » 
0  as  i7r  — ♦  ±  00 .  Then  it  is  found  that 

i  ^  i7*r{Hi*’  /’%*,//!“  drir  -  d»7r| .  (2:3) 

where  the  argument  of  the  Hankel  functions  is  (^i)(ti7r)*^*-  In  obtaining  02i(t7r) 
from  Eq.  (2.3)  there  are  two  more  constants  of  integration  to  be  determined. 

Before  discussing  the  determination  of  these  constants  it  is  desirable  to  have 
the  asymptotic  representation  o(  d^^x/  drir .  Making  the  change  of  variables 
d*^i/  drir  =  ’?T^({)>  {  =  (?^)(t’Jr)*^*  and  using  the  asymptotic  behavior  of 
the  Ijommel  function  ([5],  p.  347  and  351)  it  is  not  difficult  to  show  that  for 
— 2ir/3  <  arg  (ti7r)  <  2ir/<3 


d*^i  ^  W  f_l _ (— i)"*(— 3m)(3m  -  1)!  _»«_i 

~dri\  tc'  \rir  m-x  3"*m! 

Now  we  may  write 

^i(»7r)  =  ^xivr)  "h  •4i7r  +  B, 


(2.4) 

(2.5) 


where  ^xivr)  is  an  analytic  function  for  all  finite  rir  defined  by 

d^x  /"*  V I  \  w  I 

dnr  K  \  dnr  «>o  ’!»■'  ^® 

^x  =  f  ^  log  Vt)  dvr  +  ^  (vr  log  Vt  -  Vt)- 

\dvT  tCo  '  ^0 


(2.6) 
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The  constants  A  and  B  are  determined  by  requiring  that  0*  —  ^  and 
d(0i  —  <ln)/dy  are  of  0(er)  for  finite  y.  From  Eqs.  (1.3),  (1.4),  (2.1)  and  (2.5) 
we  have 

—  <rfii(y){^(’/r)  —  (wo  /wo)vt  log  i;r} 

+  {A  -  (wo/wt)  log  tr]yBi(y)  +  erB-Biiy), 


and 

£ 

dy 


~  (4>i  —  0j)  =  Bi(y)  +  A  —  ^  (1  +  log  j/)^ 


(2.7) 


dr)j 


VO' 


"H  «r  V  ^i(vr)  +  Atfr  —  -r  Vr  log  y  B 


It  is  clear  from  Eq.  (2.4)  that  the  integrals  in  Eqs.  (2.6)  behave  as  negative 
powers  of  vr  for  large  r/r ,  hence  we  have  the  desired  agreement  for  finite  y  if 
we  take  A  =  («>o  /too)(l  +  log  €r)  and  any  finite  value  for  B. 

We  shall  now  show  that,  with  such  a  choice,  the  differences  0*  —  ^  and 
di<l>i  —  <fn)/dy  are  given  by 


~  ^  0(<r)f 


d  u  r(3fn)(  i)  — »»  ,  ^ 

_  (0,  —  0,)  _  Bi(y)  —  - fir  +  0(er), 

ay  tOn  m-i 


(2.8) 


for  large  ijr ,  —2r/3  <  arg  (tijr)  <  2t/3,  and  for  finite  ijr  by 
0?  “  =  0(*r)> 

-'!!!- B.w{c+iog,.+  (-<„)■/ +  0M, 

ay  mJq  [  iM-i  ml 


(2.9) 


where  C  is  a  constant  which  will  be  defined  later.  These  relations  will  be  useful 
for  comparison  with  Wasow’s  solution,  since  his  solution  is  related  to  the  in- 
viscid  solution  ^ . 

Briefly,  these  results  are  obtained  in  the  following  way.  First,  the  regularity 
of  is  used  in  showing  the  relations  for  —  02  to  be  true  for  all 
jjT .  For  d(02  —  0i)/dj/  it  is  necessary  to  have  the  behavior  of  the  function 
d^i/driT  —  (tfo /tt>o)  log  riT ,  since  from  the  second  of  Eqs.  (2.7) 

-  B,(y)  IP log  4  +  «(•')  «1«) 

dy  (dnr  Wo  J 

For  large  tjr ,  —  2t/3  <  arg  (iijr)  <  2ir/3  it  follows  from  Eqs.  (2.4)  and  (2.6) 
that 


(2.11) 
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To  obtain  a  power  series  representation  for  this  function  for  finite  ijr  we 
write  Eq.  (2.3)  in  the  following  form: 

_  T  U>0  Jj  .  „(J)  .  „(l), 

„  f  ,r  t 

+  dfir  -  rv^rff^dvr}, 

O  Wg  [  Jo  Jo  J 

where 


^1=  f\*rHi''dvT,  A,=  r 
•'•0  •^•0 

The  second  term  of  Eq.  (2.12)  can  be  evaluated  by  relating  it  to  the  Lommel 
function  ([5],  p.  346);  the  first  by  direct  expansion  of  the  Hankel  functions; 
and  Ai  and  At  by  using  ([5],  p.  39).  Carrying  out  these  lengthy,  but  straight¬ 
forward  calculations  we  obtain  upon  integrating  from  oo  to  1  and  then  from 
1  to  i}r  that 


^  ^  log  +  ^08  ’Jr  +  £ 

oijr  tPo  ^0  I  —i 


i"3" 


(3m)! 


r(m) 

Vt 


where  the  constant  C  is 


_i_  ^  i^"r(m  -|-  ^)  jm+i  ,  ,-i/i  ^  t^"r(m  -|-  %)  »*+j\ 

ifo  (3m -1-1)!  ^0  (3m -1-2)!  /’ 

at  C  is 

^  =  /'(t? 

J,  \dijr  «>o  ’»*•/  Jo  aijJ, 


If  for  the  moment  we  choose  arg  i  —  9t/2  we  can  write  these  three  power  series 
as  one,  and  for  finite  rir 


d^n 

driT 


Wo 


logijr  = 


-'il 

W'o  I 


c  -f  log  Ijr 


^  ^  3*’"~^r(m/3) 
m-i  m! 


(— t'nr)' 


(2.13) 


Since  only  integral  powers  of  t  appear  in  Eq.  (2.13)  we  may  relax  our  restric¬ 
tion  on  arg  i. 

t 

3.  Wasow  Solution.  Wasow  treats  the  differential  equation 

u^*\x)  +  EJ-i  a,(x)u‘*-"  +  bjixW'-^  =  0,  (3.1) 


where  x  is  a  complex  variable,  and  boix)  has  a  simple  zero  taken  to  be  at  x  =  0, 
also  bi(x)  is  assiuned  a  0.  This  equation  may  be  identified  with  Eq.  (1.1)  by 
setting  y  —  yo  =  kx,  where  wiyo)  =  c  and  k  ■=  —w'o'/wo .  Then  Ci  s  0,  Oj  = 
—2a{wo/wo')',  a*  =  0,  04  =  a(wo/wo')*,  bo  =  —{w—  c){wo  /w'o)',  &i  =«  0,  61  = 
((to  —  c)a  -1-  w"ywo  ,  and  X*  =  —iaRw'jc*.  We  note  thatX~*^  =  0(e)  =  O(eT). 
For  the  sake  of  convenience  in  discussing  the  Wasow  solution  his  notation  will 
be  employed.  The  comparison  with  the  Tollmien  solution  will  be  made  at  the 
end  of  this  section. 
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In  order  to  solve  Eq.  (3.1)  Wasow  considers  the  special  difiPerential  equation 


One  solution  of  this  equation,  valid  for  a;  in  a  sector  bounded  by  4t/3  —  ^ 
arg  X  <  arg  X  <  8t/3  —  %  arg  X,  is 

where  the  contour  C(i7i)  issues  from  the  origin  into  the  right  half  of  the  t  plane 
where  Re(r^)  >  0  and  extends  to  «  along  a  ray  lying  in  the  sector  5t/6  +  % 
arg  X  <  arg  <  <  7t/6  +  %  arg  X. 

The  function  Vt(x,  X),  which  approximates  4>it ,  is  defined  by 

(33) 

([3],  Eqs.  (1.9),  (3.5c),  (3.16)).  Here  oUs(x)  is  the  logarithmic  solution  of  the 
reduced  equation  6i(x)u"  +  bi(x)u  =  0,  (for  Eq.  (1.1),  o«i  ^  ^).  Since  Vt(x,  X) 
should  behave  as  oUtix),  i.e.  the  inviscid  solution,  oqiix)  is  specified  to  be  the 
l(^arithmic  solution  of  the  reduced  special  equation  xq"  +  9  =  0  such  that 
Utix,  X)/o9i(x)  =  1  +  0(«).  It  has  been  shown  by  Wasow  ([4],  Eq.  (5.5))  that 

Ut(x,  X)  =  iriViHi^\2  Vi)  +  \-''*E(x,  X),  (3.4) 

for  all  X*  where  E{x,  X)  is  a  bounded  function  (the  error  estimate  can  be  im¬ 
proved  for  finite  x).  Consequently  o9i  is  chosen  to  be  riVxH'i^  (2  Vx).  See 
[3]  for  a  more  complete  description  of  oUs  and  o9i . 

From  Eq.  (3.3)  upon  using  Eq.  (3.4)  we  have  for  all  x 

»i(x,  X)  =  oMi(x)  +  X“*'*E(x,  X),  (3.5) 

and  upon  comparing  Eq.  (3.5)  with  Eqs.  (2.8)  and  (2.9)  we  see  that  v%  and 
agree  to  terms  of  0(e). 

It  now  remains  to  show  that  dvi/dx  and  d^t/dy  agree  to  terms  of  0(e)  for 
bounded  away  from  zero.  It  follows  from  E}q.  (3.3),  using  Eq.  (3.4)  that 


dvt 

dx 


do«»  oUi  d  f  K 

dx  oqtdx 


+  2}^l^Ut(x,  X)  +  ft(x,  X), 
o9i  dx 


where 


vqt  dx  / 


*  We  are  of  course  thinking  of  x  in  the  sector  defined  above.  Later  in  this  section  the 
correspondence  of  regions  of  validity  for  the  Toilmien  and  Wasow  work  will  be  made.  If 
Wo  is  positive  then  arg  y  »  arg  nr  end  arg  X  may  be  determined  by  requiring  that  the  x 
and  y  sectors  agree. 
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To  see  that  K{x,  X)  is  0(X  *^*)  one  writes 

doUt  oUi<kgt  d  /oMi\  rt/|\ 

because  d/dx(tUt/oqi)  is  bounded  at  x  =  0  (see  [3]  p.  232  formula  (3.16)).  From 
the  definition  of  Ut{x,  X)  and  the  fact  that 

o9>(x)  -  ri  y/x  Hi^\2y/x)  =  f  T*  exp  [tx  —  r'j  dt, 

Jc(trt) 

we  deduce  that 

i  e"-"">(e‘-“  -  1)  *  +  0(X-'*).  (3.6) 

dx  ax  JcctTf)  t 

To  investigate  the  integral  which  appears  in  Eq.  (3.6)  we  make  the  change  of 
variables  a*  =  X“V,  and  n„  —  \^''*x,  then 

f  1  -l)dt=  [  -  e'’-(e‘'’  -  1)  d<r 

+  [  1  (e“'*"*  -  l)e"(e-»'‘>  -  1)  dt. 

Jciat)  t 

The  first  integral  on  the  right  hand  side  is  defined  for  ri^  not  equal  to  zero  and 
for  a  path  extending  from  the  origin  to  infinity  such  that  Re{a)  <  0 

and  Re(ariJ)  <  0.  The  restrictions  on  x  and  t  require  5t/6  <  arg  <r  <  7t/6 

and  4t/3  <  arg  <  8t/3.  The  above  inequalities  may  always  be  satisfied 
under  these  conditions.  Following  an  argument  analogous  to  Wasow  ([3],  p. 
229)  it  can  be  shown  that  the  second  integral  on  the  right  hand  side  is  0(X“*^*i;;‘) 
and  hence  is  within  the  order  of  error  in  Eq.  (3.6).  Let 

f/i(n«)  -  f  -e'Me*'’ -  DdT,  (3.7) 

then 

^  ^  +  !!2  +  0(x^'’).  (3.8) 

ax  f  ax  dQz 

Comparing  Eqs.  (3.8)  and  (2.10)  we  have 

_  d(».  -  »?)  ^  -  B.(»)  log  4  +  0(x^'’). 

dx  dy  o9t  (aijr  Wo  J 

To  show  the  desired  agreement  it  is  necessary  to  show  that  the  first  two  terms 
on  the  right  hand  side  of  the  above  equation  add  up  to  an  expression  of  order 
X“*^*  for  both  finite  and  large  17.  Because  of  the  unevaluated  constants  in  Eq. 
(2.13)  this  can  most  conveniently  be  done  by  showing  that 
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in  which  case  we  obtain  Eqs.  (3.11)  and  (3.12)  giving  the  desired  conclusion. 
This  we  now  do. 

To  obtain  an  asymptotic  representation  for  we  expand  exp  (v'/S)  as  a 

power  series  and  then  make  the  change  of  variables  z  =  —  aih, .  The  restrictions 
on  <r  and  require  15t/6  <  arg  (ariJ)  <  21t/6,  and  hence  our  new  path,  C”, 
will  be  a  ray  going  to  infinity  in  the  right  half  plane.  We  have  upon  interchang¬ 
ing  integration  and  summation  that 


HtM 


f'  (-ir  f 

m-i  3"*ijJr**m!  Jc* 


dz. 


But  integration  over  C"  is  equivalent  to  integration  along  the  real  axis  from  0 
to  00 ;  hence  for  4r/3  <  arg  <  8r/3 


(-l)’"r(3m) 
«_i  3"*  •ml 


(3.9) 


A  series  in  ascending  powers  of  ri^  for  Ht(riw)  may  be  obtained  by  adding 
and  subtracting  (e'’"  —  l)e**'*/(T  and  e'/a  to  the  integrand,  then 


^,(nJ  =  /  +  / 

JC'  (T  JC'  <T  Jc' 


The  first  integral  is  a  constant,  and  will  not  be  evaluated.  The  second  integral 
is  evaluated  by  making  the  changes  of  variables  z  =  —a.  The  path  of  integra¬ 
tion  lies  in  the  right  half  plane  and 

f  -  log,.  -  logi. 

Jc*  z  ’Jo  z 


Here  the  determination  of  arg  (1)  must  be  chosen  appropriate  to  the  value  of 
nw  .  To  evaluate  the  third  integral  we  expand  exp  as  a  power  series,  and 
then  interchange  integration  and  summation  which  is  permissible. 


L 


m-i  m!  Jc 


Making  the  change  of  variables  <r  =  —  z,  and  then  z  =  we  obtain  the  in¬ 
tegral  over  C"'  of  (— The  path,  C"'  extends  to  «  along 
a  ray  in  the  lower  right  half  plane.  Again,  though,  we  may  integrate  over  the 
real  axis  from  0  to  » .  We  obtain,  finally,  for  finite  values  of  7h»  that 

Htin,)  =  Const.  +  log  n.  +  £  3***~*r(m/3) 

m—l  ml 


To  compare  the  Wasow  and  Tollmien  solution  we  set  ij,  =  ,  and  deter¬ 

mine  y  so  that  the  sectors  of  validity  of  the  asymptotic  representations  agree. 
Since  4t/3  <  arg  <  8t/3,  and  —  2t/3  <  arg  (tijr)  <  2r/Z  we  obtain  arg 
y  =  arg  t  -1-  2t.  As  only  integral  powers  of  appear  in  Eqs.  (3.9)  and  (3.10) 
we  may  set  tj.  =  irir ,  also  —w'o'lwo  is  set  equal  to  +1  for  the  comparison.  Sub¬ 
stituting  in  Eqs.  (3.9)  and  (3.10)  and  comparing  with  Eqs.  (2.11)  and  (2.13) 
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we  see  that  and  d^i/  dr  —  (too'/wo)  log  tit  are  the  same,  since  their  repre¬ 

sentations  for  finite  rir  agree  except  for  unevaluated  constants  which  must  be 
the  same  because  of  the  agreement  of  the  asymptotic  representations. 

Hence  for  finite  i;r 

,  .  (3.11) 

and  for  I  i;t  I  — ♦  « ,  2x/3  <  arg  (tijr)  <  2t/3 

^  ^  ^  f;  (-0~r(3m)  ,;•./!!!._  BfyA  +  0(„).  (3.12) 

ax  ay  n—i  ^o93  J 

It  is  easy  to  show  from  the  power  series  representations  of  oUt  and  o9i ,  [3],  that 

-  B^(y)  -  0(y)  =  0(«,r). 

o9» 

Consequently  from  Eqs.  (3.11)  and  (3.12)  we  have  the  desired  result  that  dvt/dx 
and  d<f>*/dy  agree  to  terms  of  0(c)  for  finite  i;  and  large  q. 

It  should  be  mentioned  that  from  Eq.  (2.9)  we  have  |  d4*ldy  —  dtftt/dy  |  = 
0(1)  for  riT  bounded  away  from  zero.  But  from  the  ToUmien  error  estimate  it 
can  be  seen  that  d^n/dy  is  OQog  c)  and  hence  the  percentage  error  in  d<hldy 
is  0(l/log  c).  Thus  the  use  of  ^  in  computations  does  give  the  correct  approxi¬ 
mate  answer. 


4.  The  Modified  Wasow  Solution.  It  can  be  seen  that  the  higher  derivatives 
of  the  ratio  oUt/oqt  used  in  defining  Vt(x,  X)  have  a  logarithmic  singularity  at  the 
origin.  Precisely,  (oWi/o9i)'  (x*  —  27  -f  1)  -f  0(x  log  x),  and  (oUi/o?*)"  ^ 
0(log  x).  This  will  introduce  a  singularity  into  the  higher  derivatives  of  t;i(x,  X). 
It  is,  however,  possible  to  construct  a  function  Pi(x,  X)  which  has  the  desired 
properties  of  Fi(x,  X),  but  does  not  have  this  logarithmic  singularity.* 

If  the  solutions  oUi  and  o9i  are  written  as 

oU,(x)  =  Pi(x)  +  Pi{x)  log  X,  o9i(a:)  =  Qi{x)  -f-  Q,(x)  log  x, 

the  function  P»(x,  X)  is  defined  by 

X)  -  P.W  -  9^  +  ^  u.i..  X).  (4.1) 

Since 

t/»(x,  X)  =  Qi(x)  -f  Qt(x)  log  X  -b  X“*'*P(x,  X), 

for  all  X,  and 

dU,/dx  =  (d/dx){Qi(x)  +  Q,(x)  logx}  -f  H,(,«)  -f-  OCX"*"), 

*  This  was  pointed  out  to  the  author  by  Professor  C.  C.  Lin. 
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for  fit,  not  zero,  we  obtain  from  Eq.  (4.1)  after  some  simple  calculations  that 
V,ix,  X)  =  oU,(x)  +  0(X-*'*), 


^■  + 


Htith,)  +  0(X 


It  can  be  seen  quite  easily  that  the  conclusions  made  concerning  Vtix,  X)  and 
dvtldx  in  Section  3  will  also  hold  for  this  new  fimction.  It  seems  likely  that 
if  vt(x,  X)  is  replaced  by  Vt(x,  X)  in  [3]  one  could  obtain  rigorously  the  Tollmien 
or  a  better  error  estimate,  even  when  x  —  0. 
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CODING  TO  ACHIEVE  MARKOV  TYPE  REDUNDANCY* 

By  Joseph  E.  Flanagan 

1.  Introduction.  It  is  well  known  [6]  that  if  one  codes  incoming  text'  by  the 
device  of  first  dividing  every  possible  message  into  consecutive,  nonoverlapping 
blocks  of  length  /3  and  then  applying  a  0,1  code*  to  the  /  possible  constituents 
of  a  block*,  that  (i)  the  average  number  of  0,1 ’s  per  symbol  of  text  is  bounded 
from  below  by  the  entropy  per  symbol  [6]  (a  constant,  dependent  only  on  the 
incoming  text)  and  that  (ii)  one  may  find  for  any  preassigned  e  >  0  a  and  a 
0,1  code  for  the  resulting  block  so  that  the  average  number  of  O.l’s  per  symbol 
of  text  is  within  «  of  this  lower  bound.  Roughly  speaking,  this  latter  result  is 
achieved  by  taking  /3  large  and  exploiting  the  wealth  of  statistical  structure 
attendant  to  such  a  choice  of  in  determining  the  0,1  sequences  to  be  assigned 
to  the  various  /3  tuples  (improbable  /3  tuples  getting  long  codes). 

Let  us  assume  for  the  moment  then  that  we  have  block  coded  the  incoming 
text  in  an  efficient  fashion,  i.e.,  so  that  the  average  number  of  0,1 ’s  per  symbol 
of  text  is  near  its  lower  bound  and  consequently  so  that  is  large.  Aside  from 
such  difficulties  as  lag  and  large  memory  capacity  that  would  be  required  under 
such  an  assumption,  there  arises  the  problem  of  decoding  when  the  coded  mes¬ 
sage  has  been  subject  to  noise  contamination.  It  is  clear,  that  if  for  example  a  1 
is  received  as  a  0,  then  at  least  a  /9  tuple  of  original  text  is  lost  (fi  large) !  In 
addition,  it  can  be  shown  [6]  that  when  incoming  text  is  coded  in  this  efficient 
fashion,  then  the  coded  text  becomes  close,  in  some  sense*,  to  the  discrete  sto¬ 
chastic  process  consisting  of  independent  random  variables  each  taking  on  the 
values  0,1  with  probabilities  |,  |  respectively.  Consequently,  even  knowing  the 
particular  0  or  1  affected  by  the  noise,  one  would  be  unable  to  make  an  effective 
guess  as  to  the  symbol  in  question  based  on  the  correctly  received  part  of  the 
coded  message. 

It  is  the  purpose  of  this  paper  to  study  the  problem  of  block  coding  incoming 
text  in  an  inefficient  fashion  (from  the  noise  free  channel  standpoint)  so  that  the 
resulting  0,1  channel  stochastic  process  is  close,  in  some  sense,  to  a  preassigned 
0,1  discrete,  stationary,  Markov  a  process.  This  could  be  interpreted  as  an 
attempt  to  combat  noise  jn  the  channel  by  introducing  redundancy  in  the  form 
of  Markov  a  dependency. 

After  describing  the  measure  of  closeness  that  will  be  used  for  this  purpose, 
we  shall  find  a  necessary  condition  on  the  average  length  of  the  0,1  code  se¬ 
quences  used  for  the  /3  tuples,  for  a  prescribed  degree  of  closeness. 

*  This  is  part  of  work  supported  by  the  Department  of  the  Air  Force. 

^  By  incoming  text  is  meant  a  discrete,  finite  range  (with  v  elements),  stationary  stochas¬ 
tic  process.  In  the  main  body  of  the  paper  we  will  use  a  more  restrictive  definition. 

*  That  is,  to  every  p  tuple  of  positive  probability  there  will  be  assigned  a  finite  sequence 
of  0,1’s  such  that  the  sequence  of  0,1 ’s  assigned  to  one  p  tuple  is  not  the  initial  segment 
of  the  sequence  of  0,1’s  assigned  to  any  other. 

*  Such  a  scheme  will  be  referred  to  as  0  block  coding  or  block  coding. 

*  This  will  be  made  precise  in  the  main  body  of  the  paper. 
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2.  Generalization  of  Shannon's  Entropy  per  Symbol.  The  simplest  problems 
of  information  theory  are  concerned  with  collections  of  messages  produced  from  a 
finite  set  of  symbols  («i ,  «i ,  •  •  •  ,  «,).  Thus  if  we  let  the  set  of  integers  A  = 
(1,  2,  •  •  •  ,  p)  represent  these  symbols,  we  are  led  naturally  to  the  space,  W, , 
of  sequences  ip:  (•  •  •  ,  c_i ,  co ,  Ci ,  •  •  •),  where  c<  e  A  for  all  integers  i. 

We  shall  assume  two  probability  measures  P,  M  defined  over  the  smallest 
Borel  field  (a-algebra),  P(W,),  of  subsets  of  W,  such  that  the  coordinate  vari¬ 
ables  ‘  ,  x-\ ,  Xi, ,  Xi ,  •  ")  are  measurable  functions.  Unless  otherwise  men¬ 
tioned  explicitly,  we  will  assume  the  probability  measures  P,  M  are  such  that 
the  Xn  process  is  stationary  with  respect  to  both  measures,  and  that  P  is  ab¬ 
solutely  continuous  with  respect  to  Af  (P  «  M)  over  any  Borel  field  generated 
by  a  finite  number  of  the  coordinate  variables. 

The  coordinate  processes  generated  by  the  P  measure  and  the  M  measure 
will  be  designated  respectively  by  (x, ,  —  <»  <  n  <  » )/.  and  (x,  ,  —  «  <  n  < 
or  more  compactly  by  (xn)p  and  (x,i)j# .  In  a  similar  fashion  expectations 
with  respect  to  the  P  measure  will  be  written  as  Ep  ,  etc.  In  the  particular  case 
when  the  M  measure  defines  (xh)m  to  be  a  collection  of  independent  random 
variables  with  3f(x,  =  t)  =  we  shall  use  the  symbol  (xJmm  in  place  of 
(x«)jf .  Similarly,  (xn)i#(a)  will  be  used  in  place  of  (xJm  when  the  Af  measure 
forces  (Xn)jf  to  be  a  Markov  a  process,  that  is,  when 

Af(x„  **  1 1  Xit— 1 ,  Xit—j ,  ' "  ■)  “  Af (x»  “  1 1  Xit— 1 ,  ’ '  *  ,  Xft—a)  a.e.M. 

For  any  finite  sample  sequence  c<_, ,  •  •  •  ,  c»  (s  ^  0)  we  will  have  conditional 
probability  distributions,  Pfxi+i  =  i  |  x«  =  Ci ,  •  •  •  ,  x<_,  =  C(_,)  and  Af  (xi+i  = 
1 1  Xj  “  Cj ,  •  •  •  ,  X|_,  =  Ct-t)  for  the  next  symbol  Xi+i .  A  reasonable  definition 
of  “closeness”  between  the  processes  (x,)/*  and  {Xn)Mw  would  be  that  the  two 
conditional  probability  distributions  be  “close”  in  some  sense  for  «  large  (t 
fixed).  If  one  interprets  the  entropy  [6] 

9[Pix,+i  =  i  1  X,  =  Cl ,  •  •  •  ,  Xi_  =  Ci_)], 

where  g{x)  »  x  logj  x  and  ^(0)  =  0,  as  a  measure  of  “closeness”  between  the 
conditional  probability  distribution  Pfxi+i  “  t  ]  X|  =  C| ,  •  •  •  ,  X|_,  —  Ci_) 
and  the  uniform  distribution  t;  •  •  •  ,  v~^  (which  would  be  precisely  the  con¬ 
ditional  probability  distribution  Af(xi+i  «  1 1  X|  =  Ct,--  -  ,  X|_,  *  Ci_,)  for 
the  case  (x„)  we  see  that  the  number 

lim»-»«  Ep\  1  fffP(3Ci+i  “tlxi“Ci,*’‘,  X|— t  “  Ci— «)]} , 

which  will  be  independent  of  t,  can  be  taken  as  a  measure,  in  a  P  average  sense, 
of  “closeness”  between  (x«)i.  and  (x„)in,)‘.  This  number,  of  course,  has  been 
defined  by  Shannon  [6]  as  the  entropy  per  symbol  of  the  process  (x«)^  .  Existence 
and  other  assorted  properties  of  it  may  be  found  in  the  list  of  references  and  will 
be  assumed  to  be  known  by  the  reader. 

An  obvious  way  to  extend  the  line  of  reasoning  mentioned  above  to  the  case 

*  This  number  will  not  be  a  metric. 
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where  (jr«)  m  may  be  a  Markov  a  process  is  to  seek  out  a  function  of  the  probabil¬ 
ity  distributions  pi ,  ps ,  •  •  •  ,  p. ;  wii ,  mj ,  •  •  •  ,  m, ,  where  p,  =  0  whenever 

m,  =  0,  which  will  measure  closeness  of  the  two  distributions  in  some  sense, 
and  for  the  case  when  nti  =  measure  it  in  the  same  sense  as  described  above. 
If  we  demand  that  this  function  be  a  continuous  function  and  that  it  possess  a 
decomposition  property  similar  to  the  decomposition  property  valid  for  en¬ 
tropy  [6,  p.  19],  then  this  function  can  be  determined. 

Theorem  1.  The  only  function,  /(pi ,  •  •  •  ,  p, ,  mi ,  •  •  •  ,  m,),  that  satisfies, 
for  all  V,  the  conditions 

(i)  /  is  a  continuous  function 

(ii)  f(pi ,  • '  ■ ,  Pv ,  v~\  -  ‘  ,  t)“‘)  =  -S’  Pj  log2  Pi  -log2  V 

(hi)  If  Pi  =  .  Sil-i+i  rrij  =  li,i  =  1,  2,  •  •  •  ,  u,  where  so  =  0, 


1  ^  8i  <  Sj  <  •  •  •  <  s„  =  t>. 


then  /(pi ,  •  •  •  ,  p, ,  mi ,  •  •  •  ,  m,)  =  /(gi ,  “  ■  ,  Qu ,  h,  "  ■  ,0 

+ 1  ’  •  •  •  ■  V  ’  -"'i — ■  • 

\  9i  Qi  h 


is  given  by  /(pi ,  •  •  •  ,  p, ,  mi ,  •  •  •  ,  m,)  =^\pj  log*  m,/py .  (We  are  observing 
the  usual  integration  convention  that  0  =  0  log  0  =  0  log  « .) 

Proof.  It  is  easily  verified  that  this  function  satisfies  (i),  (ii),  (hi).  To  show 
the  uniqueness  suppose  that  the  m< ,  t  =  1,  •  •  •  ,  t>  are  rational.  Then  m,  = 
U/t,  i  =  1,  •  •  •  ,  r,  where  <, ,  t  are  integers.  Let  oi  ,  a*  ,  •  •  •  ,  at  be  a  set  of 
positive  constants  such  that  Si®/  “  1  ®®dSlt_i+i  dj  =  Pi ,  i  =  1,  •  •  •  ,v,  where 
«o  =  0,  «i  =  ,  «2  =  <1  +  <2 ,  •  •  •  ,  Then  by  (hi)  and  (ii) 


t 

-  S  0/  log2  Oy  -  log2  <  =  /(pi ,  •  •  •  ,  p, ,  mi ,  •  •  •  ,  m.) 
1 


Therefore 


/(Pi ,  •  •  •  ,  P, ,  wii ,  •  •  •  ,  »i,) 

=  a  a.y_,  +  i  log2  p7‘  +  2  P/  logi  j  Pi  log,  ^ . 

1-1  <-i  ill  Pi 

In  view  of  (i)  we  have  proved  our  theorem. 

In  addition  to  items  (i),  (h),  (hi)  of  Theorem  1,  it  is  easy  to  show  that 

(1)  log,  m  ^  f  ^  0,  where  m  —  min,(m,  |  m,  >  0), 

(2)  /  =  0  if  and  only  if  pi  =  mi,i  = 

(3)  /  =  log,  ®  if  and  only  if  there  exists  and  t,  say  in ,  such  that  p<,  =  1  and 
m„  =  m- 

The  proofs  for  statements  (1),  (2),  and  (3)  are  left  to  the  reader. 

In  all  this  work  we  shall  interpret  the  M  distribution  as  the  fijced  standard 
of  comparison  in  the  same  sense  that  the  uniform  distribution  serves  as  the 
standard  of  comparison  in  information  theory.  It  should  be  pointed  out  that 
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/  cannot  be  interpreted  as  a  metric  since  for  example  the  symmetry  property  is 
lacking. 

Theorem  2.  If  the  process  (x«)ir  is  Markov  a,  then  the  random  variables 


2  P(xt+i 


j 


Xt  ,  Xt-i ,  •  •  •  ,  Xt-,)  logj 


Mjxt+i  =  j\xt,xi-i, 
P(x,+i  »=  i  1  ,  x,_i , 


f  X< — i) 


8  =  0—  1,  a,  a  +  l,*’-,  form  a  lower  semi-martingale  with  respect  to  the 
Borel  fields  generated  by  X| ,  •  •  •  ,  X|_, ,  8  =  o  —  1,  a,  a  -1-  1,  •  •  •  ,  and  these 
random  variables  converge  mean  P  and  a.e.P  to  the  limiting  function 


X  Pixt+i 


=  j\Xt,Xt-i,  •••)  log2 


Mjxt+i  =  j\xt,  xt-t ,  •  •  •) 

P(x<+i  =  ;■  I X, ,  x,_i  ,•••)' 


Proof.  Since  P{xt+i  =  j\xi ,  •  •  •  ,  Xj_,),  8  =  0,  1,  •  •  •  ,  is  a  martingale  with 
respect  to  the  Borel  fields  generated  by  Xt ,  •  •  •  ,  Xt_, ,  8  =  0,  1,  •  •  •  and  since 
X  log  s  X  is  continuous  and  convex  in  the  unit  interval  we  have  that  —g[P{xt+i  = 
j\xt,  •  •  •  ,  Xt-t)],  8  =  0,  !,•••,  forms  a  lower  semi-martingale  with  respect 
to  the  Borel  fields  generated  by  X| ,  •  •  •  ,  x»_  ,  8  =  0,  1,  •  •  •  .  (The  functions 
—g[P{xtJr\  “  j  1  x« ,  •  •  •  ,  X|_,)],  8  =  0,  1,  •  •  •  ,  are  obviously  P  integrable,  in 
fact  by  Jensen’s  inequality  they  are  uniformly  bounded  from  above  by  logj  v.) 
Now  P(x,+i  =  i  I  X| ,  •  •  •  ,  Xt_)  log2  Af(x<+i  =  i  1  xi ,  •  •  •  ,  X(_«+i),  8  =  a  -  1, 
a,  a  -|-  1,  •  •  •  ,  forms  a  martingale  with  respect  to  the  Borel  fields  generated 
by  X| ,  •  •  •  ,  X|_, ,  8  =  a  —  1,  a,  a  -1-  1,  •  •  •  ,  since  for  8  ^  a  —  1 


j  Pixt+i  =  j\xt,  •  •  •  ,  x<__i)  logi  A/(xhi  =  j\xt,  ,  x,_«+i)  dP  = 

X|  “  >  *  ’  ’  »  f  “  t 

^  jy  Xt  “  >  *  ’  '  >  Xt—$—l  “ 

log2  M  (Xh-I  =  j  \  xt  =  c,,  -  -  ,  X,_+1  = 

=  j  P{x,+1  =  i  I X, ,  •  •  •  ,  Xt-,)  log2  M(xt+1  =  ;  1 X, ,  •  •  •  ,  X/_«+i)  dP. 

Xt  “  C| ,  ■  *  •  >  Xt—,  “  Ct—, 

Using  the  fact  that  a  finite  sum  of  lower  semi-martingales  is  a  lower  semi-martin- 
gale  (assuming  the  Borel  fields  concerned  are  compatible,  which  is  the  case  here) 
we  have  proved  the  first  part  of  Theorem  2. 

To  prove  the  second  part  of  the  theorem  we  note  that  convergence  a.e.P 
of  the  indicated  functions  is  obvious  since 


lim,^«  P(xi+i  =  i  I  X, ,  •  •  •  ,  Xt_)  =  P(xi+i  =  j  1  Xi ,  x,_i ,  •  •  •)  a.e.P. 

Since  by  (1)  we  have  that  the  indicated  functions  (s  ^  a  —  1)  are  bounded  from 
below  by 

logi{miny,«,,...,c,_,^i  [Af (xi^-i  ~  J  \  Xt  —  Ct ,  •  *  *  ,  Xt—a+i  “  c*— «+i)  ^  0]}> 
we  have  convergence  mean  P  by  Lebesgue’s  theorem. 


262 


JOSEPH  E.  FLANAGAN 


We  are  now  in  a  position  to  define  a  measure  of  closeness,  H[(xn)r  ,  (x,)  jf(«)], 
between  the  processes  (x«)#.  and  ixn)tna) ,  i.e.,  let 


(4) 


HKXn)^  ,  (xJm(«)1 


"  9 

=  lim  Ep  52  P(x,+i 


^  3  \Xt. 


.  ,  M{xi+i 
>  X<_,)  logj  - 


P(.Xi+i 


j\xl, 

3  \xt, 


,xi-,y 

>  Xt^)  J  ■ 


The  limit  H[{xn)p  ,  (Xn)j#{o)]  exists  by  Theorem  2  and  is  independent  of  t  by  the 
stationarity  assumption  on  (x«)j.  and  (x»)  uca)  •  If  one  designates  by  H[(x,)p]  the 
entropy  per  symbol  of  the  process  (xjp  ,  then  we  have  from  (4),  in  view  of  the 
Markov  property, 


ff[(Xn)p  }  (Xn)ir(a)] 

(5)  =  H[(x,)p1  +  P(xt+1  =  i  1  X, ,  •  •  •  ,  x,_.+i) 

•  log,  M(x<+1  =»  y  I  X, ,  •  •  •  ,  x,_.+0]. 


Many  of  the  important  theorems  of  information  theory,  as  for  example  the 
limit  theorem  [5,  p.  212]  that  states  that  (—log  p(xi ,  •  •  •  ,  x,))/n  converges 
mean  P  as  n  approaches  infinity  and  to  the  limit  H  if  the  (xjp  process  is  ergodic, 
have  obvious  analogues  [3],  with  corresponding  proofs,  for  this  slightly  more 
general  definition  of  entropy  per  symbol. 


3.  Block  Coding.  As  mentioned  earlier  in  this  paper  we  desire  to  code  (0,1 
code)  incoming  text*  (discrete,  stationary,  ergodic,  Markov  /3  chain)  in  such  a 
fashion  that  the  resulting  coded  process  (0,1  stationary,  ergodic,  process)  will 
be  close,  that  is,  Hl(xn)p  ,  (xn)jtf(a)]  is  near  0,  to  some  preassigned  stationary 
0,1  ergodic  Markov  a  chain. 

If  the  coded  process  is  near  that  of  the  preassigned  Markov  a  chain,  in  this 
H[iXn)p  ,  (Xn) ,#(«)]  sense,  then  on  the  average  we  will  be  able  to  predict  a  missing 
channel  symbol  given  the  preceding  channel  sequence  on  the  basis  of  the  transi¬ 
tion  probabilities  of  the  preassigned  Markov  a  chain. 

The  mathematical  model  that  will  be  used  for  this  purpose  is  given  as  follows. 
We  suppose  the  incoming  text  is  representable  as  a  discrete,  stationary,  ergodic, 
Markov  chain,  (y^  ,—«>'<  n  <  «).  The  assumption  of  ergodicity  is  not 
too  unreasonable  in  view  of  the  fact  that  a  stationary,  Markov  /3  chain,  (y.),  is 
ergodic  if  and  only  if  the  associated  stationary,  Markov  vector  chain,  (f)„), 

Vn  “  (J/b  I  ■  *  ’  j  Vn+fi—l) 

has  one  ergodic  class  [1,  p.  460],  that  is,  every  /3  tuple  (y»  ,  •  •  •  ,  yn+$-i)  can  be 
reached  from  any  other  tuple  in  a  finite  number  of  steps  with  positive  probabil¬ 
ity.  We  shall  use  a  block  coding  device,  that  is,  we  shall  code  successive  non¬ 
overlapping  blocks  of  /3  tuples  of  the  original  process  (yO.  The  |8  tuple  process, 
(x»  ,  —  00  <  n  <  «),  where  «„  =  y,j ,  will  clearly  be  a  stationary  Markov  chain 

*  Note  that  we  have  made  the  definition  of  incoming  text  more  restrictive  than  the 
definition  given  earlier. 
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since  (yn)  is  a  stationary  Markov  chain.  We  will  further  assume  that  it  is  ergodic 
(this  would  be  assured  if  we  assumed  that  the  Markov  chain  {g„)  is  aperiodic). 

We  shall  now  code  each  tuple  of  positive  probability  into  a  finite  sequence  of 
0,rs  such  that  the  0,1  sequence  for  one  tuple  is  not  the  initial  segment  of  the 
0,1  sequence  of  any  other.  For  any  such  assignment  of  0,1  sequences  we  will  say 
that  we  have  block  coded  the  incoming  text.  Clearly  the  resulting  0,1  coded 
process  need  not  be  stationary  or  Markov.  What  we  desire  is  to  block  code  the 
incoming  text  so  that  the  resulting  coded  process  is  stationary  and  near,  in  the 
H[{Xn)r ,  (x«)jf(a)]  sense,  to  the  preassigned  0,1  stationary,  Markov  a  chain 
and  such  that  the  average  length  of  the  0,1  code  sequences  is  kept  within  reason. 
If  we  designate  by  ^((y„)]  the  entropy  per  symbol  of  the  (y,)  process,  then  clearly 
the  entropy  per  symbol  of  the  (z»)  process,  is 

(6)  H[iz„)]  =  miVn)]  (i8  >  0). 

Let  us  put  the  /3  tuples  of  positive  probability  in  1-1  correspondence  with  the 
integers  1,  2,  •  •  •  ,  k,  with  pi ,  ^  ,  •  •  •  ,  p*  as  the  corresponding  probability  dis¬ 
tribution.  Let  li  represent  the  length  (number  of  0,rs)  of  the  0,1  sequence  repre¬ 
senting  the  i***  /8  tuple.  The  average  length  of  the  code  per  /3  tuple  is  then^J  PiZ, . 
We  shall  now  concern  ourselves  with  the  structure  of  the  coded  0,1  process  for 
various  choices  of  codes.  To  do  this  let  us  suppose  that  the  various  O’s  can  be 
distinguished  from  one  another  and  similarly  that  the  various  I’s  can  be  dis¬ 
tinguished  from  one  another.^  That  is,  the  k  sequences  of  0,1*8  will  be  interpreted 
as  k  sequences  of  distinct  elements,  Oi/a,  as  follows: 

Pi  •  aiiOii  ' '  •  dill 

pi  :  OhOk  •  •  •  Oil, 

(7) 


p*  •  0'k\aki  •  •  •  Otf* , 

where  the  pi,  •  •  •  ,  p*  on  the  left  represent  the  probabilities  of  the  corresponding 
P  tuples.  We  have  then  a  natural  matrix  of  transition  probabilities  between  the 
various  a./s.  That  is, 

Pidij  1  Qki)  =  1,  if  t  =  A:,  j  =  Z  -f  1 

(8)  =  p*(i),  if  Z  =  Zt , ;  =  1 

=  0  othenvise, 

where  pk(t)  is  the  probability  of  the  0  tuple  given  the  A:***  0  tuple,  that  is,  the 
transition  probabilities  for  the  (2„)  Markov  chain.  Consequently  any  resulting 
0,1  coded  process  can  be  represented  as  a  function  of  a  Markov  chain  with 
Zi  -f  Zj  -I-  •  •  •  +  Zt  states. 

Since  the  stationary  Markov  chain  iz„)  is  assumed  ergodic  (and  consequently 

’  By  interpreting  the  various  a<,’8  as  states  of  a  Markov  chain,  this  device  will  give  us  an 
underlying  associated  Markov  process. 
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has  only  one  ergodic  class)  we  see  that  the  Markov  chain  with  (8)  as  its  matrix 
of  transition  probability  will  have  only  one  ergodic  class.  We  shall  now  deter¬ 
mine  the  stationary  absolute  probabilities,  qa ,  associated  with  the  matrix  of 
transition  probabilities,  (8).  The  condition  to  be  satisfied  is  as  follows: 

g,i  =  qu,  Pi(t)  +  qut  pj(t)  +  •  •  •  +  </ti*  Pk(i),  i  =  1,  2,  •  •  •  ,  A: 

(9) 

qu  ~  qu  =  •  •  •  =  qui  i  t  =  1,  2,  •  •  •  ,  fc. 

That  is, 

Qiii  =  Qui  P\(t)  +  qtitPiii)  -f  •  •  •  +  qnkPkd),  t  =  1,  2,  •  •  •  ,  fc 

(10) 

9.1  =  qa  =  "  •  =  qui ,  i  =  1,  2,  •  •  •  ,  fc. 

In  view  of  (8)  and  the  fact  that  p,(j)  represents  the  stationary  transition  prob¬ 
abilities  of  the  stionary  Markov  chain  (2.),  we  see  that 

qui  =  cpi,  J^UiCpi  =  1. 

This  gives  us  that 

(11)  9.1  ~  Qii  =  •  •  •  =  qnf  =  ^  ,  t  =  1,  2,  •  •  •  ,  fc. 

2-<  wP< 

The  stationary,  ergodic,  Markov  chain  with  states  o,> ,  transition  matrix  (8) 
and  stationary  absolute  probabilities  (11)  will  be  referred  to  as  the  associated 
Markov  chain  for  the  code  (7),  and  will  be  designated  by  (a„  ,  —  «  <  n  <  «) 
or  more  briefly  (a*). 

Since  the  associated  Markov  chain  (o,)  is  stationary,  the  process  [/(a„),  —  00  < 
n  <  oo  ]  is  stationary,  where  /  is  arbitrary.  Henceforth  we  shall  assume  that  / 
has  range  0,1  and  that  it  maps  the  k  sequences  of  o,>’s  given  by  (7)  into  k  se¬ 
quences  of  0,rs  that  satisfy  the  initial  segment  condition*.  Note  that  we  must 
start  the  0,1  coded  process,  by  this  device,  in  accordance  with  (11)  to  obtain 
stationarity. 

4.  Main  Theorem.  We  shall  now  show  that  the  $  block  coding  scheme  (if 
any)  of  smallest  average  length  such  that  H(/(a„),  (x«)jtf(a)]  is  within  4-d*  of 
0,  where  +d*  is  sufficiently  small,  must  be  one  of  the  finite  set  of  /3  block  codes 
of  average  length  g  fj3H[(yn)]/— d*  —  log*  m). 

Theorem  3.  Let  (x»  ,  —  <»  <  n  <  '»)j„.)  be  a  0,1  stationary  Markov  a  chain 
and  let  Af  represent  the  probability  measure  associated  with  it.  Then 

(i)  ffl/(a„),  fx,)M,.)l  =  (m(!/n)]/Z.  l.P>)  PlfM 

=  tl  ,  •  •  •  ,  /(Oa+l)  =  l„+l]  logs  A/  (Xa+t  =  t«+i  |X«  =  t«  ,  •  •  •  ,  Xl  =  tl), 

(ii)  A  necessary  condition  for  a  block  coding  scheme  to  exist  and  be  such 

that  (Xn)jiKa)]  =  — d*,  where  — d*  >  logs  m  and 

O  +  I.'".*!  I^^(^«+l  “  fo+1  I  3^0  “  ta  »  ■  '  "  >  “  fl)l» 


m  s  max,, 
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is  that 

^  .  miyn)]  _  H[(Zn)] 

1  ‘  -  -<P  -log, m  -d*  -log,  m  ‘ 

Proof.  To  prove  (i)  we  need  the  following  lemma. 

Lemma  1.  The  entropy  per  symbol,  ^[/(o«)],  of  the  stationary  0,1  process 
[/(o,),  —  00  <  n  <  oo]  is  precisely  the  same  as  the  entropy  per  symbol,  /f((an)], 
of  the  stationary  Markov  chain  (a* ,  —  oc  <  n  <  oo),  that  is, 

«/(<0)  =  H|(o.)|  - 

Z^i  li  pi 

Proof  of  lemma.  Let  i, ,  •  •  •  ,  t„  be  a  sequence  of  0,1’8  drawn  from  the  process 
[/(a„),  —  00  <  n  <  00  ]  and  let  iV(ii ,  •  •  •  ,  in)  be  the  number  of  corresponding 
sequences  of  a.y’s,  of  length  n,  that  could  conceivably  map  into  ,  •  •  •  ,  in  under 
/.  We  shall  now  show  that  N(ii ,  •  •  •  ,  t'n)  is  bounded  from  above  by  a  constant 
independent  of  n. 

Given  a  sequence,  ti ,  •  •  •  ,  in,  of  0,1’s  drawn  from  [/(o*)],  let  us  choose  a  ter¬ 
minal  segment  of  an  li  tuple  of  the  a^/s  (7)  that  maps  into  an  initial  segment  of 
ii ,  ’ " "  ,  in ,  say  into  the  first  k  of  them,  t’l ,  •  •  •  ,  t* .  Then  there  can  exist  at 
most  one  other  f,-  tuple  of  the  a,/a  that  maps  under  /  into  an  initial  segment  of 
ik+i  in  •  For  if  there  exists  two  or  more  such  /,•  tuples  of  a.y’s,  then  the 

corresponding  0,1  sequences  under  /  of  these  Oj,-  sequences  would  violate  the 
initial  segment  condition*.  In  a  similar  fashion,  there  can  exist  at  most  one  L 
tuple  of  a.y’s  that  will  map  into  an  initial  segment  of  the  remaining  0,1*8.  If 
one  continues  this  process  until  there  remains  only  an  end  piece  of  the  ii ,  •  •  •  ,  in 
sequence  smaller  than  the  largest  of  the  I, ,  t  =  1,  2,  •  •  •  ,  fc,  it  is  obvious  that 
there  can  be  at  most  k  possible  ways  of  finding  corresponding  a,,  tuples.  Conse¬ 
quently,  we  have  shown  that  for  the  particular  terminal  segment  that  we  began 
this  whole  affair  with,  there  are  at  most  k  possible  sequences,  of  length  n,  of  o.y’s 
beginning  with  this  terminal  segment  that  map  into  the  given  sequence  ,  •  •  •  , 
in  .  Since  there  are  at  most  I,  +  •  •  •  +  I*  possible  terminal  segments  that 
can  map  into  an  initial  segment  of  the  given  sequence,  A  ,  •  •  •  ,  t„ ,  we  have 
(h  -h  h  +  ’  •  •  -h  lk)k  as  an  upper  bound  on  N(ii ,  •  •  •  ,  in),  that  is, 

(12)  N(ii ,  •  •  •  ,  in)  ^  (fi  +  i,  +  •  •  ’  +  lk)k. 

Using  for  the  moment  the  notation  of  [6]  we  have* 

v)  =  m^)  -I-  Hiin), 

where  {  denotes  the  (universe  of)  sequences  /(a,)  of  length  n,  and  ij  denotes  the 
(universe  of)  sequences  (oy)  of  length  n.  Because  of  the  functional  relation  at  — » 
/(a,)  we  have  also  H(i,  if)  =  H(ri).  Because  of  (12)  we  have 

Hiirf)  ^  log3(li  +  !,+  •••+  lk)k. 

*  The  following  paragraph  was  pointed  out  by  the  referee  to  be  a  simplification  of  the 
author’s  original  proof. 
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Hence 


lim  -  H(v)  -  lim  -  HU), 

Tl  ft 


which  proves  the  lemma. 

The  entropy  per  sjrmbol,  H[(an)],  of  the  Markov  chain  (a*)  is  easily  calculated 
from  (8)  and  (11)  to  be 


(13) 


H|(a.)]  =  Pi(j)  iog2  Pi(j) 

<-l  ;-l  »t  Pi 


m(Zn)]  _  0Hl(p„)] 

^^i  lipi  P* 


This  in  conjunction  with  (5)  and  Lemma  1  gives  us  item  (i)  of  Theorem  3.  Item 
(ii)  of  Theorem  3  follows  immediately  from  (i)*. 


6.  General  Remarks.  It  is  usually  natural  to  suppose  that  the  comparison 
process  (x.)jif ,  in  addition  to  the  above  mentioned  properties,  is  ergodic  (metri¬ 
cally  transitive).  This  would  always  be  the  case,  for  example,  when  the  process 
(xn)jr  consists  of  independent  random  variables.  We  shall  now  show  that  this 
forces  to  be  absolutely  continuous  with  respect  to  P,  or  Af  to  be  singular  with 
respect  to  P  (Af  «  P  or  Af  ±  P).  If  in  addition,  we  suppose  that  the  {Xn)p 
process  is  ergodic,  we  shall  have  P  =  Af  or  P  X  Af.  Thus  singular  probability 
measures  play  a  key  role  in  the  typical  situations  met  in  this  field. 

Theorem  4.  Let  P  and  Af  be  totally  finite  measures  defined  over  a  Borel  field, 
F{W),  of  subsets  of  an  abstract  space  W.  Let  T  be  a  1-1  point  transformation 
defined  over  W,  such  that  T  is  measure  preserving,  P,  Af,  for  all  elements  of 
P(W).  (Assume  also  that  P(W)  >  0,  M(W)  >  0.) 

(i)  If  P  <3C  Af  and  if  T  is  ergodic  with  respect  to  the  M  measure,  then  P  = 
iPiW)/M(W))M. 

fii)  If  T  is  ergodic  with  respect  to  say  the  M  measure,  then  either  M  <(i  P 
or  P  X  M. 

Proof.  The  proof  of  (i)  is  trivial  since  if  Q  c  F{W),  then 

P(Q)  =  f  fdM  =  f  fdM^f  Tf  dM, 

Jq  Jtq  Jtq 

where  /  is  the  associated  density  function.  Therefore  f  =  Tf  a.e.M.  Ergodicity 
on  Af  now  forces  /  to  be  a  constant  a.e.M.  This  proves  (i). 

To  prove  (ii)  we  use  the  Lebesgue  decomposition  theorem  to  represent  P  as 
P  =  Pc  +  Pfl ,  where  Pc  and  Ps  are  totally  finite  measures  over  P(W)  such 
that  Pc  «■  Af  and  Ps  X  M.  We  shall  first  show  that  the  transformation  T  is 
measure  preserving  with  respect  to  both  Pc  and  Ps .  To  do  this  we  use  the 
fact  that  P  «  P  +  Af .  Consequently  there  exists  a  measurable  function  /  such 
that  for  every  Q  e  F{W)  we  have 

P(Q)  “  f  fdiP  +  M). 

Jq 

*  See  [2],  [4]  for  further  discussions  of  codes. 
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Recalling  that  for  every  Q  e  F(W),  Pa(Q)  =  P(Q  0  A)  and  Pc(Q)  =  P(Q  fl  B), 
where 

(14)  P  =  (tc  1  0  ^  /(to)  <  1),  A  =  (to  1  /(to)  =  1), 

we  see  that  one  need  only  show  that  A  and  B  are  invariant  sets  under  T  (or 
they  differ  from  their  transforms  by  a  set  of  P  measure  0).  But  this  is  trivial, 
since  T  being  measure  preserving  with  respect  to  the  P  and  M  measures,  gives 
us  that 


P(Q)  =  f  fd(P  +  M)  f  fd(P  +  M)  =  f  TfdiP  +  M). 

Jq  Jtq  Jtq 

Therefore  f  ^  Tf  a.e.P  +  M.  In  particular  then,  f  =>  Tf  a.e.P.  This  gives  us, 
in  view  of  (14),  the  desired  r^lt. 

Now  since  M  is  ergodic  and  Pc  <SC  ilf ,  we  see  by  (i)  and  the  above  result,  that 
Pc  =  (Pc(W)/M(W))M  {Pc(W)  may  possibly  be  0).  Therefore 


(15) 


P 


PciW) 

M(W) 


M  +  Ps. 


We  see  immediately  from  (15)  that  if  Pc(W)  >  0,  then  il/  <3C  P.  If  Pc(W)  =  0, 
then  P  ^  Pa  L  M.  This  proves  Theorem  4. 

Another  remark  is  in  order  here  concerning  the  starting  probabilities  (11). 
It  is  trivial  to  construct  examples  of  block  codes  such  that  the  resulting  coded 
process  [/(a«)]  is  stationary  and  yet  the  starting  probabilities  for  the  Markov 
chain  (a.)  are  different  than  (11).  In  fact,  in  practice  it  would  be  desirable  to 
start  out  the  process  (o,)  with  one  of  the  symbols  an  ,  •  •  •  ,  ati .  The  following 
theorem  shows  that  no  matter  how  one  starts  out  the  Markov  chain  (a.)  to 
get  stationarity  for  the  process  [/(On)],  the  resulting  stationary  process  [/(a,)] 
will  have  the  same  statistical  structure. 

Theorem  5.  Let  [/(a^),  — «  <n<  «],  bea  stationary  0,1  coded  process 
resulting  from  some  particular  choice  of  starting  probabilities  qa .  If 


[/(a,),  -«  <n  <  »] 

is  the  stationary  process  resulting  from  the  starting  probabilities 

Pi 


Qil  “  Qii 


“  ZiiiP.' 


I  -  1,  2,  •  •  •  ,  k. 


then 


^[/(o»)  =  /(o«+i)  =  t»+«]  =  Palfion)  =  *«,•••,  /(a»+,)  =  t«+<] 


for  all  n,  t,  where  P, ,  P  represent  the  probability  measures  identified  with 
[/(a,),  —  00  <  n  <  oo], ,  [/(on),  —  00  <  n  <  oo]  respectively. 

Proof.  Let  (a,  ,  —  oo  <  n  <  oo),  represent  the  o,>  state  Markov  chain  de¬ 
fined  by  the  starting  probabilities  (11).  It  will  have  only  one  ergodic  class  since 
(z,)  has  only  one  ergodic  class.  Consequently  P,(a,  =  o„)  converges  (C,  1),  as 
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n  — >  00,  to  a  limit  independent  of  the  starting  probabilities.  Therefore 

PM^n)  =  tl] 

converges  (C,  1),  as  n  — >  « ,  to  a  limit  independent  of  the  starting  probabilities 
9<y .  But  [/(on),  —00  <  n  <  oo],  is  assumed  to  be  stationary,  consequently 
P,(/(o«)  =  t'l]  is  independent  of  n  for  any  choice  of  .  In  view  of  the  last  two 
sentences  we  must  have  that  P,lf(an)  =  t'l]  is  a  constant  and  independent  of 
and  n.  In  particular  then, 

PMM  =  tl]  =  Pl/(o„)  =  tj. 

Using  precisely  the  same  reasoning  as  mentioned  above  one  can  show  that  in 
general  P,[/(a,)  =  !„  ,  •  •  •  ,  /(o»+i)  =  in+i]  is  independent  of  .  As  seen  by  the 
proof,  this  theorem  is  applicable  to  any  two  stationary  processes 

l/M,  —  00  <  n  <  00  ], 

and  [/(o„),  —  00  <  n  <  oo]^  where  the  Markov  chains  (a, ,  —  oo  <  n  <  oo), 
and  (on  ,  —  00  <  n  <  oo  are  ergodic  and  g,  g  represent  different  choices  of 
starting  probabilities. 
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AN  APPLICATION  OF  SOMMERFELD’S  COMPLEX  ORDER  WAVE 
FUNCTIONS  TO  ANTENNA  THEORY* 

By  Charles  H.  Papas 

Introduction.  Suppose  we  desire  to  construct  a  solution  to  the  wave  equation 

(V*  +  k*)u  =  0  (1) 

where  u  must  satisfy  the  Sommerfeld  radiation  condition  and  must  assume  pre¬ 
scribed  values  on  the  surface  of  a  sphere  of  radius  a.  Using  spherical  coordinates 
r,  0,  0  with  origin  at  center  of  sphere,  assuming  that  u  is  independent  of  the 
azimuthal  angle  0,  and  requiring  that  on  the  surface  of  sphere 

ctu  -f  ^du/dr  =  f(e)  (2) 

where  a  and  /3  are  constants,  we  consider  a  solution  to  (1)  of  the  form 

0)  =  Xt.o  AJPnicos  0)h^n\kr)  (3) 

where  P,, (cos  6)  is  the  Legendre  polynomial  of  integral  order  n  and  hn\kr)  is  the 
spherical  Hankel  function  of  the  same  order.  The  An’s  are  constants  which 
have  to  be  determined  by  requiring  that  (3)  satisfy  (2)  when  r  =  a.  As  it  stands, 
(3)  satisfies  the  radiation  condition, 

lim,-.*  r(5«/dr  —  iku)  =  0  (4) 

because  as  r  — »  «  the  spherical  Hankel  functions  have  the  behaviour  of  an 
outwardly  propagating  wave,. 

^‘n”(AT)  -  (-i)"+‘e’*7Ar  (5) 

To  determine  the  unknown  constants,  the  An’s,  we  substitute  (3)  into  (2)  and 
use  the  orthogonality  property  of  the  Legendre  polynomials, 

f  Pn  (cos  0)  Pm  (cos  0)  Bin  0  d0  ==  5„*  [2/(2771  +  1)]  (6) 

Jo 

where  Snm  =*  0,  1  when  n  ^  m,  n  =>  m  respectively.  Thus 

2m  +  I  I  ®  ^ 

Substituting  (7)  into  (3)  we  have  the  desired  solution.  It  is  clear  that  the  crux 
of  this  problem  is  the  orthogonality  of  the  Legendre  polynomials.  If  this  ortho¬ 
gonality  did  not  exist,  it  would  be  impossible  to  determine  the  An’s.  However, 
for  certain  problems  it  would  be  much  more  convenient  and  “natural”  if  the 
radial  functions,  instead  of  the  angular  functions,  were  orthogonal.  This  is 
true,  for  example,  if  the  wave  function  has  to  satisfy  on  a  conical  surface  bound- 

*  This  work  was  supported  by  the  Office  of  Naval  Research. 
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ary  conditions  which  depend  on  r.  In  the  boss  antenna  problem  the  wave  func¬ 
tion  must  satisfy  just  such  boundary  conditions. 

In  this  note  we  first  develop  some  properties  of  the  complex  order  wave  func¬ 
tions.'  We  find  that  u  can  be  represented  in  the  form  of  an  infinite  series,  each 
term  of  which  is  the  product  of  an  angular  function  and  a  radial  function.  The 
angular  and  radial  functions  prove  to  be  the  Legendre  functions  and  the  spheri¬ 
cal  Hankel  functions  of  complex  order  respectively.  And  now  it  is  the  spherical 
Hankel  functions  of  complex  order  that  are  orthogonal!  Then  we  apply  these 
wave  functions  to  the  calculation  of  the  input  impedance  of  a  boss  antenna. 


Complex  Order  Wave  Functions.  Let  us  consider  in  spherical  coordinates 
r,  $,<!>&  TM  field,  E  =  rEr  +  6E$ ,  H  =  where  r,  6,  <1>,  are  the  unit  vectors 
and  Er,  E$ ,  are  the  non- vanishing  components  of  the  electromagnetic  field. 
For  steady-state,  i.e.,  time  dependence  exp  {—iwt),  the  complex  vectors  E  and 
H  satisfy  the  Maxwell  equations, 

V  X  E  =  iw/iH  (8) 

V  X  H  - - iu)E  (9) 

from  which  it  follows  that 

VXVXH  =  fc*H  (10) 

where  k*  =  w*cm  and  e,  n  denote  the  dielectric  constant  and  permeability  of 
free  space.  If  we  assume  that  E  and  H  are  independent  of  the  azimuthal  angle 
0,  then  in  spherical  coordinates  (10)  takes  the  form 


If  we  set 


=  iutdu/dB 


(12) 


then  (11)  can  be  written  as 

iw€(d/afl)[(V*  -I-  k')u{r,  0)1  »  0 
We  choose  u{r,  B)  such  thaft 

(V*  -1-  A:*)u(r,  0)  =  0 


(13) 


(14) 


for  all  permissible  values  of  r  and  B.  Then  according  to  (9)  and  (12)  the  elec¬ 
tromagnetic  field  is  given  by  the  following  expressions: 


„  1  d  /  .  „du\ 

Er  - : ;;  TT  (  Sin  — -  ) 

r  sm  B  SB  \  dB  / 


El  =  -  —  —  (ru) 
r  dB  dr 


(15) 

(16) 


H,  = 


(17) 
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Now  we  examine  the  solution  of  the  wave  equation  (14)  that  satisfies  the  radia¬ 
tion  condition  (4)  and  the  boundary  condition, 

d{m)/dr  —  0  when  r  =  o  (18) 

In  view  of  (16)  it  is  seen  that  the  condition  (18)  is  equivalent  to  requiring  that 
Ef  vanish  over  surface  of  sphere  of  radius  a. 

Writing  u(r,  ff)  explicitly  in  separated  form,  u  =  R(r)P(co8  B),  (14)  yields 
two  ordinary  differential  equations 

+  =  «  O'*) 

where  C  is  the  separation  constant.  If  we  choose  C  —  v{v  +  1)  where  v  is  un¬ 
restricted  (a  complex  number),  the  solution  of  (19)  is  the  Legendre  function 
P,(co8  B).  This  function  is  identical  to  the  h3qjergeometric  function,  i.e., 

P,(cos  B)  —  F(—v,  i>  +  1,  1,  i  i  cos  fl)  (21) 

and  is  finite  for  all  B  except  B  =‘  t.  The  corresponding  solution  of  (20)  is  the 
spherical  Hankel  function  of  the  first  kind  hi^\kr)  and  it  is  related  to  the  cylin¬ 
drical  Hankel  function  of  the  first  kind  according  to  the  relation, 

hi^\kr)  -  ir/2kr)^H%ikr)  (22) 

Hence,  we  can  write  the  solution  of  (14)  as 

M(r,  «)  =  Z  AM'\kr)P,{cos  B)  (23) 

where  the  summation  is  over  all  values  of  v  determined  by  the  boundary  con¬ 
dition  (18).  Substituting  (23)  into  (18)  we  obtain 

Z  A,(d/dr)(oAi”(jfca)P,(cos  0)  =  0  (24) 

To  satisfy  (24)  the  v’s  are  chosen  so  that 

[(d/dr)irhlf\kr))]r^  =  0  (25) 

We  denote  these  x’s  as  ,  V2 ,  v* ,  etc. 

The  radial  functions  hl^\x)  are  orthogonal  over  the  range  x  =  ka  to  x  =  « . 
To  show  this  we  recall  from  (20)  that  for  any  v,  say,  Vn 

x(dVdx*)(iA:”(x))  +  (x*  -  VniPn  +  l))Ai"(x)  =  0  (26) 

and  for  any  other  value  of  v,  say,  Vm 

x(dVdx‘)(x/i:”(x))  +  (x*  -  v„(v,,  +  l))A"’(x)  =  0  (27) 

Multiplying  (26)  by  fc)”  and  (27)  by  hi]^  and  then  integrating  the  difference 
from  X  =  fca  to  X  =  « ,  we  obtain 
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[Vmivm  +  1)  —  VniVn  +  1)]  H  (x)  dx 

Jka 

”  Ika  ^2  ixhil^ix))  -  xhll^ix)  (x/i,”’(x))jdi  (28) 

=  xhil\x)  ^  ixhi]^ix)  -  xhi]^(x)  ^  (xfti”(x)) 

ax  ax  Jjba 

where  the  last  equality  results  from  an  integration  by  parts.  The  integrated 
term  disappears  &t  x  —  ka  and  x  =  «  by  virtue  of  (25)  and  the  asymptotic 
behaviour  of  AJ”(x).  Thus 

r  hil\x)hil\x)  dx  =  Sn„N,,(ka)  (29) 

Jka 

N,,(ka)  is  a  normalization  factor  which  can  be  obtained  from  (28)  by  an  appli¬ 
cation  of  de  rHospital’s  rule  for  the  limit  v„—k  vm,  and,  of  course,  Snm  is  the  well- 
known  Kronecker  delta. 

Hence,  the  solution  of  (14)  which  satisfies  the  boundary  condition  (18)  and 
the  Sommerfeld  radiation  condition  is  given  by  a  sum  over  all  v’s: 

«(r,  0)  =  E  AJii'\kr)P,(coa  B)  (30) 

where  the  .4,’s  are  as  yet  undetermined  constants.  Once  we  are  given  u{r,  Bo) 
on  any  conical  surface  B  =  Bo,  the  .4,’s  are  determinable  by  virtue  of  the  ortho¬ 
gonality  condition  (29).  Contrasting  (3)  and  (30)  we  see  that  (3)  is  appropriate 
for  boundary  conditions  on  a  sphere,  whereas  (30)  is  appropriate  for  cones. 

Substituting  (30)  into  (15),  (16),  and  (17)  we  find  the  electromagnetic  field 
in  terms  of  the  complex  order  wave  functions,  hl^\kr)P,(coa  B), 

H^ir,  B)  =  twe  E  A.h)^\kr){d/dB)P,  (cos  B),  (31) 

Etir,  fl)  =  ^  E  AXB/dr){rh\^\kr)){d/dB)P,{cm  B),  (32) 

and  since  P,(cos  0)  satisfies  (19)  when  C  =  v{v  1), 

Erir,  B)  =,  (l/r)E  AAv  +  l)/i"’(fcr)P,(cos  B)  (33) 

An  Application  to  Antenna  Theory.  To  place  in  evidence  the  usefulness  of 
these  complex  order  wave  functions,  we  shall  use  them  to  compute  the  ad¬ 
mittance  of  a  boss  antenna.  A  boss  antenna  consists  of  a  coaxial  line  fitted  with 
an  infinite  flange  and  a  hemispherical  boss  at  the  end  of  the  inner  conductor 
(Fig.  1).  Except  for  the  addition  of  a  hemispherical  boss,  it  is  identical  to  the 
circular  diffraction  antenna.* 

We  assume  the  antenna  is  excited  by  a  single  propagating  mode  (the  prin¬ 
cipal  mode)  in  the  coaxial  region.  This  mode  has  no  azimuthal  variation.  The 
non-vanishing  components  of  the  field  in  the  coaxial  region,  z  ^  0,  a  ^  p  ^  b, 
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Fio.  1.  Boss  antenna  consisting  of  coaxial  line  fitted  with  flange  and  hemispherical  boss. 


are  ,  Ep  ,  E,  and  in  the  antenna  region,  r  ^  a,  6  ^  t/2,  the  non-vanishing 
components  are  ,  Er ,  Et .  Cylindrical  coordinates  are  used  in  the  coaxial 
region  and  spherical  coordinates  in  the  antenna  region. 

In  the  antenna  region,  according  to  (33),  the  r-component  of  the  electric 
field  is  given  by 

Etir,  9)  =  (l/r)2I  A,v(v  +  l)Ai”(A:r)P,(cos  9),  r  ^  a,  9  ^  (33a) 

If  we  denote  P,(r,  Jt)  by  8(r),  (33a)  becomes 

0  =  (l/r)i:  A,viy  +  l)hi^\kr)PM,  r  ^  b,  9  =  (34a) 

£(r)  =  (l/r)Yi  AAt'  +  l)Ai”(A:r)P,(0),  a  ^  r  ^  h,  9  =  ir  (34b) 


since  the  component  of  the  electric  field  tangent  to  the  perfectly  conducting 
bafile  must  disappear.  Multiplying  both  sides  of  (34)  by  rhi^^ikr)  and  inte¬ 
grating  from  kr  =  ka  to  kr  ^  «,  we  obtain  by  virtue  of  the  orthogonality 
relation,  (29), 


Ar 


r*  rS(r)h,(kr)  d{kr) 
Jka 

y(y  +  l)P,(0)Ar,(M 


(35) 


Substituting  (35)  into  (31)  we  see  that  the  magnetic  field  at  any  point  in  the 
antenna  region  is  given  by 


H^V(r,9)  =  r  r'e(r')  d(kr') 
Jka 


^  h,(kr)h,(kr')(d/d9)P,  (cos  9) 
^  v{v  4-  l)P.(0)Ar,(fca) 


(36) 
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According  to  eq.  (2.34)  of  reference  2,  the  magnetic  field  in  the  coaxial  region 
a^P^b,  z^0\s  given  by 

f  E(p')p' d,'  E  ^7^=^  (37) 

where  l(z)  is  the  coaxial  line  current  and  8(p)  is  the  p-component  of  the  electric 
field  across  the  aperture.  €(p)  and  Sfr)  of  (34b)  are  identical  since  in  the  plane 
of  the  baffle  the  r-coordinate  of  the  spherical  coordinate  system  and  the  p- 
coordinate  of  the  cylindrical  coordinate  system  are  identical.  The  eigenvalues 
\n  and  the  eigenfunctions  Rn(p)  are  defined  by 


(38) 

{ 

^  i2«(p)  -  0  at  p  =  a,  6, 

<op  p/ 

(39) 

and  the  X.’s  are  roots  of  the  transcendental  equation 

Jo(\na)No(\nb)  =  No(}<na)Jt(\nb) 

(40) 

The  orthogonality  relations, 

j  Rnip)Rm(p)p  dp  “  Snm 

(41) 

j  Rn(p)  dp  —  0 

(42) 

immediately  follow  from  (38)  and  (39). 

Since  must  be  continuous  across  the  aperture,  we  have  Jir)  = 

H^^Up,  0)  for  o  ^  p  ^  b.  Thus  from  (36)  and  (37) 


+  iwt  j  6(p')p'  dp'  2 


fi,(p)fl,(p') 

V\i  -  k* 


=  iutk  f  r'fi(r')  dr'  ^ 
Jka 


h,(kr)h,ikr')(d/de)PM 
v(y  +  l)P,{0)N,ika) 


(43) 


This  is  an  integral  equation.  We  shall  not  attempt  to  solve  it.  Rather,  we  shall 
use  it  to  formulate  a  variational  principle  for  the  antenna  admittance. 

From  (2.26)  and  (2.27)  of  reference  2  the  coaxial  line  current  and  voltage 
are  given  by 

Hz)  -  2T(ae’**  +  /8e“*)  (44) 

V{z)  -  j  EI~\p,z)  dp  «  (ji/e)Hae'^‘  —  /3e“’**)  logb/a  (45) 


where  a  and  0  are  constants. 

The  characteristic  admittance  of  the  line  is  given  by 

2ir 


/  A/*\ 
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Now  let  US  derive  the  variational  principle  for  the  admittance  F(0)  where 

r(0)  =  /(0)/r(0)  (47) 

We  do  this  by  multiplying  (43)  by  p€(p)  and  integrating  from  p  =  a  to  p  =*  6, 
and  finally  dividing  the  resultant  equation  by 


Thus 


1  tcoc 

[T” 


jf‘8(p)dpJ  -  [7(0)1* 
^ J  p£(p)/B„(p)  dpj 


6(p)  dp 


Vx*  - 


Utxk 


j  6(p)  dp 


(jf  V  dpw)hii\kp')y  ±  PM 


(48) 


y(y  +  l)N,(ka) 


PM 


It  can  be  easily  shown  that  FfO)  is  stationary  with  respect  to  small  variations 
of  8(p)  about  the  true  8(p)  determined  by  the  integral  equation  (43). 

We  choose  1/p  as  a  trial  function.  That  is,  we  let  8(p)  =»  1/p  in  (48).  Due 
to  the  orthogonality  relation  (42),  (48)  becomes 


7(0) 


2iri<t)«k 


[log  6/o] 


-.E 


y(y  +  l)N,(ka) 


{d/de)PM 

PM 


(49) 


This  is  an  accurate  expression  for  the  admittance  of  the  antenna.  It  is  some¬ 
times  more  useful  to  consider  the  ratio  7(0)/ Fo,  which  is  a  dimensionless 
quantity. 


7(0) 

7o 


i 

log  (6/o) 


(L  1  {d/de)PM 

f[f^\kp)U(kp)^^^^^^ 

Jka 


(50) 


This  is  only  a  formal  solution,  however.  Since  the  values  of  the  functions  in¬ 
volved  have  not  been  tabulated,  only  certain  limiting  values  can  be  at  present 
obtained  for  (50).  The  tabulation  of  these  functions  in  any  detail  is  quite  a 
worthy  project  and  can  best  be  handled  by  a  high-speed  computing  group. 


REFERENCES 

1.  A.  SoMMERFELD,  "Partial  Differential  Equations",  Academic  Press,  New  York,  1949. 

2.  H.  Levine  and  C.  H.  Papas,  J.  App.  Phys.,  22,  29-43. 


Caufornia  Institute  of  Technoloot 
Pasadena,  Caufornia 


(Received  September  8, 1953) 


THE  ORTHOGONALITY  OF  THE  HYPERBOLOID  FUNCTIONS 
Robert  G.  Van  Nostrand* 

Introduction.  During  the  course  of  some  recent  work  in  theoretical  geophysics, 
it  became  necessary  to  obtain  a  set  of  functions  which  were  orthogonal  over 
surfaces  in  the  form  of  hyperboloids  of  two  sheets.  Prolate  spheroidal  coor¬ 
dinates  were  employed  and  an  investigation  led  to  a  class  of  associated  Legendre 
function  of  order  tp  —  of  integral  degree,  and  of  real  argument  greater  than 
unity.  These  functions  appeared  in  a  discussion  of  bowl  surfaces  and  bipolar 
coordinates  by  Hobson;  and,  in  a  general  treatment  of  zeros,  the  same  author 
showed  that  PTp-iiv)  has  an  infinite  number  of  zeros  for  values  of  i;  lying  be¬ 
tween  1  and  00 No  other  specific  reference  to  these  functions  has  been  found. 
The  functions  FTp-iin)  can  be  defined  in  terms  of  hypergeometric  series  or  as 
definite  integrals  if  one  adapts  the  definitions  of  spherical  harmonics  of  the 
general  type.^'  * 

In  this  paper,  the  functions  PTp-iiv)  are  called  hjrperboloid  fimctions.  A  proof 
of  their  orthogonality  is  given;  and,  this  orthogonality  property  is  used  to  de¬ 
velop  an  expansion  of  the  reciprocal  of  the  distance  between  two  points  in  terms 
of  the  hyperboloid  functions. 

The  Property  of  Orthogonality.  To  prove  the  property  of  orthogonality, 
consider  two  functions  of  the  set  and  let  them  be  denoted  by: 

(1)  H,  =  P7^M,  H*  = 

Since  each  of  these  functions  is  a  solution  of  the  associated  Legendre  equa-  , 
tion,  one  may  write: 

(2)  ®  ^  ^  ~  ~  * 

I  [<*  -  ’■>  f-’l  +  [<^  -  +  «  -  r^.] «’  - « 

Multiplying  the  first  equation  by  Hi ,  the  second  by  Hi ,  subtracting  the  first 
from  the  second,  and  integrating  from  1  to  ri,  one  gets: 


If  both  terms  appearing  on  the  right  side  of  the  equation  are  now  integrated 
by  parts,  equation  3  is  easily  reduced  to: 


(4)  (p*  -  g*)  HiH^r,  -  [(n’  -  1)  {hi  ^  -  H, 

*  Currently  employed  as  a  Senior  Research  Geophysicist,  Magnolia  Petroleum  Company, 
Dallas,  Texas. 
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Since  Prp-i(l)  and  Pip_)(l)  are  finite,  the  expression  on  the  right  is  zero  at 
the  lower  limit.  Therefore,  the  evaluation  of  the  integral  on  the  left  is  reduced 
to  an  investigation  of  the  right  side  of  equation  4  as  a  function  of  ii. 

Consider  now  the  integral: 

(5)  lim  [  H^H^n  =  lim  [^,(».  f’  -  H,  f ')] 

where  the  function  f(q)  is  assumed  to  be  integrable. 

One  now  requires  the  as}nnptotic  expansion  of  the  associated  Legendre  func¬ 
tion  for  large  values  of  the  argument.  From  a  general  relationship,*  the  expres¬ 
sion  in  this  case  is  seen  to  be: 

(6)  P?p_j(n)  =  { (l/i;*)[A«(p)  cos  (p  In  i;)  -h  B«(p)  sin  (p  In  ij)] }  { 1  -f  0(1/j;*) } 


where  the  symbols  introduced  are  given  by: 

r  2”^*r(»p)  1 

AM  =  2  Re  .p  ^ 

(7) 

BM 


—2  Im 


2'^*r{ip) 

_Vt  r(ip  +  i  —  m)_ 


Substituting  into  equation  5  expressions  of  the  form  of  equation  6,  together 
with  a  similar  relationship  for  the  derivative  of  the  function  with  respect  to  jj, 
one  gets  after  rearranging  terms: 


lim  f  f(q)dq  f  =  lim  f  f(q)dq 

^-♦so  •'—so  *^1  •'—SO 


(u’  -  1) 


[pAMBM  -..gAJg)B.(p)]  (p 


(8) 


[qAMBmiq)  -  pA„(q)Bm{p)] 

(P*  -  9*) 

[i4„(p)i4„(9)  -  B„ip)BM] 


(p  4-  q) 

[pAMAmiq)  +  qBMBmiq)]  sin  [(p  -  q)  In  ly] 

(p  +  q)  (p  -  q) 


cos  (p  In  17)  cos  (q  In  n) 
sin  (q  In  if)  cos  (p  In  n) 

{1  +  0(1  A*)  i 


In  evaluating  the  limit  on  the  right  side  of  the  equation,  the  first  point  to  be 
noted  is  that  the  factor  (ij*  —  l)/i;*  may  be  removed  from  under  the  integral 
sign  and  becomes' unity  in  the  limit.  The  second  point  of  interest  is  that  the 
terms  of  the  order  of  1/n*  vanish  in  the  limit.  Therefore,  one  is  left  with  the 
sine  and  cosine  terms  to  be  investigated. 

It  has  been  shown  that  the  Legendre  functions  are  analsrtic  functions  of 
their  order,  in  this  case  of  ip  —  I,  within  the  ranges  of  their  arguments  for  which 
the  various  definitions  are  valid.*  It  follows  then  that  i4n(p)  and  B^ip)  are 
similarly  analytic.  It  is  further  assumed  that  the  products  of  i4.i(p),  Bm(p), 
and  /(p)  are  integrable. 
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P 

I 


Hi 


On  this  basis  then,  except  in  the  case  for  which  q  equals  p,  it  is  apparent  that 
the  quantity  in  brackets  remains  finite  for  all  values  of  p  and  q.  It  is  now  neces¬ 
sary  to  investigate,  term  by  term,  whether  an  exception  exists. 

The  first  term  in  brackets  leads  to  an  indeterminacy,  as  q  approaches  p, 
which  may  be  evaluated  by  I’Hopital’s  rule: 

..  pA^(p)B^(q)  -  qA^{q)B„{p) 

P*  -  9* 

(9) 

^  pAMBiip)  -  i4»(p)B,(p)  -  pAL(.p)B„(p) 

-2p 

The  primes  in  equation  9  indicate  differentiation  with  respect  to  q.  Since 
Am(p)  and  Bmip)  are  anal3^ic  as  explained  above,  it  follows  that  the  first  term 
in  brackets  remains  finite  as  q  approaches  p.  A  similar  argument  may  be  applied 
to  the  second  term  in  the  expression;  and,  the  third  term  requires  no  discussion 
of  this  kind  to  show  that  it  remains  finite.  Now,  during  the  integration  over  q, 
none  of  these  terms  adds  any  contribution,  because  of  a  corollary  of  the  Rie- 
mann-Lebesgue  theorem  which  states  that:* 


(fix)  dx 


The  effect  of  the  fourth  term  in  brackets  is  implied  by  one  form  of  Dirichlet’s 
integrals,  which  is:* 


lim  f  fix) 


sin  (fix) 


lf(+o) 


Therefore,  one  finds  that  the  net  value  of  the  integral  in  equation  8  is: 

(12)  lim  r  f(q)dq  /”  HfH,dv  -  ^  UKp)  +  Ri(p)]  f(p) 

It  is  now  useful  to  evaluate  explicitly  the  quantity  in  equation  12  in  terms  of 
m  and  p.  This  end  is  readily  met  by  noting,  from  the  definitions  of  Am(p)  and 
R«(p),  that: 

(13)  Al(p)  -1-  Blip)  -  ■  X'x - S 

Tr(ip  4-  §  —  m)r(— tp  +  I  — m) 

which,  through  the  use  of  various  relationships  between  the  gamma  functions,* 
is  easily  reduced  to: 

(14)  Ai(p)  +  BUp)  -  coth  (rp) 

Replacing  the  H’s  with  the  corresponding  Legendre  functions,  and  substitut¬ 
ing  equation  14  into  equation  12,  one  finds  that: 

(15)  mjy(,)d,l'pTU,)prav)d,  - 
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As  is  customary,  for  example  in  the  case  of  the  orthogonality  of  the  ordinary 
exponential  function,  we  can  now  write  the  orthogonality  property  of  the  hy¬ 
perboloid  functions  sjrmbolically  in  terms  of  the  Dirac  delta  function  as  follows: 

(16)  P7^MP7^(,)  dr,  -  (-1)~  ■’"th  w  l(p  _  ,) 

Or,  writing  out  explicitly  the  factors  represented  in  the  ratio  of  the  two 
gamma  functions  in  equation  16,  one  may  arrive  at  the  alternate  form: 


(17) 


f  d,  -  +  *]  + 1] . . .  [p>  +  »*] 


4 

i(p 


9) 


Expansion  of  a  Reciprocal  Distance.  Using  the  orthogonality  property  which 
has  just  been  derived,  it  is  now  possible  to  expand  the  reciprocal  distance  in 
terms  of  the  hyperboloid  functions.  To  do  this,  one  employs  prolate  spheroidal 
coordinates.  Varying  from  1  to  » ,  is  tiie  ellipsoidal  parameter;  the  parameter 
in  the  family  of  hyperbolas  is  (  which  varies  between  plus  and  minus  one;  and, 
^  which  varies  from  0  to  2t  is  the  azimuthal  angle. 

Let  there  be  a  fixed  point  Po  and  a  variable  point  P,  which  are  designated  by 
the  coordinates  (vo,  and  (i;,  4)  respectively,  and  let  the  distance  be¬ 

tween  them  be  designated  by  R.  It  is  known  that  1/R  satisfies  Laplace’s  equa¬ 
tion  which  in  prolate  spheroidal  coordinates  is:* 


(18) 


dri  L 


dv 


[(1  -  f) 


djl/R)' 

ae  . 


(n*  -  f)  d\i/R) 


(1  -  {•)(’»*  -  1) 


0 


Other  necessary  relationships,  in  this  coordinate  system,  are  the  {-component 
of  the  gradient: 

(19)  (r(i/fi)i,.^y'^»i^ 

and  the  element  of  area  on  a  hyperboloidal  surface: 

(20)  ds  =  6V(1  -  {»)(n*  -  e)  dv  d4» 

If  Laplace’s  equation  be  solved  for  \/R,  it  is  found  that: 


(21) 


1  -  £  cos  m(^  -  0)  r  CMPT^i(^)PT,-i(-ePT,-i(v)  dp 

it\  IIImO 

■*  £  cos  —  (f>)  f  Cm(p)P7p-t(-(9)P7p-i(()PTp-i(n)  dp 

Kt  m^O 


where  the  subscripts  1  and  2  indicate  cases  in  which  {  <  {o  and  in  which  {  >  {o 
respectively.  Cmip)  is  &n  arbitrary  function  of  p  which  also  depends  on  the  value 
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of  m.  The  form  of  these  expressions  has  been  so  chosen  that  they  are  equivalent 
on  the  surface  of  the  hyperboloid  {  »  {o ;  and,  the  {-dependence  of  the  expres¬ 
sions  has  been  assigned  subject  to  the  behavior  of  the  cone  functions 
Cm(p)  can  now  be  evaluated  through  the  use  of  a  sort  of  boundary  condition 
which  may  be  expressed  mathematically  in  the  following  equation: 

(22)  f  nMl/R)  dS  =  -4ir 

Ja 


where  fl  is  the  unit  vector  normal  outward  to  the  element  of  surface  dS  and 
is  the  component  of  V(l/R)  taken  normal  to  that  element  of  area.  A 
second  means  of  expressing  the  above  relationship  is  to  say  that  n’V(l/R)  dS 
is  the  negative  of  the  element  of  solid  angle  subtended  at  the  point  from  which 
R  is  measured  by  the  given  element  of  area.  The  integral  is  to  be  taken  over 
any  closed  surface  which  encloses  the  point  from  which  the  distance  to  points 
on  the  surface  is  the  variable  R. 

In  the  present  discussion,  the  central  point  is  Po  while  points  on  the  surface, 
over  which  the  integration  is  to  be  performed,  are  represented  by  P.  In  order 
to  enclose  Po  in  this  problem,  two  non-intersecting  surfaces  are  used,  one  being 
the  hyi)erboloid  {  =  {o  —  i  and  the  other  being  the  hyperboloid  {  =  {o  + 
plus  a  segment  of  an  ellipsoid  at  infinity.  Obviously,  integration  over  the  part 
of  the  enclosing  surface  at  infinity  has  no  effect  on  the  result. 

The  increment  S  is  chosen  to  be  so  vanishingly  small  that  it  can  be  neglected 
in  evaluating  the  various  functions  over  the  two  remaining  surfaces.  However, 
over  the  first  hyperboloid,  the  expression  for  l/Ri  must  be  used;  while,  over 
the  second,  the  formula  for  l/Ri  is  appropriate.  For  any  element  of  area  on  one 
surface,  there  is  a  corresponding  element,  which  may  be  considered  to  have 
the  same  coordinates,  on  the  opposing  surface;  the  only  difference  is  that  the 
normal  unit  vector  is  oppositely  directed  in  the  two  cases.  Thus,  for  any  speci¬ 
fied  coordinates,  the  total  element  of  solid  angle  subtended  at  Po  is  given  by: 


{[V(l/«i)]t  -  m/Ro)h]iMo  dS  =  ^  4/?^^  £  cos  m(<^  -  </,) 

0  V  V  —  (0  —0 

. /"c„(p){pr,_,(-{o)p;;-j({o)  +  p:^J(-{o)p^p-»(fo)}p^p-|(7^)  dpds 


From  a  more  general  relationship,*  it  can  be  shown  that  the  quantity  in 
brackets  on  the  right  side  of  the  equation  is  given  by: 

pri»-i(~$o)p.p-i({o)  +  p?p-i((o)Pi^i(—(o) 

_  _2(  — l)"r(fp  -H  i  +  m)  cosh  (rp) 
t(1  -  {J)r(ip  +  i  -  m) 

The  next  step  is  to  multiply  both  sides  of  the  equation  by  Prp_|(n)' 
cos  n(^  —  ^),  where  n  and  q  are  specific  numbers  in  the  sets  of  m  and  p  respec¬ 
tively.  Then  one  should  integrate  over  all  values  of  <f>  and  v-  First,  consider  the 
left  side  of  the  equation.  The  only  region  in  which  the  quantity  in  brackets  is 
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appreciably  different  from  zero  is  in  the  immediate  vicinity  of  Po — a  region  so 
small  that  the  coordinates  of  all  of  the  points  included  can  be  considered  to  be 
the  same  as  those  of  Po .  Thus,  P,Vj(i;)  cos  n(4>o  —  <l>)  can  be  given  its  value 
at  Po  and  can  then  be  removed  from  under  the  integral  sign  as  a  constant.  The 
remaining  integral  is  then  exactly  that  represented  on  the  left  side  of  equation 
22.  Therefore,  the  total  result  is  —  4TP,Vi(’?o)- 
Introducing  the  expression  for  an  element  of  area  and  integrating  over  the 
angle  to  eliminate  the  terms  for  which  m  does  not  equal  n,  one  gets  for  the 
expression  on  the  right  side  of  equation  23: 

(25)  ^ 

Piv-i(v)Pip-i(v)  dri 


Employing  equation  16,  and  reverting  to  the  use  of  m  and  p  instead  of  n  and 
q,  one  may  convert  equation  23  into: 

(26)  4xf>r^(W  =  26(1  +  OC.(p)  W  cpth  W 

r*(tp  +  i  —m)  p 

where  the  symbol  T*  indicates  the  square  of  the  gamma  function  of  the  argu¬ 
ment  shown.  One  can  solve  immediately  for  C«,(p)  whence  it  is  finally  shown 
that  the  desired  expansion  for  the  reciprocal  distance  is  given  by: 


(27) 


R 


r  £  (2  •“  iom) 


cos 


m(0o  ~  j_ 


p  tanh  (vp) 
cosh  (irp) 


.  r*(tp  +  h  -  m)  /p:^(f,)pr,^t(-{)\ 
r*(tp  -H  §  +  w)  \pr,_j(-{o)prp-i(()/ 


P7p-iivo)Pip-i(v)  dp 


where  the  upper  term  in  brackets  applies  when  (  <  (o  and  the  lower  when 
{  >  io . 

This  expression  can  be  used  in  any  potential  function  which  involves  the 
reciprocal  of  the  distance  between  two  points.  The  expression  is  particularly 
useful  in  the  determination  of  the  arbitrary  constants  in  a  potential  function 
due  to  a  point  charge  or  a  point  source  of  current  in  the  vicinity  of  hyperboloidal 
boundaries  between  materials  of  different  electrical  properties. 


The  author  expresses  his  gratitude  to  Dr.  Wajrne  A.  Bowers,  the  Department 
of  Physics,  The  University  of  North  Carolina,  for  his  help  and  guidance  in  the 
preparation  of  this  pai)er. 
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ON  THE  CALCULATION  OF  INTEGRALS  OF  THE  FORM 


/  sin’’^  coe'^  (i^ 
Jo 


By  Henry  E.  Fettis 


Integrals  of  the  type  /  sin” <l>  cos" ^  dtl>[p  >  —l,q> 


—  1,  6  ^  ir/2]*  occur 


frequently  in  physical  problems.  If  p  and  q  are  positive  integers  the  integration 
can  be  carried  out  in  finite  form,  while  for  certain  fractional  values  of  “p”  and 
“g”  (e.g.  p  =  J,  1,  g  =  0)  the  results  can  be  expressed  as  elliptic  integrals.  Also 
if  6  =  irt2,  it  is  well  known  that  the  value  of  this  “complete”  integral  can  be 
written  in  terms  of  the  Ganuna  function  for  any  p  and  q  ([l],t  formula  855.3). 
Specifically 


rwli 

I  sin'’^  cosV  d0 


r(i  +  ip)r(i  +  iq) 
2ra  +  (ip  +  iq))  ■ 


(1) 


However  if  6  ^  ■k/2,  and  p  and  q  have  arbitrary  non  integer  values,  the  in¬ 
tegral  cannot  be  expressed  in  finite  form  in  terms  of  functions  previously  tabu¬ 
lated. 

In  this  note,  the  general  int^al  is  expressed  as  a  power  series  in.  sin  B  (or 
cos  B)  which  converges  when  B  ^  t/2,  and  which  may  be  modified  in  special 
cases  to  obtain  more  rapid  convergence. 

Perhaps  the  simplest  way  of  deriving  this  series  is  to  write 

sin'^  coeV  =  sin'll  1  —  sin V]  cos  (2) 


expand  the  second  term  by  the  binomial  series,  and  integrate  term  by  term 
(with  p  >  —  1)  to  obtain  the  desired  expansion  in  powers  of  sin  B: 

I  sin”^  cosV  d0 
•  0 


“^irT  ~  i?  ,  sin*  B  -1-  ^  cf"  sin^  -|-  •  •  •  , 

Lp  +  1  2(p  +  3)  2*-2!(p  -1-5)  J 


(3) 


since  the  integrated  terms  vanish  at  the  lower  limit  if  p  ^  —  1. 

Although  the  above  series  can  be  shown  to  converge  for  all  values  of  B,  the 
convergence  is  poor  when  sin  0  is  near  unity.  For  values  of  B  near 
ir/2,  the  change  of  variable  0  =  t/2  —  0  may  be  made  giving: 

f’'* 

I  cos”  0  sin*  ^ 

Jw/t-$ 

,wli  ,*/»-» 

'  /  sin*  0  cos'  0  —  /  sin*  0  cos'  ^  d^. 

Jo  Jo 


i: 


sin  0  cos  4t 


•  If  •  <  r/2,  the  condition  9  >  —  1  may  be  dropped, 
t  Numbera  in  brackets  refer  to  bibliography  at  end  of  paper. 
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The  complete  integral  may  then  be  expressed  in  terms  of  Gamma  functions, 
and  the  second  one  calculated  from  the  series  (3). 

If  either  p  or  9  is  zero,  we  obtain  series  expansions  for  integrals  of  the  type 

/  8in’’0d0,  /  cos^’^d^.  Still  another  series  for  these  latter  integrals  which 
Jo  Jo 

converges  more  rapidly  can  be  found  by  taking  p  =  q  and  noting  that 
sinV  cos”^  =  2’  ’’  sin'(20.)-  The  variable  change  2<t>  —  ^,20  =  0  then  gives  after 
some  manipulation 


(2  sin  0/2) 


p+i 


"_1 _ 

_P  +  1 


P  -  1 
2Hp  +  3) 


sin*  (0/2) 


(p  -  l)(p  -  ^  .4  ,./2)  +  . 

^  2*-2!(p  +  5)  ^ 


+ 


]• 


(5) 


The  above  series  converges  well  even  when  0  =  ir/2,  and  so  may  be  used  with 
facility  to  compute  values  of  the  integral  in  the  entire  interval  0^0^  t/2. 

It  may  also  be  noted  that  the  series  (3)  terminates  when  9  is  an  odd  integer, 
and  since,  from  (4),  the  role  of  p  and  q  may  be  interchanged,  a  finite  expression 
can  also  be  obtained  if  p  is  an  odd  integer. 

To  facilitate  the  computation  of  some  of  these  integrals,  values  of  the  coeffi¬ 
cients  a„(p)  which  are  defined  such  that 

/  sin’’0  =  (2  sin  (?/2) ^  a,(p)(sin  (fl/2)*"]  (6) 

•'0  n-O 


are  listed  in  Table  I  for  p  =  —  .9(.1).9,  and  for  such  values  of  n  as  are  neces¬ 
sary  to  give  seven  place  accuracy  in  the  sum  for  0  <  t/4.  The  coefficients  may 
be  checked  by  means  of  the  relation: 


£a,(p)(i)" 


y/r  r(i  -f-  \p) 

2»(p+*)  r(i  -I-  ip)  ■ 


As  noted  earlier,  the  integral  J  cos'^  d0  j^or  J  sin'^  d^ J  can  be  expressed 

in  terms  of  elliptic  integrals  for  certain  special  fractional  values  of  p.  Also, 
because  of  well  known  reduction  formulae*,  it  is  sufficient  to  list  these  for  —  1  < 
p  <  1.  This  is  done  in,  Table  II  for  these  values  of  p  in  the  interval 
—  1  <  p  <  1  for  which  the  integral  is  thus  expressible. 


Applications 

a.  Projectile  Moving  in  Quasi-Newtonian  Medium.  One  application  of  the 
present  integral  is  in  computing  the  path  of  a  projectile  in  a  medium  in  which 
the  resistance  is  proportional  to  the  velocity  raised  to  a  given  power,  X.  Under 
this  assumption,  it  can  be  shown  [3]  that  the  velocity,  U,  in  terms  of  the  angle 
of  inclination  0  of  the  projectile  to  the  horizontal  is  given  by 

COS0  rr-\  Cd\  \  ^  f*  dd> 


COf^0(, 


t;~X  UrfX  ^  a  f* 

Vo  — - cos  0  I 

mg  J*9 


cos*'*’^^ 


(7) 


See  any  table  of  integrals,  e.g.  Dwight  [1]  or  Pierce  [2]. 


1.6666667  1.4285714  1.2500000  1.1111111 
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where  Vo  is  the  initial  velocity,  g  the  acceleration  of  Kravity,  m  the  mass  of  the 
projectile,  and  C  is  so  defined  that 

Drag  =  CdV*' 


For  a  true  Newtonian  medium,  X  =  2,  and  the  integral  in  equation  (7)  can  be 
evaluated  in  terms  of  elementary  functions.  In  practical  problems  however, 
in  which  X  may  actually  be  empirically  determined  (and  will  therefore  in  all 
probability  not  be  an  integer)  the  integral  may  be  evaluated  by  means  of  the 
series  (3). 

b.  In  the  theory  of  film  condensation  of  vapor  at  rest  on  a  horizontal  cylin- 
dric  surface  [4],  there  occurs  the  integral  t 

« 

/  sin'^V  d<t> 

Jo 


in  which  6  is  the  angle  between  any  radius  and  the  vertical.  Although  the  in¬ 
tegral  can  be  expressed  in  terms  of  elliptic  integrals  (Table  II),  the  amplitudes 
of  the  elliptic  functions  are  such  as  to  require  awkward  interpolations  if  0  is 
taken  at  convenient  intervals.  It  is  therefore  more  satisfactory  to  evaluate  it 
by  means  of  the  series  (5).  For  p  =  this  series  becomes 

i  =  (2  I)  [I  +  ^  (0  +  2T^! 

+  ■  ■  ■  +  '24--'n!’(3?‘+'2r 


Computations  using  the  above  series  give  values  which  are  slightly  larger  than 
these  given  by  Jakob  (Loc.  cit.),  the  latter  being  obtained  by  graphical  integra¬ 
tion. 


c.  Boundary  Layer  on  Rotating  Sphere.  In  [5]  it  is  show  n  that  an  approximate 
expression  for  the  boundary  layer  thickness  5  on  a  sphere  rotating  in  a  viscous 
fluid  is  given  by 


X*  = 


231-5 


sin**'*  <t>  cos*'*  6  .0 


I  8in'*^V  CO8*^*0  d<l> 


where  X  =  (fl/»')*5,  y  is  the  kinematic  viscosity,  0  the  angular  velocity  and  d  is 
a  suitably  chosen  coordinate. 

Inserting  the  series  (3)  for  the  integral  gives 


X* 


231  5 
cos*'*  0 


1-4 

3-21-28 


sin^  0  + 


1-4-7 

3*-3I-34 


sin*  0  -|- 


The  integral  may  also  be  reduced  to  the  one  considered  in  the  previous  section 
(b)  by  two  applications  of  the  reduction  formula: 

.  0 

I  sin'*^V  cos'^V  d<t> 

•  0 


—  15  .  4/Sa  4/*/, 
-=7r-  sm  0  cos  0 
56 


1  sin-'V  coe-'V  + 
14 


4/t  ..*/! 


-(T I 

14  V2/  Jc 


sin‘^V  d0- 


t  Thia  integral  has  also  been  discussed  recently  by  Abramowitz  [7|. 
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d.  Application  to  Statistical  Theory.  An  integral  occurring  in  the  statistical 
treatment  of  sampling  is  the  so-called  “Student’s  Integral”: 

j,  X  r(f  -f-  _ dx _ 

“  V^r(iir)J,  [l'+  '(xVn)]*<'‘+‘> 


(cf.  [6],  Chapter  VI). 

By  means  of  the  variable  change  x*/n  =  cot*  i*/n  =  cot*  6  this  becomes 


Here  n  represents  one  less  than  the  number  of  samples,  (often  called  the  num¬ 
ber  of  degrees  of  freedom)  and  is  therefore  an  integer.  However,  if  n  is  large,  it 
is  difficult  to  compute  the  value  of  the  integral  with  precision  using  the  con¬ 
ventional  formulae  in  integral  tables.  Also,  it  is  frequently  desirable  to  know 
for  what  value  of  0  the  integral  assumes  a  pre-assigned  small  value.  For  ex¬ 
ample  consider  the  problem  of  determining  0  when  n  =  9  and  I(t,  n)  =  .0003. 
The  equation  to  be  solved  is 

f*  sin*  .0003  y/lc  =  .0002577 

.'o  r  (5) 


Inserting  the  series  (5)  for  the  left  side  gives 


Since  0  will  be  small,  an  approximate  value  can  be  found  by  neglecting  all 
terms  in  brackets  except  This  gives  as  a  first  estimate: 

(i^)(2  sin  0/2)*  =  .0002577,  (sin  0/2)  =  .25742 


Substituting  this  value  into  the  terms  in  the  brackets  gives 
{%){2  sin  <?/2)*  X  [.823473]  =  .0002577, 
(}4)(2  sin  0/2y  =  .0003129,  sin  0/2  =  .26038. 


Repeating  the  process  gives 

sin  0/2  =  .26053, 

after  which  no  further  change  in  the  value  is  noted.  The  corresponding  value  of 
t  is 

cot  0  =  3  X  1.718  =  5.154. 
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NEW  BOUNDS  IN  HARMONIC  AND  BIHARMONIC  PROBLEMS* 
Bt  L.  E.  Payne  and  H.  F.  Weinberger 

1.  Introduction.  The  purpose  of  this  papier  is  to  give  a  method  for  obtaining 
arbitrarily  close  upper  and  lower  bounds  for  a  harmonic  function,  its  gradient, 
and  its  Dirichlet  integral  when  the  boundary  values  of  the  function  or  its  normal 
derivative  are  prescribed.  These  bounds  are  obtained  by  means  of  a  harmonic 
function  which  approximates  the  given  boundary  data. 

The  principid  tools  are  a  Green’s  identity  (3.1),  given  in  another  connection 
by  F.  Rellich  [1],  which  allows  us  to  find  a  representation  of  the  Dirichlet  integral 
which  differs  from  that  given  by  the  usual  Green’s  theorem;  and  the  simple 
observation  that  if  u  is  harmonic,  so  is  r&u/dr.  The  latter  fact  permits  the  evalua¬ 
tion  of  a  boundary  integral  of  the  square  of  the  normal  derivative  of  the  Green’s 
fimction,  and  hence  the  boimding  of  a  harmonic  function.  Both  of  our  tools 
are  of  such  a  nature  that  the  boundary  must  be  assumed  to  be  star-shaped  with 
respect  to  at  least  one  point. 

Section  2  treats  the  simplest  example  of  a  Dirichlet  integral,  the  electrostatic 
capacity  in  three  dimension.  The  method  used  here  is  partly  due  to  Wolf  Gross 
[2].  Some  of  his  numerical  results  are  used  in  computing  upper  and  lower  bounds 
for  the  ca,  unty  of  the  cube.  The  upper  bound  (.668a)  so  obtained  appears  to 
be  the  best  \nown  to  date,  (see  Polya  and  Szegd  [3],  Daboni  [4]). 

Sectim*  3  gives  upper  and  lower  bounds  for  the  Dirichlet  integral  of  a  function 
with  (variable)  boundary  values.  Since  the  best  known  physical  problem  of  this 
type  is  the  electrostatic  polarization  problem  [5]  we  restrict  our  computations 
to  the  exterior  problem  in  three  dimensions.  However,  the  method  applies 
equally  well  to  either  interior  or  exterior  problems  in  any  number  of  dimensions. 

Section  4  gives  a  method  of  finding  upper  and  lower  bounds  for  the  Dirichlet 
integral  in  the  Neumann  problem.  Again,  since  the  authors  are  primarily  inter¬ 
ested  in  the  virtual  mass  problem  [5],  the  computation  is  done  for  the  three- 
dimensioL-al  exterior  problem.  It  can,  however,  also  be  done  in  other  dimensions 
and  for  the  interior  problem. 

There  are  of  course  other  methods  available  for  obtaining  arbitrarily  close 
bounds  for  the  Dirichlet  integral.  For  the  Dirichlet  problem,  an  apphcation  of 
the  Rayleigh-Ritz  procedure  to  the  Dirichlet  principle  may  be  used  for  obtaining 
upper  bounds  for  the  Dirichlet  int^ral.  A  method  for  obtaining  lower  bounds 
was  introduced  by  Trefftz  [6],  for  estimation  of  the  torsional  rigidity.  Friedrichs 
[7]  has  shown  that  a  lower  bound  can  be  derived  from  the  Dirichlet  principle 
by  means  of  a  L^ndre  transformation.  Bounds  for  all  the  Dirichlet  integrals 
considered  in  this  paper  have  been  obtained  in  a  unified  manner  from  the  Schwarz 
and  Bessel  inequalities  by  Diaz  and  Weinstein  [8]  and  Diaz  [9],  [10].  A  geometric 
interpretation  of  these  bounds  in  certain  cases  has  been  given  by  Prager  and 
Synge  [11]. 

*  This  reoearch  was  supported  by  the  United  States  Air  Force  through  the  Office  of 
Scientific  Research. 
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In  all  these  methods  the  upper  and  lower  bounds  are  obtained  separately 
from  two  different  approximating  sequences.  The  upper  bounds  involve  a 
complete  sequence  of  functions  satisfying  boundary  conditions  on  the  particular 
body.  Upper  boimds  involve  integrations  over  the  exterior  as  well  as  the  boundary 
of  the  body.  The  bounds  here  presented,  on  the  other  hand,  are  both  obtained 
from  a  single  sequence  of  harmonic  functions.  The  same  complete  sequence  of 
harmonic  functions  may  be  used  for  all  bodies,  and  the  bounds  involve  integra¬ 
tion  only  on  the  boundary.  We  reiterate,  however,  that,  except  in  the  case  of 
capacity,  our  methods  apply  only  to  star-shaped  bodies. 

In  section  5,  bounds  are  developed  for  the  value  of  the  harmonic  function 
itself  in  terms  of  its  given  boundary  values  or  normal  derivatives  and  a  harmonic 
approximating  function  <p.  Bounds  are  also  given  for  the  gradient  of  the  difference 
function  u  —  ip.  These  involve  boundary  integrals  of  the  square  of  the  normal 
derivative  or  the  surface  gradient  of  u  —  whichever  is  given.  The  boundary 
must  again  be  star-shaped  with  respect  to  some  point  but  not  necessarily  the 
point  at  which  the  approximation  is  made.  This  represents  an  improvement 
over  the  results  presented  in  our  technical  note  [12). 

This  method  is  extended  in  section  6  to  the  biharmonic  clamped  plate  problem. 
Upper  and  lower  bounds  are  given  for  the  deflection  of  a  clamped  plate  with 
star-shaped  boundary.  The  bounds  here  involve  a  biharmonic  function  tp  which 
is  such  that  its  tangential  and  normal  derivatives  on  the  boundaiy  approximate 
the  corresponding  given  functions  for  the  correct  solution  u  in  mean  square. 

Numerous  methods  have  been  proposed  for  obtaining  upper  and  lower  bounds 
for  the  value  of  a  harmonic  or  biharmonic  function  at  a  particular  point,  e.g. 
Trefftz  [13],  C.  Weber  [14],  Diaz  and  Greenberg  [15],  Greenberg  [16],  Maple  [17], 
Synge  [18],  [19],  Slobodyanskii  [20],  [21],  Washizu  [22]  and  Fichera  [23].  Our 
method  has  the  advantage  that  only  one  sequence  of  approximating  functions 
is  necessary  to  give  both  upper  and  lower  bounds.  Also  all  integrations  are 
performed  on  the  boundary,  whereas  in  the  other  methods  the  bounds  involve 
area  as  well  as  boundary  integrals.  Our  bounds  are  obviously  not  as  simple  as 
those  given  by  the  usual  maximum  principle  for  harmonic  functions  and  by  the 
beautiful  maximum  principle  of  Miranda  [24]  for  biharmonic  functions.  On  the 
other  hand,  the  method  here  presented  requires  that  the  boundary  data  be 
approximated  only  in  meah  square  rather  than  uniformly. 

2.  CapAcity.  Let  B  be  a  closed  piecewise  differentiable  surface  in  a  three-space. 
Let  r  be  the  (Euclidean)  distance  from  an  origin  interior  to  B.  Let  tt(x,  y,  z) 
satisfy 

(2.1)  Aw  -  0, 

in  the  r^on  exterior  to  B(A  -■  +  ^V^z*),  and  the  boundary 

conditions 

(2.2)  w  “  1  on  B, 

(2.3)  w  »  0(l/r)  as  r— > 
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The  electrostatic  capacity  C  of  Bia  defined  as 

e.4)  C.lD(u).-±gu^<U=-±fl^,. 

where  D(u)  is  the  Dirichlet  integral  over  the  exterior  of  B  and  n  the  outward 
normal  from  B.  We  propose  to  find  arbitrarily  close  upper  and  lower  bounds  for 
C  when  B  is  star-shaped  with  respect  to  the  origin. 

We  first  prove  an  identity.  Consider  the  following  expansion  for  u 


(2.5) 

Hence, 

(2.6) 

Furthermore, 

(2.7) 


Cr  ‘  -f  0(r  *)  as  r—*<x>. 


u  -H  rduldr  =  0(r~*)  as  r  —*  <x>. 


A(rdu/dr)  =  2Am  -f  rd(Au)/dr. 


From  (2.1)  we  see  that  the  function  u  -f  rduldr  is  harmonic.  If  we  apply  Green’s 
theorem  twice  and  make  use  of  (2.2),  (2.3),  and  (2.6),  we  find 


(2.8) 

Thus, 

,  (2.9)  rKn)--D{n.r^)-gr^{^)'^. 

*  by  (2.2).  This  can  be  written  by  (2.4)  as 


(2.10) 

where 

(2.11) 


illA& 


h  =“  rdr/dn. 


da 


It  is  easily  seen  that  h  is  the  distance  from  the  origin  to  the  tangent  plane  at  a 
particular  point  of  B.  Thus,  the  assumption  that  B  is  star-shaped  with  respect 
to  the  origin  is  equivalent  to  the  ccmdition 


(2.12) 


h  >  0. 


We  proceed  to  the  estimation  of  C  by  a  method  already  proposed  by  Wolf 
Gross  [2]  who,  however,  was  unable  to  obtain  any  rigorous  bounds  from  it  for 
lack  of  the  identity  (2.10).  Let  ^  be  any  fimction,  harmonic  in  the  exterior  of  B 


and  of  0(r”‘)  at  « .  If  —  (4t)  ‘  jj  dip/dn  da  is  used  to  approximate  C,  we  find 

^  i  S  ^  S 

4t  3jb  dn  4t  jJb  dn 


the  error 
,  (2.13) 
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by  Green’s  theorem. 

Then,  by  Schwarz’s  inequality  and  (2.12) 

i  //.  ^  s  //.  *  (i)’  //. 

Using  the  identity  (2.10) 

[<^  +  i  //.  I  *J  S  ^  //.  -  »■  *. 

This  can  be  rewritten 

^  +  s  //.  s  ^  //.  *] 

(2.16) 

^  dp  //. "  **’  *  [//.  -»■*-<  //,  s  *]  • 

Equation  2.16  gives  upper  and  lower  bounds  for  C.  As  is  more  easily  seen  from 
(2.14),  the  bounds  can  be  made  arbitrarily  close  by  choosing  ^  so  that 

jj  hT^iv  —  1)*  ds  is  sufficiently  small. 

In  particular,  this  can  be  done  by  choosing  for  <p  a  sum  of  a  sufficiently  large 
number  N  of  members  of  a  sequence  of  harmonic  functions  w, ,  of  0(r“‘)  at  « , 
whose  values  on  B  are  complete  in  Lt  norm.  Perhaps  the  most  useful  such  se¬ 
quence  is  the  sequence  of  spherical  harmonics  which  is  complete  on  any  reason¬ 
ably  regular  B  [25],  [26].  The  coefficients  of  the  w,  are  chosen,  by  the  usual 
Rayleigh-Ritz  technique,  to  minimize  the  int^ral  on  the  right  side  of  (2.14). 
This  minimization  results  in  a  function  <p  for  which 


h~'(ip  —  l)w,  d«  -  0, 


1,  ..,Ar. 


Therefore,  the  equality  (2.13)  is  preserved  if  any  finite  sum  of  h~^tPi ,  •  •  •  ,  h~'w» 
is  added  to  du/dn  on  the  right  hand  side.  An  application  of  Schwarz’s  inequality 
then  gives  (2.14)  with  a  finite  sum  of  added  to  du/dn  on  the  right  hand 
side.  We  minimize  this  integral 


with  respect  to  the  coefficients  h, .  The  resulting  condition  is 


(2.19)  ///  (^  ■*■  S  •  •  •  . 

Since  the  tr,  are  given  functions,  the  integrals  Jj  h~^w,w^  d$  can  be  evaluated. 


(2.20) 
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by  Green's  theorem.  Thus,  (2.19)  is  a  matrix  equation  which  can  be  solved  for 
the  b, .  The  resulting  minimum  of  (2.18)  is 

//. [* (i)’ -  (S ”•)’] (§ ”■)’ 

The  inequality  (2.16)  is  then  replaced  by 


+  s  //,  s  *  "  s  //.  *] 

^  6^  //.  *  //.  “  “Is  “ (S  ]  *• 


This  subtraction,  which  results  in  considerable  numerical  improvement  (A  the 
bounds,  was  in  essence  given  by  W.  Gross  [2].  We  remark  that  the  matrix  equa¬ 
tion  (2.19)  involves  the  same  coefficient  matrix  as  that  used  to  find  the  minimizing 
function  from  (2.17),  so  that  little  additional  work  is  involved  in  this  improve¬ 
ment.  Because  of  the  completeness  of  the  w, ,  the,  integral  on  the  left  hand  side 
of  (2.21)  converges  to  zero,  at  least  if  du/dn  is  bounded.  This  gives  an  idea  of 
the  extent  of  the  improvement  involved  in  the  second  minimization. 

For  the  well-known  problem  of  the  cube,  A  is  a  constant,  equal  to  half  the 
edge  length.  Upper  and  lower  bounds  for  the  cube  of  edge  a  can  thus  be  found 
by  using  the  computations  of  Gross.  They  are 


(2.23) 


.627a  ^  C  ^  .668a. 


The  lower  bound  lies  below  those  of  .632a  given  by  Polya  and  Szego  [3],  639a 
obtained  by  McMahon  [27]  and  .654a  given  by  Daboni  [4].  However,  the  upper 
bound  appears  to  be  the  best  so  far  c(»nputed. 

A  particular  case  of  (2.22)  in  which  we  take  only  one  function  W  may  be  of 
some  computational  interest.  Putting  <p  ^  aw  and  choosing 

(2.24)  II 

in  order  to  minimize  the  integral  of  A“*(<p  ~  1)*»  we  obtain 


(2.25) 


+ s  “//. 

•{//.  -  »■  -  4«  -  4  {II  ^  *)(//,  *-V  *)|. 


By  using  the  potential  function  and  calculations  of  Daboni  [4]  and  making  only 
the  crude  approximation 


(2.26) 


jj  h~Haw  —  1)*  is  ^  max.  {aw  —  1)*  jj  h~^  ds 
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we  obtain  the  bounds 


(2.27)  .653a  ^  C  ^  .672a 

for  the  cube.  These  bounds  compare  favorably  with  the  bounds 

(2.28)  .654a  ^  C  ^  .676a 
obtained  by  Daboni. 

Suppose  now  that  B  is  not  star-shaped  with  respect  to  any  point,  but  that 
it  may  be  divided  by  interior  walls  into  a  finite  number  of  bodies  Bi  which  are 
star-shaped  with  respect  to  points  .  Let  the  function  ^  at  a  point  on  P  be 
defined  as  the  h  with  respect  to  P<  on  the  body  J5,-  on  which  the  point  lies.  It  is 
easily  seen  from  the  maximum  modulus  theorem  that  if  u,  is  the  capacity  func¬ 
tion  of  Bi ,  then  for  common  points  of  B  and  Bi ,  \du/dn  |  ^  |  dUildn  \  and 
hence 


where  C<  is  the  capacity  of  Bi .  Thus,  an  upper  bound  for  jj  hidu/dn)*  ds 

can  be  found  by  using  some  upper  bounds  for  the  Ci .  The  result,  when  inserted 
in  the  inequality  (2.14),  gives  upper  and  lower  bounds  for  C  which  can  be  made 

arbitrarily  close  by  making  //.  h  *(^  —  l)*d8  small. 


3.  The  Dirichlet  integral  in  Dirichlet’s  problem.  In  order  to  extend  the  method  , 
oS  section  2  to  general  boundary  values,  we  need  the  generalization  of  the  identity  , 
(2.10)  to  this  case.  The  following  form  of  Green’s  theorem  was  given  by  F. 
Rellich  [1]  in  connection  with  the  membrane  problem  in  N  dimensions. 


(3.1) 


/  *  “  /  I  “  I*  “  XiSTti*  —  2r  ^  (Am  +  Xu)  J  dtM 


where  is  an  AT-dimensional  region  bounded  by  Rtr-i ,  n  the  normal  on  Rm-i 
into  Rm  ,  u  ia  any  twice  differentiable  fimction  in  Rm  and  X  any  constant.  The 
proof  is  simply  the  fact  that 

div  [J  I  grad  u  |*  grad  r*  —  2r(dM/dr)  grad  u] 

(3.2)  —  (AT  —  2)  I  grad  m  |*  —  2r(du/dr)Au, 

div  (Jm*  grad  r*]  *  Nu*  -|-  2ur(du/dr) 


and  Green’s  theorem.  Following  a  suggestion  of  J.  B.  Diaz,  we  take  X  *  0  and 
let 


m) 


Am  »■  0. 
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The  identity  then  becomes 

(3.4)  (AT  -  2)D{ui  .  /  [2r  0  -  r  I  grad  M  I*]  . 

Thus,  for  N  ^3,  (3.4)  expresses  the  Dirichlet  integral  of  n  in  terms  of  a  boundary 
integral  quite  different  from  the  usual  representation 

(3.5)  D(u)  =  -  f  - 

Clearly,  the  integral  (3.4),  like  (3.5),  may  be  used  for  an  exterior  domain  Ru  by 
taking  a  limit  over  spheres  at  infinity.  There  is  no  contribution  from  infinity, 
providing  u  ■■  0(r“^*'“*)(^  ^  3). 

For  simplicity  of  presentation  we  restrict  our  attention  to  the  exterior  problem 
for  the  closed  surface  B  in  three  dimensions.  However,  the  methods  to  be  pre¬ 
sented  are  easily  applied  to  interim*  and  exterior  problems  in  iV  ^  2  dimensions. 
For  example,  in  two  dimensions,  the  classical  problem  of  the  torsional  rigidity 
of  a  cylindrical  beam  may  be  considered  [28]. 

We  shall  approximate  the  Dirichlet  integral  of  the  three  dimensional  harmonic 
function  u  with  assigned  boundary  values 

(3.6)  M  =  /  on  B,  M  =  0(r“‘)  as  r  — *  « . 

The  identity  (3.4)  becomes 

57  S  -  S I  “  I’]  *' 

(3.7) 

where  n  is  the  outward  normal  on  B,  grad,  the  tangential  projection  of  the 
gradient,  anrf  h  »  rdr/dn.  It  is  obvious  that  for  /  »  constant  this  reduces  to 
(2.10).  We  eliminate  D{u)  between  (3.7)  and  the  standard  Green’s  identity 


(3.8)  D(u)  ^  ~  Jj  tiidu/dn)  da 

by  subtraction.  Completing  the  square  gives 


(3.9) 


jj^h  ^  »-8rad.  f  +  hf)  da 


[^|grad./|*-l-/i  ‘(rgrad.r-grad,/-f|/)*]d«. 


We  proceed  to  approximate  D{v)  by  means  of  a  harmonic  function  of  0(r  ^)  at 
infinity  as  in  Section  2. 


(3.10)  D(u)  + 
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or 


(3.11) 


Diu)  ‘(^“  /)(^  ^  f  +  if) 


Applying  Schwarz’s  inequality  and  using  (3.9)  we  find 

Id(u)  +  /j^  [/  +  *~‘(<^  “  /)(’’  *■  *  8J*ad.  /  +  i/)  j 


(3.12) 


^  fla^  '(<P  - /)*<^«/j^[*|P‘ad,/|*  +  A  '(r grad. r- grad, /+ i/)*]d«. 


The  second  integral  on  the  right  can  be  computed  frcxn  the  given  boundary 
values  /.  To  simplify  this  computation  it  should  be  noted  that  if  /  is  known  as 
a  continuously  differentiable  function  in  a  neighboriiood  of  as  well  as  on  B, 
then 


(3.13) 


I  grad.  / 1*  -  I  grad  / 1*  -  (df/dn)* 
r  grad,  r-  grad.  /  —  r(df/dr)  —  h(df/dn). 


The  first  term  on  the  right  of  (3.12)  can  be  made  arbitrarily  small  by  a  suitable 
choice  of 

The  Rayleigh-Ritz  technique  for  minimizing  jj  h~\v  —  /)*  ds  consists  of 

letting  V  »  d^w,  where  (to.)  is  a  sequence  of  regular  harmonic  functions 
complete  on  B.  The  minimization  condition  is 


(3.14) 


JIb  ds  ^  0, 


M.- 


For  this  reason,  the  equation  (3.11)  remains  valid  if  a  linear  combination 
h~^^"^id,w,  is  added  to  the  bracketed  term  on  the  right  hand  side.  When 
Schwarz’s  inequality  is  applied,  the  right-hand  side  can  be  minimized  with 
respect  to  the  coefficients /f*  •  The  result  is  that  (3.12)  is  replaced  by  the  better 
inequality, 

|d(u)  +  “  /)(’’  8™^*  f  +  l/)j<^»| 

^  IIb  ^ 

(3.15) 

•  [A  I  grad.  / 1*  -I-  hr\r  grad,  r-grad,  /  +  §/)*)  ds 


where  d,  are  the  minimizing  coefficients. 
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4.  The  Dirichlet  integral  in  Neumann’s  Problem.  We  now  consider  the  bound¬ 
ary  value  problem  . 

Am  =>  0  exterior  to  B, 

(4.1) 

du/dn  *  flf  on  B,  m  =»  0(r  )  as  r 

where  B  is  again  a  star-shaped  closed  surface  in  three-space  as  in  Section  2.  We 
again  eliminate  D(u)  by  subtracting  (3.8)  from  (3.7)  and  apply  Schwarz’s 
inequality. 

(4.2)  ^  |4  ^  /i  I  grad,  u\*  ds  h~V  |  grad,  r  j*  d«| 
where  f  is  any  positive  function. 

Since  B  is  star-shaped,  one  can  use  the  angle  variables  of  a  spherical  coordinate 
system  as  coordinates  on  B.  Then  all  integrals  can  be  considered  to  be  on  the 
unit  sphere.  We  choose  so  that 

(4.3)  4^d8  ~  d<a, 


where  da  is  the  projection  of  the  element  of  area  on  the  unit  sphere.  This  entails 

(4.4)  ^  -  hr*. 

The  Dirichlet  integral  is  unchanged  if  a  constant  is  added  to  m,  and,  since  m  » 
0(r~*),  the  form  (3.8)  still  holds.  We  choose  this  constant  so  that 

(4.5)  Jj  M  dw  —  0. 


It  is  well  known  that  the  minimum  problem  on  the  unit  sphere 


(4.6) 


fj  Igrad  M  I*  dw 


mm 


//“• 


da 


where  grad  is  the  surface  gradient  on  the  sphere,  has  eigenvalues  n(n  +  1)  with 
surface  harmonics  as  eigenfunctions  [29,  p.  272].  The  condition  (4.5)  requires  u 
to  be  orthogonal  to  the  constant,  which  corresponds  to  the  eigenvalue  zero. 
Hence, 


(4.7) 


//  ^  ^  i  JJ  \  grad  M  I*  da. 


>  This  implies  JJ  gda  ^0.  This  can  always  be  attained  by  subtracting  (4  rr)~*  JJ  gda 

from  the  original  unknown  function.  The  change  of  Dirichlet  integral  can  be  computed  ex¬ 
plicitly. 
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Elementary  geometric  cmisiderations  show  that 
(4.8)  I  grad,  m  |  ^  r"*  ]  grad  u  |, 

and  hence 


(4.9) 


//,*“■  dS  “  jj  w*  dw  ^  ^  IIb  ^  “  I* 


^  i  max  (r~‘)  JJ^  h  |  grad,  |*  dS. 

This  inequality  when  substituted  in  (4.2)  gives  a  quadratic  inequality  for 
jj  h  I  grad,  u  I*  dS.  Substituting  this  back  into  (4.9)  gives  an  upper  bound  for 

jj  tfm*  dS  involving  only  integrals  of  the  known  function  g  and  the  geometry 
of  B. 

We  now  approximate  D(w)  by  —  jj  tpgdS  where  ^  is  a  regular  harmonic 
function.  Then 


(4.10)  D{u)  -1-  jj^^dS^  jjj^  -  u)^dS  =  /£«  A(v,  -  u)dS, 
and 

(4.11)  {D(u)  +  g^ds]’sffr'{^-i)'ds!}^*u-dS. 

The  second  integral  on  the  right  has  been  explicitly  bounded.  The  first  is  to  be 
made  small  by  choice  of  the  function  <p  as  before. 

The  Eayleigh-Ritz  technique  and  the  improvement  of  the  bound  by  the 
addition  of  arbitrary  functions  to  in  (4.10)  can  be  carried  through  as  in  Sec¬ 
tions  2  and  3. 


6.  Bounds  for  a  harmonic  function.  In  a  space  of  AT  ^  2  dimensions  let  B  be 
a  piecewise  smooth  (N  —  1) -dimensional  boundary  which  is  star-shaped  with 
respect  to  the  origin  0.  We  are  given  the  Dirichlet  problem 

(5.1)  Au  =0  inside  B, 

(5.2)  u  =  f  on  B. 


(The  exterior  problem  is  handled  in  the  same  way.) 

The  function  u  is  to  be  estimated  by  means  of  a  harmonic  function  whose 
boundary  values  approximate  /  in  mean  square.  We  shall  give  a  bound  for 
I  tt  —  ^  I  at  any  point  P  interior  to  B. 

Let  r  be  the  distance  from  0  and  again  put  h  =  rdrjdn  on  B  so  that  h  >  0. 
The  Green’s  function  for  the  region  inside  B  has  the  form 
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(5.3) 


.G(P,Q) 


(2ir)-'  In  r«,  +  jKP.  Q) 
-(wxrJgV  +  lKP.Q) 


for  N 


for  iV  ^  3 

where  <dm  denotes  the  surface  of  the  unit  sphere  in  N  dimensions,  r^Q  is  the 
distance  from  P  to  Q  and  g(P,  Q)  is  a  regular  harmonic  function  of  both  P  and 
Q.  Thus  we  find 

OTof  ^oq 

1  .  _  dg(P,Q)  ,  _  dg(P,  Q) 

aT  OToq 


(5.4) 


i\r  =  2 


+  +  (AT  -  2)g(P,  Q),  N^3 

<fTop  Of*OQ 

which  is  a  r^ular  harmonic  function  of  P  (see  (2.7)).  Thus  by  Green’s  theorem 

Q) 


ffT  aG^ 

JJb  L  drop 


(5.5) 


-L  _  2)G(P,  Q)]  dr,_i(Q) 

dg(P,Q)\ 


OToq 


^  +  2ro,. 


dro 


N 


(N  -  2)giP,P)  -f  2rop^^P^\  AT  ^  3. 

Of  OB  ie-p 


Since  by  definition  G(P,  Q)  vanishes  for  Q  on  B,  (5.5)  may  be  rewritten 


1.0,  ^g(P»  <?) 

2r  ^  drop 


(AT  -  2)jKP,  P)  +  2ro,  ^2^1^ 

OToP 


AT  -  2 
AT  ^  3. 


If  is  any  harmonic  function,  then  by  Green’s  theorem 
(5.7)  ^(P)  ^  • 

By  Schwarz’s  inequality  and  (5.6), 

[(AT  -  2)(KP,P)  +  2ro/^^^-|  1 

L  <"op  le-pJ 

for  AT  ^  3 


(5.8) 


^(P)  \*  ^  jj  ,A“V*  dm-i 
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To  estimate  the  second  term  on  the  right,  which  is  the  value  at  P  of  a  harmonic 
function  with  known  boundary  values,  let  ^  be  this  harmonic  function.  We  find 


1  .  dgiP,Q) 


(6.9)  (N  -  2)giP,  P)  +  2ro^ 


i  [s + ^  ("s  ■“  ’■'*)] 


for  N 


dg(P,  Q) 


dro 


Letting  ^ 
yields 


^  JJ  h  —  2)(umTpq*)  *  +  2ror-^^  {uj/TpQ  )  J  drii-iiQ) 

for  N  ^3. 

u  —  V  in  (5.8),  using  (5.9)  and  carrying  out  the  differentiations 


(5.10) 


|u(P)-v»(P)|* 


^  jj  ip)*  (Itk-i  I 


(4ir*h-‘[r;*g(r*o«  -  r^,)]*  dn(Q),  iST  =  2 
//  (N  -  2)*(a,U)-‘[r;S(r*o<,  -  r^,)]*  dr^-i(Q), 


AT  ^  3. 


This  gives  upper  and  lower  bounds  for  tx(P).  The  first  integral  on  the  right  is, 
of  course,  to  be  minimized.  If  Rayleigh-Ritz  technique  is  used,  then,  as  in 
preceding  sections,  a  linear  combination  h~^^d,w,  may  be  subtracted  from 

(dG/dn)  in  (5.7)  without  disturbing  the  equality.  The  integral  jj  h[(dG/dn)  — 
d,w,]*  dxM-i  can  then  be  minimized  (Note  that  jj  w,(dG/dn)  drur-i  = 

w,(P)).  The  integral  jj  A“‘(]^  d,w,)*  drs-i  is  subtracted  from  the  second  factor 

on  the  right  hand  side  of, (5. 10),  which  may  give  considerable  improvement  of 
the  bounds. 

Since  the  derivatives  (d/dXi){u  —  ip)  are  also  harmonic,  we  may  insert  them 
for  «  —  ^  in  (5.10).  Summing  with  respect  to  i  gives  an  inequality  for  |  grad 

(«  —  Ip)  I*  in  terms  of  jj^  h~^  I  grad  («  —  ip)  I*  drit-i .  We  thus  need  a  bound 

for  this  integral.  Since  |  grad  (u  —  ^)  |*  =  \  grad,  (u  —  v^)  I*  +  [^(w  —  ffi)/dn]*, 

the  former  of  which  is  known,  it  is  only  necessary  to  bound  jj  —  ^)/3n]* 

dTM-i.  Such  a  bound  is  obtained  by  subtracting  (N  —  2)  times  (3.5)  from  (3.4) 
with  u  replaced  by  u  —  ip,  decomposing  d{u  —  ip)/dr,  and  applying  Schwarz’s  in¬ 
equality. 
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t 


A  (w  -  <<>) J  drn-i  ^  Jf^{k\  grad,  (u  -  |* 

+  iA"‘[2r  grad,  r-grad.  (w  -  <<»)  -h  (iV  -  2)(m  -  y))]*}  drM~i 


(5.11) 


+ 

X 


grad,  r-grad.  (u  -  ^)  +  (JNT  -  2)(u  -  ^)]*  dTjr_i| 
(^“*(2r  grad,  r-grad.  (m  -  ^)  +  (JV  -  2)(u  —  ^)J* 

'] 

+  4h  1  grad,  (u  -  <p)  [*)  drjr-i 


Since  h  is  bounded  below,  we  can  say 

(5.12)  hT'^  (w  —  ^p)J  dm-i  ^  max  {h~*)  h  (w  —  ^p)J  drir-i. 


Finally, 

|grad(u(P)-^(P))|* 

^  h~'  I  grad,  (u  —  <fi)  I*  dTM-i  +  max  (O 

(5.13)  •  fj^  *[!;("-  v’)]*  X  [ //^  rV;*/(r‘o  -  r^,)*  dr^_i(Q)] 

|(4ir*)'‘  for  N  ~2 
l(iV  -  2)W  for  N^Z 


which  together  with  (5.11)  gives  a  bound  that  can  be  made  arbitrarily  small  by 
making  |  grad,  (u  —  ^)  |*  small  in  mean. 

These  considerations  give,  for  example,  a  method  for  approximating  stresses 
in  the  torsion  problem. 

In  the  case  of  the  Neumann  problem,  inequalities  of  the  form  (4.2)  and  (4.9) 
are  easily  derived  for  N  dimensions.  (In  2  dimensions,  the  analogue  of  (4.9)  is, 

of  course,  simpler.)  Thus,  jj  h~^(u  —  ^)*  drir-i  can  be  bounded  in  terms  of 

integrals  involving  [3(m  —  p)/dn]*  and  the  gemnetry  of  B.  Thus,  a  bound  for 
I  M  —  ^  I  is  found  from  (5.10)  which  can  be  made  arbitrarily  small  by  choosing 
dip/dn  to  approximate  du/dn  in  mean  square.  The  first  derivatives  can  also  be 
approximated  with  known  error. 


6.  Bounds  for  a  biharmonic  function.  We  consider  the  classical  static  clamped 
plate  problem  in  two  dimensions,  i.e. 

(6.1)  AAti  0  inside  B, 

(6.2)  N  •■  /,  du/dn  ^  g  on  B. 
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(The  non-homogeneous  problem  AAv  —  F,  d  —  d»/dn  g  on  B  may  be  re¬ 
duced  to  this  form  by  considering  the  function  u  —  i>  —  (8t)“‘  Jl  FT^]nrd$). 

We  shall  find  arbitrarily  close  bounds  for  u  at  any  point  P  inside  B  provided  B 
is  star-shaped  with  respect  to  an  interior  point  0  which  is  chosen  as  the  orighi. 
These  bounds  will  be  expressed  in  terms  of  /,  g,  and  an  arbitrary  biharmonic 
function  ip.  Let 

(6.3)  iff  ^  u  —  ip 

and  let  w  be  the  harmonic  function  which  takes  the  value  of  ^  on  B  so  that 

(6.4)  AA(^  —  w)  —  OinB,  —  u>«0onB 
Then  by  Green’s  theorem 


(6.5) 


^(P)  -  ts(P)  -  i-  (^  -  tc)Ar  ds, 


(6.6) 


where  r(P,  Q)  is  the  biharmonic  Green’s  function  defined  by 

r(P,  Q)  -  (8x)“VJ.<,  In  rpQ  +  yiP,  Q)  inside  B 
r  —  dT/dn  —  0  on  B, 
the  quantity  y(P,  Q)  being  a  regular  biharmonic  function  in  B. 


dto 


droQ 


is  a  regular  biharmonic  function  taking  the  value  y(P,  P)  —  rordy(P,  Q)/drop 
at  P  and  vanishing  on  B.  Furthermore,  the  normal  derivative  on  B  is  given  by 


(6.7) 

Then  by  Green’s  theorem 


-|AAr 


(6.8) 


7(P,  P)  -  fo. 


dy(P,  Q) 


dra 


-  i^MAr(P,Q)]*dSg. 


If  we  apply  Schwarz’s  inequality  to  (6.5)  and  substitute  (6.8)  we  obtain 
|^(P)  -  w(P)  r  ^  2  ^  [A  (^  -  ti,)J ds 


(6.9) 


|7(P,  P)  “ 


for 


dy(P,  Q) 


dfa 


A- 


Now  by  (5.11)  we  have,  since  w  is  harmonic  and  takes  the  boundary  value 

‘■Mb-’ i'tS)' *<)>]' 


(6.10) 


Clearly 

(6.11) 
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/.  ^  /.  *  (s)  *■ 

By  the  triangle  inequality 


(6.12) 


{/.  [i  -  ”>1  *}'  ^  {/.  *"  (^y  *}' + a  *“  (^y  *}* 
^  {/.  *■'  (0*}' + 


Furthermore,  by  (5.10), 

(6.13)  w\P)  ^  4^  ds  h~V7t(r*oo  -  r*o,)*  (fag. 


and  by  the  triangle  inequality 

(6.14)  I  ^(P)  I  ^  1^(P)  -  w(P)  1  -I-  I  w(P)  1. 

Substitution  of  (6.9),  (6.10),  (6.11)  and  (6.13)  in  (6.14)  gives  a  bound  for  |  ^(P)  | 
involving  boundary  integrals  of  the  squares  oi  df/dn,  and  d^/d«,  together 
with  the  unknown  quantity  y(P,  P)  —  ropdy(P,  Q)/dror .  ^4  bound  for  the 
latter  quantity  may  be  obtained  by  using  (6.9)  with 

(6.15)  u(Q)  -  r(P,  Q)  -  r(P,  Q)  -  1  [rjg  -  roi-  ^  (rjg)]  G(P,  Q). 

OVoF  4  L  ^OP  J 


In  this  equation  G(P,  Q)  w  the  harmonic  Green’s  function;  hence  u  is  regular, 
biharmonic,  and  vanishes  on  B.  Then  we  have 


(6.16)  7(P,P)  - 

Ofop 


g-r  o  J  B  \dn  / 


From  (5.6)  and  (5.9) 


7(P,  P)  -  roi. 


dy(P,  Q) 


(6.17) 


dro 


^  QoZi  ™*^**(^  *(^oo  “■  ^o^)  ) 
OZlT 


X  ^  A  *r7g(rog  ~  To^)  dsq . 


Thus,  we  have  found  an  explicit  bound  for  |  u  —  ^  |  in  terms  of  the  given 
values  /  and  g  and  the  arbitrarily  chosen  biharmonic  function  tp.  Furthermore, 
this  bound  can  be  made  arbitrarily  small  by  choosing  ip  in  such  a  way  that  it 
approximates  /,  d^/ds  approximates  df/ds,  and  dip/dn  approximates  g  in  mean 
square  [24,  30,  31,  32]. 

The  extension  of  these  methods  to  higher  dimensions  and  to  solutions  oi 
polyharmonic  equations  is  immediate.  It  appears  likely  that  they  can  be  also 
extended  to  sjrstems  of  differential  equations,  such  as  those  arising  in  elasticity. 
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ON  THE  DYNAMICS  OF  SMALL  VAPOR  BUBBLES  IN  LIQUIDS* 
S.  A.  ZwiCK  AND  M.  S.  PLE88BT 

I.  Introduction.  When  a  vapor  bubble  in  a  liquid  changes  size,  evaporation 
or  condensation  of  the  vapor  takes  place  at  the  surface  of  the  bubble.  Because 
of  the  latent  heat  requirement  of  evaporation,  a  change  in  bubble  size  must 
therefore  be  accompanied  by  a  heat  transfer  across  the  bubble  wall,  such  as  to 
cool  the  surrounding  liquid  when  the  bubble  grows  (or  heat  it  when  the  bubble 
becomes  smaller).  Since  the  vapor  pressure  at  the  bubble  wall  is  determined  by 
the  temperature  there,  the  result  of  a  cooUng  of  the  liquid  is  a  decrease  of  the 
vapor  pressure,  and  this  causes  a  decrease  in  the  rate  of  bubble  growth.  A  similar 
effect  occurs  during  the  collapse  of  a  bubble  which  tends  to  slow  down  the  col¬ 
lapse.  In  order  to  obtain  a  satisfactory  theory  of  the  behavior  of  a  vapor  bubble 
in  a  liquid,  these  heat  transfer  effects  must  be  taken  into  account. 

In  this  paper,  the  equations  of  motion  for  a  spherical  vapor  bubble  will  be 
derived  and  applied  to  the  cases  of  a  bubble  expanding  in  superheated  liquid 
and  a  bubble  collapsing  in  liquid  below  its  boiling  point.  Because  of  the  inclusion 
of  the  heat  transfer  effects,  the  equations  are  nonlinear,  integro-differential 
equations.  In  the  case  of  the  collapsing  bubble,  large  temperature  variations 
occur;  therefore,  tabulated  vapor  pressure  data  were  used,  and  the  equations  of 
motion  were  integrated  numerically.  Analytic  solutions  are  obtainable  for  the 
case  of  the  expanding  bubble  if  the  period  of  growth  is  subdivided  into  several 
regimes  and  the  simplifications  possible  in  each  regime  are  utilized.  The  growth 
is  considered  here  only  during  the  time  that  the  bubble  is  small.  An  asymptotic 
solution  of  the  equations  of  motion,  valid  when  the  bubble  becomes  large  (i.e. 
observable),  has  been  presented  previously,  together  with  experimental  verifi¬ 
cation.’ 

We  shall  be  specifically  concerned  in  the  following  discussion  with  the  dy¬ 
namics  of  vapor  bubbles  in  water.  This  restriction  was  made  for  convenience 
only,  since  the  theory  is  applicable  without  modification  to  many  other  liquids. 

n.  Formulation  of  the  Problem.  The  vapor  bubble  is  taken  to  be  spherical. 
The  radial  velocity  of  the  bubble  wall  is  considered  to  be  negligible  in  com¬ 
parison  with  sonic  velocity  Hi  either  the  liquid  or  the  vapor  so  that  the  water 
will  be  assumed  incompressible,  and  it  will  be  further  assumed  that  conditions 
of  dynamic  and  thermal  equilibrium  exist  in  the  vapor  so  that  the  vapor  pres¬ 
sure  within  the  bubble  will  be  uniform  and  equal  to  the  equilibrium  vapor  pres¬ 
sure  of  the  liquid  at  temperature  of  the  bubble  wall.  Viscosity  and  gravity  effects 
are  ignored.!  Then  in  terms  of  the  external  pressure  Po ,  the  vapor  pressure  p, 
of  the  fluid  at  the  bubble  wall,  the  density  of  the  water  p  and  the  surface  tension 
(T,  the  radius  /i(t)  of  the  bubble  wall  satisfies  the  differential  equation* 

*  This  study  was  supported  by  the  U.  S.  Office  of  Naval  Research. 

I  M.  8.  Plesset  and  S.  A.  Zwick,  J.  Appl.  Phys.  26,  493  (1954). 

t  The  justification  for  these  physical  assumptions  will  be  found  in  Ref.  1. 

*  H.  Lamb,  Hydrodynamics  (Dover  Pub.,  New  York,  1945).  See  also  M.  8.  Plesset,  J. 
Appl.  Mech.  16.  277  (1949). 
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^d*R  ,  3  /dR\*  _p,-Po  2<r 
df*  ^  2\dt)  “  p  pfl’ 

with  initial  conditions 


(1) 


R{Q)  =  «o ,  {dR/dt)t^  =  0. 


(2) 


Unlike  the  vapKir,  the  liquid  cannot  be  assumed  to  be  in  thermal  equilibrium. 
The  heat  problem  in  the  liquid  has  been  discussed  in  a  previous  paper,*  where 
a  solution  was  obtained  under  the  assmnption  that  significant  heat  exchange 
takes  place  only  in  a  thin  layer  of  liquid  surrounding  the  bubble  wall.  If  the 
liquid  contains  a  uniformly  distributed  heat  source  per  unit  volume  of  magnitude 
ij(0,  with  i;(0)  =  0,  the  temperature  at  the  bubble  wall  is  given  by* 


T 


R?{x)(dT/dr)r~R(.,)  , 
r  ft  Yt~ 

{£  mdy] 


(3) 


corresponding  to  an  initial  temperature  To  and  a  temperature 


r.  -  r,  +  iD/k)n(f) 


(4) 


in  the  liquid  far  from  the  bubble  wall.  Here  D  is  the  thermal  diffusivity  and  k 
the  thermal  conductivity  of  the  liquid.  The  temperature  gradient  in  the  liquid 
at  the  bubble  wall,  which  appears  in  (3),  is  obtained  from  the  boundary  condi¬ 
tion 


Aitkie{dT/dr)^M  -  (4T/3)Ld(p'/2*)/ctt,  (5) 

relating  the  heat  flow  across  the  bubble  wall  to  the  rate  of  heat  transfer  into  the 
bubble  due  to  evaporation  or  condensation,  under  the  assumption  of  thermal 
equilibrium  within  the  bubble.  L  is  the  latent  heat  of  evaporation  of  the  water 
and  p'  the  density  of  vapor  within  the  bubble. 

The  parameters  p,  a,  D,  k,  and  L  appearing  above  will  be  taken  as  constant, 
and  equal  to  their  values  at  the  initial  temperature  To .  The  vapor  density  p' 
will  be  allowed  to  vary  if  significant  temperature  variations  occur.  The  equilib¬ 
rium  vapor  pressure  p,  is  assumed  to  be  a  known  fimction  of  T. 

In  terms  of  the  constants 


where  po  >■  p\To),  we  may  define  a  set  of  dimensionless  parameters 
p  -  R*/flJ,  «  -  (a/Rt)  j[‘  dy, 

^  -  RoiPo  -  p.)/2<r,  r  -  p'(r)/p;, 

*  M.  S.  Plesset  sad  8.  A.  Zwick,  J.  Appl.  Phys.  2S.  95  (1952). 

•  See  Ref]  3,  Eq.  (20). 
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in  tenns  of  which  the  system  oi  equations  to  be  solved  becomes 


(8) 

^  -  ^T), 

(9) 

^  _  /F  .  -  ['"d(rp)/dv 

(10) 

r  -  KT). 

(11) 

The  initial  conditions  for  (8)  are 

p  “  1,  dp/du  ■■  0  for  u  —  0. 

(12) 

The  physical  quantities  we  eventually  wish  to  find  are  then  gi'^en  by 


t 


1  /“^ 
a  Jo  p*'*’ 


R(t)  -  Rop^'\ 


dR  otRo  tit  dp 
dT  “  dii’ 


T 


To  + 


d{rp)/do 
(u  —  »)* 


dv. 


(13) 


m.  The  Expanding  Bubble.  The  vapor  bubble  which  is  to  grow  in  super¬ 
heated  water  must  at  some  stage  of  the  superheat  be  in  unstable  dynamic  equilib¬ 
rium  under  the  effects  of  surface  tension,  vapor  pressure  and  external  pressure. 
Further  superheating  of  the  liquid  increases  the  vapor  pressure  in  the  bubble  and 
upsets  the  equilibrium.  We  shall  idealize  the  actual  physical  situation  by  as¬ 
suming  the  bubble  to  be  initially  in  equilibrium  in  the  shape  of  a  sphere;  then 
the  condition  for  equilibrium  at  the  time  of  release  of  the  bubble  t  =  0  is  that 
(dR/dt)o  —  (d*i2/df*)o  =  0,  and  hence  by  Eq.  (1)  that 

p,iTo)  -  Po  -  2<r/«o .  (14) 

For  a  given  initial  temperature  To  and  external  pressure  Po ,  Eq.  (14)  fixes  the 
equilibrium  radius  of  the  bubble.  By  Eq.  (7),  this  is  equivalent  to  the  condition 


^(T«)  -  -1.  (15) 

As  the  bubble  grows,  the  temperature  at  the  bubble  wall  decreases  toward  the 
boiling  point.  Inasmuch  as  ^ater  will  support  only  a  few  degrees  of  superheat 
under  ordinary  conditions,  the  temperature  variation  involved  in  the  growth  is 
small  and  an  approximate  expression  for  the  dependence  of  vapor  pressure  on 
temperature  will  sufl5ce.  For  Pe  1  atm,  a  close  fit  to  equilibrium  vapor  pressure 
data  for  water  can  be  obtained  between  100*’C  and  H0°C  by  taking 

[p,(r)  -  P«]/p  -  A(T  -  100),  (16) 


with  A  *  40,800  c.g.8.  units.  By  combining  (16)  with  (6),  (7),  (10),  and  (14) 
or  (15),  we  obtain  for  ^  the  relation 


-^(T) 


1  + 


AD  _  r  dirp)/dv  , 
RWk^  RWio  (u-v)^ 


(17) 
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The  choice  of  n(0  depends  cm  the  physical  situation  being  described,  but  in 
any  case  the  9  term  in  (17)  is  extremely  small,  and  affects  the  bubble  directly 
only  for  a  minute  portion  of  its  growth:  the  if  term  serves  to  upset  the  initial 
equilibrium.  For  a  temperature  lise  of  l^C/min  in  the  liquid,  this  term  is  of  order 
10~*,  and  it  may  be  neglected  once  the  bubble  growth  has  begun.  To  fix  the 
model,  assume  that 

(D/k)f,{t)  ~  at,  (18) 

corresponding  (cf.  Eq.  (4))  to  a  temperature  rise  of  1*C  in  (1/a)  sec  in  the  liquid 
far  from  the  bubble.  Then  from  (18),  (13), 

(AD/RWk)fiit)  ~y  ^  p-*'*  do,  (19) 

where  the  constant 

7  -  aA/Rla*.  (20) 

In  keeping  with  the  above  discussion,  (19)  may  be  approximated  by 

{ADfRWk)iiit)  -  yu.  (21) 

Because  of  the  small  temperature  range  occurring  for  the  expanding  bubble, 
we  shall  further  approximate  r  in  Eq.  (17)  by  unity,  and  write  Eq.  (17)  as* 

=  i  +  (22) 

where  p\v)  *=  dp/dv  and 

M  =  Ac/RW.  (23) 


The  system  of  equations  thus  simplifies  to 


1  d  r  7/1  .  1  .  f*  p'  dv 


p^'*  Jo  (u  —  w)* 

0,  p  <■  1  for  u  «  0. 


A  solution  to  Eq.  (24)  will  be  found  in  three  parts,  corresponding  to  three  over¬ 
lapping  phases  of  bubble  growth,  which  may  be  labeled  the  “delay  period”, 
“early  phase”,  and  “intermediate  phase”. 

Delay  Period.  Since  the  bubble  growth  starts  from  equilibrium,  put 


p  *  1  +  w{u). 


(25) 


and  assume  that  initially  w{u)  and  its  derivatives  are  small.  On  neglecting  the 


*  It  is  possible,  by  using  the  formulas  for  the  temperature  given  below  and  a  table  of 
equilibrium  vapor  pressure  values,  to  estimate  what  the  variation  in  the  dimensionless 
vapor  density  r  would  have  been,  had  it  been  allowed  to  vary,  and  to  compare  this  variation 
with  that  of  p.  It  was  found  that  the  ratio  (rVr)/(p'/p)  remains  less  than  5%  at  any  time 
for  the  situation  considered  here. 
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sec(md  or  higher  powers  of  u>,  to',  •  •  *  ,  or  products  of  such  terms,  we  may  re¬ 
write  Eq.  (24)  in  an  approximate  (linearized)  form  as 

w^(u)  —  w(u)  -  Zyu  —  3m  f  ^ 

Jo  (u-  v)*  (26) 

tc(0)  -•  ti/(0)  “  0. 

If  we  now  put 


t/(s)  *  /  e“*“io(ii)  du 
•'0 


(27) 


and  take  the  Laplace  transform  of  (26),  we  obtain  for  {/(s)  the  equation 
«V(«)  -  J/(«)  =  (Sy/s*)  -  3/isy(8)(r/s)*, 

whence 


y(«) 


37  1 

«*  «*  -  1  -1-  3m(ts)*' 


(28) 


In  order  to  match  a  later  solution,  we  shall  be  mainly  interested  in  the  asymp¬ 
totic  form  of  the  solution  of  (26)  as  tt  — »  oo ,  obtainable  from  the  expansion  of 
(28)  about  the  singularities  of  p(s).  It  is  possible  to  obtain  a  solution  to  (26)  in 
closed  form  by  the  means  described  below,  and  also  to  find  a  series  expansion  of 
w(u)  in  powers  of  u  from  a  Laurent  expansion  of  (28)  about  «  »  «>,  although 
these  will  not  be  used  here. 

The  roots  s*  =  say,  of 

«*  -I-  3m(t«)*  -  1  -  0  (29) 


correspond  to  simple  poles  of  p(s).  Eq.  (28)  may  therefore  be  expanded  in  partial 
fractions,  using  the  factors  indicated  in  (29);  for  a  given  root  «*  —  /3*,  we  obtain 
terms  of  the  form 

1  _  1  r  1  13*'*  -}-  0s*  +  80*  +  8*'* 

«*(«*-,8*)  “|3*L(«*-^)  «* 

$ 

multiplied  by  constant  complex  coefficients.  By  the  use  of  the  Laplace  inversion 
integral  it  may  be  shown  that 

+  +  «i) 

for  all  complex  0*,  and  hence  that  for 

t/4  <  I  arg  jS*  I  <  T, 

(31)  vanishes  as  «  — »  « .  It  follows  that  the  behavior  of  u>(m)  as  m  — ►  «  is  de¬ 
termined  by  the  singularities  of  ]/(«)  for  which 

I  arg  «*  I  <  t/4. 


(32) 
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Actually,  there  is  but  one  root  s*  of  (29)  satisfying  condition  (32)  for 
0  <  M  <  and  this  root  is  real. 

The  residue  of  |/(«)  at  «  —  j9  is  given  by 


or,  since  $  satisfies  (29),  by 
Hence  as  «  — » 

so  that  as  tt  — >  00 , 


h  1 

0*  20  +  (3mfV2^)’ 

{3y/^)20/iZ^  +  1). 

&Y  1 


via) 


0(30»  +  1)8-0' 


wiu) 


0(30^  +  1) 


(33) 


where,  again,  0  is  that  root  of  (29)  satisfjring  (32).  Alternatively,  Ek).  (33)  may 
be  written  in  the  form 


L  »T  J 


w  \  as  Tc  — ►  00. 


(34) 


Since  the  Laplace  transform 

LIT  -  r.l  -  .  -c(«)V.) 

is  asymptotic  to  —  c(ir/3)*i/(«)  as  «  — ►  /3,  we  have  that 

T  —  Tn  —c{t0)^w{u)  as  w  — »  00. 

Moreover,  to  the  degree  of  approximation  used  in  the  linearization, 

u-cl,  W  -  3  (I  -  l). 

From  (33),  (35),  (36),  we  thus  obtain  the  relations 

«  ~  [1+  T>^T,  + at-  3c(t0)*KR/R,)  -  1].  (37) 


(35) 


(36) 


0{30'  +  1) 
By  defining  a  time  to  by 


277/3(3/9*  +  1)  - 


(38) 


we  may  write  the  first  of  Eqs.  (37)  as 

flo  [1  +  (39) 

from  which  we  see  that  the  bubble  radius  remains  practically  equal  to  Ro  until 
the  time  t  ^  U  —  l/a0  when  it  begins  to  increase,  reaching  2Ro  at  time  to. 


314 


8.  A.  ZWICK  AND  M.  8.  PLE88ET 


TABLE  I 

Parametera  of  the  Delay  Period 


T, 

Kt 

h 

I/-S 

.01  It 

102*C 

1.56  X  10“‘  cm 

7.34  X  10-‘  sec 

5.05  X  10^  sec 

1.97*C 

7.34  X  10-*  *0 

104 

.75  X  10-» 

8.08  X  10-* 

4.48  X  10-* 

3.30 

8.08  X  10-T 

106 

.48  X  10-* 

3.09  X  10-* 

1.56  X  10-* 

3.71 

3.09  X  10-’ 

A  tabulation  of  the  significant  parameters  in  Eqs.  (37),  (39)  as  functions  of  the 
initial  temperature  Ti  will  be  found  in  Table  I,  with  the  choice  a  —  .01®C/sec. 
Because  l/a/8  <SC  <o ,  the  bubble  growth  appears  to  start  abruptly  near  t  ^  to, 
rather  than  at  the  time  of  its  release  f  —  0.  It  is  for  this  reason  that  the  interval 
of  time  0  <  t  <  to  has  been  called  a  “delay  period”.*  For  given  initial  conditions 
To,  Po,  the  duration  of  the  delay  period  is  completely  determined  by  the  choice 
of  the  constant  y,  i.e.  by  the  choice  of  the  heat  source  term  if(0. 

In  terms  of  to ,  the  last  of  Eqs.  (37)  may  be  written 

T  ^  To  +  ato(t/to)  -  3c(t/8)»  [(R/Ro)  -  1].  (40) 

It  is  evident  from  Table  I  that  the  heat  source  term  cUoit/to)  in  (40)  becomes 
n^igible  in  comparison  with  the  other  terms  near  the  end  of  the  delay  period. 
It  will  be  omitted  from  the  subsequent  development.  From  a  physical  stand¬ 
point,  this  means  that  the  observable  bubble  behavior  is  independent  of  the 
particular  conditions  initiating  its  growth. 

The  asymptotic  formulas  for  the  linearized  Eq.  (26)  presented  above  are 
accurate  over  a  range  roughly  defined  by 

u  >  1/a,  uj  1 ; 
or 

l/a/3  <t  <to-  (l/a/3). 

Because  of  the  smallness  of  y,  w(u)  increases  over  the  range  by  a  factor  of  several 
powers  of  10(»il0*). 

The  Early  Phaee.  Neglecting  the  heat  source  term  and  using  u>  —  p  —  1  as 
independent  variable,  we  may  write  Eq.  (24)  as 

l_d  _J__  r  dv  .  . 

6  dw  L  (du/dw)*  J  (1  +  wY'*  ^  Jo  [M(tij)  —  tt(w)]** 

For  small  w  this  reduces  to 

1  d_  /M"*  1  _  r  dv 

6dw\dw/  '^3*^  ^  Jo  [«(»)  — u(t>)]*’ 

which  is  satisfied  by 

u  -  (l/r)ln(C'w)  (42) 

*  The  existence  of  such  a  delay  period  is  important  for  the  macroscopic  (asymptotic) 
bubble  growth,  cf.  Ref.  (1). 
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for  arbitrary  C,  provided  that 


I 


dv 


(In  1/w)*’ 


(43) 


Since  the  integral  has  the  value  £q.  (43)  is  identical  with  Eq.  (29).  From  the 
discussion  of  the  delay  period  it  is  clear  that  of  the  various  roots  of  (43)  we  must 
choose  that  one  which  satisfies  condition  (32),  r  «  j3.  In  order  to  match  the 
previous  solution  we  must  further  set 


C  -  d(3/3*  +  1)/67 


in  (42)  (cf.  Eq.  34)). 

It  is  apparent  from  (42)  that  the  derivative  du/dto  of  the  solution  M(tr)  of 
(41)  has  a  simple  pole  at  w  —  0,  and  we  are  therefore  led  to  try  a  solution  of  the 
form 


dujdw  »  (l/$w)  [1  +  oiu>  +  Ojtc*  +  •  •  •], 


or 


1  ,  r/3(3^*  +  1)  1  ,  Oi  .  o,  ,  , 

By  substituting  (44)  into  the  integral  of  (41),  we  obtain 

/*  dv  »  /**  ^ 

k  lu(tr)  —  ti(v)]*  \ 


(44) 


'o  (tl(u>)  —  u(wi7)]* 


/3*te 


{i  (InlA)*  2^1 


Oi  /  *  (1  —  v)  dv 


(46) 


+ 


./o  (In  !/»)*  2  (In  l/p)*'* 

[*30?  f*  (1  —  v)'  dv  at  (1  —  t>*)  dt;"|  i  ,  \ 

Ls  (Inl/e)*/*  4  Jo  (In  1/p)*/*  J 

Now,  for  Re(v),  Re(\)  >  0 

*"-‘(ln  !/«)'-*  dz  -  r(r)A'.  (46) 


Consider  a  typical  integral  in  (45),  for  example  that  appearing  in  the  coefficient 
of  tp  within  the  braces, 

,  _  f‘(l  -  r)dz 
Jt  (In  l/s)*/»  • 

If  the  exponent  of  the  In  1/s  factor  were  instead  1  —  i*,  then  for  Re(v)  >  0  Eq. 
(46)  would  give  for  I 

But  it  is  readily  verified  that  both  sides  (47)  are  regular  functions  of  the  com¬ 
plex  variable  ¥  for  Re{¥)  >  —1,  the  singularity  at  p  >  0  being  only  apparent. 
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Therefore,  by  the  theory  <rf  analytic  continuation,  the  equality  (47)  remains 
valid  for  Re{v)  >  —1.  In  particular,  for  f  (47)  gives 

/  -  11  -  2')r(-j). 

The  other  int^;rals  appearing  in  (49)  may  be  similarly  evaluated. 

From  (45),  (46),  we  thus  obtain 

+  l|o?(l  -  2*'*  -  3*'*  +  4*'’)r(-i)  -  io,(l  -  3*)r(-|)lu>*  +  ••• 

By  (41),  this  must  equal 

3  _  3(1  +  .  (1  -  -  II  +  J^(7  -  6a, )1, 

+  (H  -  2^*(V  -  +  3oJ  -  2o,)lu;*  +  •• 

The  parameters  ci ,  oj ,  •  •  •  are  then  found  by  equating  the  coefficients  of  cor¬ 
responding  powers  of  w  in  (48),  (49). 

From  (13),  the  time  becomes 


^  (48) 
to* 

(49) 


_  1  i  *  u'(v)  dv 

“  ai,  (1  +  v)*i* 


(50) 


the  logarithmic  term  having  been  chosen  to  match  (34),  (36).  The  temperature 
at  the  bubble  wall  may  be  found  from  (48). 

Because  the  above  solution  depends  upon  expansions  in  powers  of  w  of  frac¬ 
tional  powers  of  1  -{-  to,  it  is  not  expected  to  be  valid  for  w  as  large  as  unity. 

Intermediate  Phase.  The  early  phase  solution  carries  the  radius  up  to  about 
twice  its  initial  value.  The  asjunptotic  solution*  becomes  valid  at  a  value  of  the 
radius  several  times  larger  th^n  this,  depending  on  the  superheat,  and  it  becomes 
necessary  to  find  a  solution  which  will  join  the  other  two.  This  “intermediate 
phase”  solution  is  conveniently  obtained  as  an  expansion  about  one  or  two 
intermediate  points  on  the  growth  curve  and  is  constructed  to  fit  smoothly  onto 
preceding  solutions.  The  asymptotic  solution  contains  an  arbitrary  parameter 
which  may  be  chosen  to  provide  a  match  between  it  and  the  intermediate  phase 
solution. 

We  have  shown  that  for  small  u,  w'(u)  =■  p'(u)  grows  exponentially.  For  large 
u,  the  asymptotic  solution  gives 

P(m)  ~  (2/irM)M*  as  «—♦<», 

so  that  p'(u)  dies  away  as  u~*.  Hence  the  derivative  must  reach  a  maximum  in 
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the  course  of  bubble  growth,  and  the  function  p(u)  must  pass  through  a  point 
of  inflection.  We  shall  obtain  an  intermediate  solution  in  the  form  of  an  expan¬ 
sion  of  p(u)  about  the  point  u  —  uo  defined  by 

P^(uo)  -  0.  (51) 

Since  the  early  phase  solution  is  not  expected  to  be  accurate  at  this  point,  the 
actual  value  of  u*  or  p(tto)  is  unknown.  In  order  to  determine  these  quantities, 
we  require  that  the  intermediate  solution  and  its  derivative  shall  coincide  with 
values  obtained  from  the  early  phase  solution  at  a  point  u  Ui,  where  that 
solution  is  accurate. 

The  differential  equation  (24)  (with  the  heat  source  term  omitted)  may  be 
written 


1  7  /*  3  r,  1  /■“  p’iv)  dvl 

pp  +h> 


Assume  that  p"  (u)  has  an  expansion  about  Uo 

P*'(Wo  +  *)  =“  Ct?  +  +  CsZ*  +  •  •  •  , 

so  that  p'(wo  +  z)  =  Po  +  iciz*  -1-  Jcjz*  +  •  •  •  , 

p(n«  +  z)  “  Po  +  Poz  -1-  ici2*  +  •  •  •  , 

where 

Po  =  p'itto),  Po  =  p(no). 

Now,  the  integral  in  (52),  evaluated  at  u  4-  z,  may  be  written 


i’ 


p'jv)  dv 

(ti  4-  z  —  »)* 


f  -v)^+  f . 

jk-o  k\  Jq  Jo  \U  ^  z  — 


(53) 


(54) 


valid  for  sufficiently  small  z.  But  for  small  z,  p'(z)  0,  so  that  when  (54)  is 

valid,  the  last  inte^pral  in  (54)  ys  negligible.  Thus  for  u  »  tio ,  (54)  gives 


i 


p'(t;)  dv  ,  r  ^ 


say,  where 


U 


I 


“•  p<*'*'^^(t;)  dv 


(55) 


(56) 


(tio  -  w)*  ‘ 

With  the  aid  of  (53),  (55),  we  are  now  able  to  write  an  expansion  of  (52)  about 
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(57) 


.  r*  dV 

Jut  (th  —  v)*  ’ 


u  »  ti« .  By  equating  the  coefficients  of  powers  (rf  2  in  this  expansion,  we  obtain 
a  set  of  relations 

“  ^ioTi  ^  Cl  —  pwi  ^  “  3m(/i  — 

13  .  I  ri4  ,  20  ,  „  /K  4,  .14,,.,1 

-g^ix  +  Cl  -  l^gX  3pi/i*  ^**^2^*  g^j/i  +  g  X /o)l  J , 

-{-  c.  -  A/_  +  ^^)-hJ-  (220/  .  AcA 

^  *  p7/»\  \81  ^9  p/^p''*\81  ^18  p/ 

fl,  2  ,  .  14  1,  /140  I  .  2  ci\  ,  1\ 

'*[0^*  3^^*“^  9*^*  \81*  ■*"9p/^®J/’ ’ 

where  we  have  written 

p  for  po  >  and  x  for  po/po  •  (58) 

The  differential  equation  is  satisfied  (in  principle)  by  Eqs.  (57);  there  remains 
the  problem  <ff  matching  with  the  earlier  solution.  Therefore,  suppose  the  solu¬ 
tion  to  (52)  to  be  known  for  u  ^  Ui ,  where  Ui  <  uo.  Put 

,  /“?“■"%)  dr  ,  r-.  «<*+»/ 

“  i,  (uo  -  r)*  ’ 

so  that 

/*“«/*  +  Lk 

in  (56),  and  set 

6  —  Uo  —  Ml,  {  —  Mo  —  r. 

Then  in  Lo  ,  for  instance,  by  (53), 

p'(v)  -  p'(mo  -  {)  -  px  +  ic/  -  icf*  +  W  +  •  •  •  , 

giving 

^■y..  (<^  +  10'''  ■n'’*  +3«'’*  +''7- 

Thus,  h  ~  <^o(j)  +  i^(j)  may  be  found  fnxn  p,  x,  Ci ,  Ct ,  c* ,  *  *  ■  if  5  is  given, 
since  then  j 

j(5)  _  p'(r)dr 

is  known.  In  a  similar  manner,  we  obtain 

/o  ■*  Jt(h)  +  2i*(p*  d"  +  •  *  ■)> 

h  -  /i(«)  +  2«‘(-ici«  +  W*  -  W  +  •  •  •), 

It  *  Jt(f)  +  2i*(ci  —  ^Cii  +  fcii*  +  •  •  •)» 

It  -  Jt(6)  +  2«‘(2c  -  2c«  -H  .  •  •), 


(59) 

(60) 
(61) 


(62) 


DYNAMICS  or  VAPOR  BUBBLES  IN  UQUIDS 


319 


It  can  be  shown  that  the  functions  Jk(,S)  satisfy  an  approximate  relation 

MzO  «  Mz,)  -  izi  -  zo)  (63) 

Since  in  the  delay  period  or  early  phase  p^*'*'*’  -<  p^\  we  conclude  that  y*(j)  is 
a  slowly  varying  function  of  j. 

Assuming  that  the  contributions  to  h,Ii,  It,  It  from  higher  powers  of  S  than 
those  written  in  (62)  may  be  neglected,  we  terminate  the  expansions  as  written 
and  substitute  them  into  (57).  Together  with  the  conditions 

p'(vi)  =  px  +  icii*  —  icji*  +  ici4*, 

(53^) 

p(mi)  «=  p  -  pxa  —  iciS*  +  tW*  —  sW*. 

from  (53),  the  equations  (57)  constitute  a  S}r8tem  of  six  simultaneous  (non¬ 
linear)  equations  for  the  six  unknowns  p,  x,  Ci,  ct,  Ct,  S.  Inasmuch  as  one  and 
only  one  point  of  inflection  of  p(u)  is  known  to  exist  (from  physical  considera¬ 
tions),  these  equations  have  a  unique  solution. 


Fio.  1.  Theoretical  radius  vs.  time  curve  for  the  growth  of  a  spherical  vapor  bubble  in 
water  at  1  atm  external  pressure,  superheated  to  103°C.  The  bubble  is  originally  (at  time 
i  7  0)  in  imstable  equilibrium.  The  growth  is  initiated  by  the  introduction  of  a  uniform 
heat  source  in  the  liquid  (e.g.  by  irradiation),  such  as  to  produce  a  temperature  rise  in  the 
liquid  of  I'C  in  100  sec. 
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Fig.  2.  Radial  velocity  vs.  time  curve  for  the  vapor  bubble  described  in  Fig.  1. 

The  solution  of  Ekjs.  (57),  (53')  was  accomplished  by  a  combination  iteration 
and  weighted  mean  procedure.  The  method  is  discussed  in  Appendix  I.  Use  was 
made  of  relation  (63)  in  the  evaluation  of  the  Jk  integrals.  Having  obtained  the 
solution  to  (57),  (53'),  we  are  able  to  write  down  the  desired  intermediate  phase 
expansions. 

It  should  be  noted  that  because  of  the  definitions  of  u  and  p,  the  maximum 
radial  velocity  dR/dt  of  the  bubble  wall  does  not  occur  at  the  same  value  of  u 
(or  0  as  the  maximum  value  of  p'(ti).  The  discrepancy  is  not  great  for  small  super¬ 
heats,  but  for  larger  superheats  the  point  defined  by  <fR/d^  0  moves  onto 
the  asymptotic  end  of  the  p(u)  curve. 

Sdhition  for  the  Expanding^  Bubble.  The  results  of  the  above  theory  for  initial 
temperature  To  ~  lOS^’C  and  external  pressure  Po  »  1  atm  have  been  plotted 
in  Figs.  1,  2,  3.  The  bubble  was  taken  to  be  in  equilibrium  at  time  f  »  0,  when 
the  distributed  heat  source  fi(t)  is  introduced;  ri(t)  was  arbitrarily  chosen  to 
produce  a  temperature  rise  of  1**C  in  100  sec  in  the  liquid  far  from  the  bubble. 
The  initial  radius  Ro  of  the  vapor  bubble  for  To  —  103®C  is  1.02  X  10“*  cm. 

The  divisi<Mi  between  the  phases  of  growth  is  most  clearly  seen  in  Fig.  2, 
which  gives  the  radial  velocity  dR/dt  of  the  bubble  wall  as  a  function  of  time. 
The  delay  period  and  early  phase  cover  the  curve  fr(»n  f  >  0  to  the  knee  of  the 
ciuwe  (at  about  t  »  .15  milhsec).  The  asymptotic  solution  (treated  in  Ref.  1) 
starts  just  beyond  the  maximum  (at  about  f  »  .25  millisec). 

• 

IV.  The  Collapsing  Bubble.  Because  of  the  large  temperature  variations 
which  occur  within  the  bubble  which  collapses  in  water  below  the  boiling  temper- 
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Fio.  3.  The  temperature  at  the  bubble  wall  for  the  vapor  bubble  of  Fig.  1  is  shown  as  a 
function  of  time.  The  temperature  in  the  liquid  at  a  large  distance  from  the  bubble  remains 
essentially  constant  at  lOS’C. 


ature,  a  simple  anal)rtic  expression  for  the  vapor  pressure  or  vapor  density  vari¬ 
ations  cannot  be  found.  If  we  take  our  data  from  equilibrium  vapor  pressure 
tables,  we  commit  ourselves  from  the  beginning  to  a  numerical  treatment  of  the 
problem. 

The  system  of  equations  to  be  solved,  Eqs.  (8)  through  (12),  is  imchanged. 
In  this  case,  however,  the  vapor  pressure  at  the  initial  temperature  To  is  less 
than  the  external  pressure,  and  initial  conditions  of  dynamic  equilibrium  cannot 
prevail.  There  is  therefore  no  need  to  retain  the  heat  source  term,  and  we  shall 
put  iiit)  »  0  in  (10).  We  continue  to  assume  that  initially  the  vapor  bubble  and 
surrounding  fluid  are  in  thermal  equilibrium  at  temperature  To . 

It  is  convenient  to  transform  the  temperature  equation.  Define 


T-  To, 

so  that  Eq.  (10)  becomes 

<«) 

If  we  multiply  (65)  by  l/(z  —  m)*  and  integrate  it  from  t*  —  0  to  z,  we  obtain 


(64) 


/■*  $(u)  du 


.  f'/. 


■?)' 


r 


du 


(a.B\ 
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after  a  change  in  the  order  of  integration.  Inasmuch  as 

f*  du  _  dx  _ 

J,  (z  —  u)*(u  —  w)*  Jt  x*(l  —  *)*  ** 

(66)  then  gives 


/  •  e  du 
h  (z  —  u)* 


-re(rp  —  1), 


or,  after  an  integration  by  parts, 

r(u)p(u)  -  1  -  (2/tc)  ^  e'ivXu  -  v)*  do, 

where  we  have  used  9(0)  —  0. 

The  S3rstem  of  equations  to  be  solved  becomes 


rp  —  1  —  —  f  9'(tt  —  !>)*  dv,  r  —  r(9); 
ire  Jo 


(67) 


(68) 


p(0)  =  1,  p'(0)  -  0,  9(0)  -  0. 

The  system  (68)  was  solved  niunerically  for  initial  temperature  To  22^*0, 
external  pressure  Po  »  .544  atm,  and  initial  bubble  radius  (^diich  is  imdetermined 
for  the  collapsing  bubble)  Ro  ^  25  cm.  The  method  of  solution  is  given  in  Ap¬ 
pendix  II.  The  particular  initial  data  chosen  here  correspond  to  values  which 
have  been  obtained  experimentally.* 

Although  the  temperature  effects  become  significant  dining  the  collapse,  the 
d3mamics  of  the  bubble  collapse  differ  very  Uttle  from  the  Rayleigh  solution  of 
the  problem*  over  most  oi  the  collapse.  The  Rayleigh  solution,  which  neglects 
heat  transfer  effects  is  readily  obtained  frixn  (68)  under  the  assumption  that  ^ 
is  constant,  and  equal  to  ^(T«).  We  have 


5  ^  ■'’’"'’"I  +  +  ♦•  -  0.  iKO)  -  1,  p'(0)  -  0. 

which  yields  *  . 

ip^'Y  -  ^(1  -  P)  +  1(1  -  P*'*)  (69) 

on  integration.  Since  is  much  larger  than  |(^  ^  10*)  (69)  may  be  approx¬ 
imated  by 

ip’V  -  ♦.(!  -  P),  or  p'  -  -(6*,)‘p'’'‘(l  -  P)*,  (70) 

where  the  negative  square  root  of  p'’  must  be  chosen  to  correspond  to  the  col- 
lapsing  bubble.  From  (13) 

dp/dt  -  ap*'*p\ 

*  M.  8.  Pleaset,  J.  Appl.  Mech.  16.  277  (1949). 

*  Rayleigh,  Phil.  Mag.  84,  94  (1917). 
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SO  that  by  Eq.  (70), 


which  yields 


-  -«{6p,)V'‘(l  -  p)*. 


t 


1  /•*  p"*'*  dp 

(1  — 


(1  —  p)*" 

The  time  corresponding  to  the  full  system  (68)  was  found  by  a  numerical  in- 
t^;ration  of  the  relation 


i-l/ai  p~*'*do, 
Jo 


using  the  values  of  p  obtained  from  the  numerical  solution  of  (68). 

A  comparison  of  the  two  solutions  for  the  collapsing  bubble  is  given  in  Fig.  4. 
The  magnitude  of  radial  velocity  of  the  bubble  wall  obtained  from  the  numerical 


t  -  MILLISECONDS 


Fio.  4.  The  radius  vs.  time  curve  predicted  for  the  collapsing  bubble  by  the  theory  de¬ 
veloped  in  the  text  (solid  curve  in  the  figure)  is  compared  with  that  predicted  by  the  Ray¬ 
leigh  theory  (dashed  curve).  The  vapor  bubble  considered  has  an  initial  radius  of  0.25  cm; 
it  collapses  in  water  at  22*C  with  an  external  pressure  of  0.544  atm. 
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Fia.  5.  The  magnitude  of  the  radial  velocity  for  the  coHapeing  vapor  bubble  of  Fig.  4 
ie  plotted  as  a  function  of  time. 

solution  is  plotted  in  Fig.  5,  and  the  corresponding  temperature  at  the  bubble 
wall  in  Fig.  6. 

The  numerical  solution  was  not  carried  out  farther  than  shown  in  Figs.  5,  6. 
In  the  first  place,  the  large  temperature  variations  make  the  assumption  of  the 
constancy  of  the  parameters  p,  a,  D,  A;,  •••  relating  to. the  fluid  untenable. 
Secondly,  the  assumption  of  thermal  and  dynamic  equilibrium  within  the  bubble 
and  incompressibility  in  the  fluid  break  down  when  the  bubble  wall  velocity 
becomes  c(nnparable  with  sonic  velocity  in  the  fluid  or  vapor.  A  correction  to  the 
equation  of  motion  of  a  spherical  bubble  in  a  liquid  which  takes  compressibility 
into  account  has  been  given  by  Gilmore,*  who  made  use  of  the  Kirkwood-Bethe 
hjrpothesis. 

Perhaps  the  most  significant  error  in  the  above  theory  lies  in  the  fact  that  the 
spherical  shape  is  unstable  for  rapidly  collapsing  bubbles  near  the  end  of  their 
collapse.^  It  would  therefore  be  meaningless  to  carry  the  numerical  solution 
further,  even  if  the  problems  mentioned  above  could  be  handled. 

*  F.  R.  Gilmore,  RepoK  26-4,  Hydrodynamics  Lab.,  CIT,  .\pril  1952. 

’  M.  8.  Plesset,  J.  Appl.  Phys.  M,  96  (1954). 
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Fio.  6.  The  temperature  at  the  bubble  wall  is  shown  as  a  function  of  time.  The  temper¬ 
ature  in  the  liquid  far  from  the  bubble  remains  at  22‘‘C. 

V.  Conclusion.  The  theory  presented  here  covers  bubble  behavior  not  yet 
accessible  to  observation.  For  this  reason,  a  full  tabulation  of  numerical  results 
for  various  initial  conditions  has  not  been  given.  The  validity  of  the  theory  can 
only  be  inferred  from  observations  made  on  bubbles  which  have  grown  in  super¬ 
heated  water  to  an  observable  size,  where  the  as}nnptotic  solution  to  the  equa¬ 
tions  of  bubble  growth  applies  (cf.  Ref.  1).  The  agreement  for  this  range  is  quite 
good. 

Appendix  I.  Iteration  with  Weighted  Mean.  The  method  presented  here  was 
designed  to  solve  a  system  of  nonlinear  simultaneous  equations  for  which  a  fair 
estimate  of  the  solution  is  known,  and  the  calculations  involved  are  lengthy. 
It  is  based  essentially  on  linear  interpolation  (or  extrapolation).  When  the  cal¬ 
culations  are  simple,  methods  based  on  parabolic  interpolation  may  prove  more 
useful. 

Consider  a  set  of  simultaneous  equations  of  the  form  (or  which  can  be  thrown 
into  the  form) 


Xi  -  ^.(xi .  •  •  •  ,  X,), 


i  -  1,  •••  ,  n. 
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to  be  solved  by  an  iteration  procedure,  (1) 

Let  Xi*’  be  a  first  estimate  of  the  solutions,  and  x<*  —  the  iterated  second 

estimate.  Define  the  partial  differences 


A0, 

Axj 


^.(xi”. 


.(») 


,(»  ..<1) 


f  ^y— 1 1  t  ^y+i  f  "  *  *  >  ) 

_(« _  _(»  1 
Xy  —  Xy 


(2) 


and  in  terms  of  them  the  matrices 


o<y  "  5.y  “  ffij- 


Then  the  estimate 


Xt”  “  S/*-!  [«<yXy**  +  /3yyXy*^] 


is  accurate  to  twice  as  many  significant  figures  as  or  Xy’\ 
To  prove  the  statement,  suppose  that 


(4) 


X.  -  «.•  (5) 

are  the  required  solutions  of  (1),  and  that 

xi*’  -  Jy  +  «y  (6) 

are  the  first  estimates.  Here  the  «  represent  the  errors  in  xy‘\  Under  the  itera¬ 
tion  procedure,  the  next  estimate  will  then  be 

Xy”  =  0.(x^”)  "  ^y(€  -1-  «) 

=  ^♦(f)  +  Xy^»/^Xytt)ey  -|-  0(«*); 

or,  since  by  assumption 

^♦({)  “  {•»  Xy”  *  €•  +  2Zy  ^»/5Xy({)«y  -f  0(e*).  (7) 

We  wish  to  form  a  set  of  weighted  means 

x<*^  “  Sy  («.yXy‘’  +  /SyyXy”)  (8) 

which  differ  from  the  {y  only  in  0(«*).  From  (6),  (7)  we  find  that 

Xy”  “  +  «y]  +  /3yy({y  +  JZ*  ^y/5x*tt)«»]|  +  0(€*) 

(9) 

“  («*y  +  ^<y)€y  +  («a  +  ^y  j8yy^y/dx*)«*  +  0(**). 

The  error  in  x  y”  will  thus  be  of  order  <*  if 

«yy  -f*  $tj  “  iii,  aa  +  ^y/9<y(^y/dx*)({)  “  0.  (10) 

On  eliminating  ayy  from  Eqs.  (10),  we  obtain 

4y*  ■■  /3«  —  £y/3<y^i/3x*  —  —  d^j/dxi,), 
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SO  that  unless  the  determinant  |  iy*  —  (d^y/dXi)({)  |  vanishes,  the  do  are  given 
by  the  matrix  reciprocal  to  i<y  —  d^ifdxj : 

do  “  [«o  -  (a0,/axy)(f)r‘.  (11) 


If  the  d^i/dXj(i)  are  known,  then  the  do  are  given  by  (11),  the  a.y  by  the 
first  of  Eqs.  (10),  and  the  mean  estimate  x,-”  by  (8).  The  error  in  the  xy®  is  of 
order  t  by  construction.  It  may  be  noted  that  this  result  does  not  depend  upon 
convergence  of  the  iteration  procedure  in  (1). 

In  genera],  the  d0,/3xy(f)  are  not  known  if  the  are  not  known.  These  may 
be  approximated,  however,  by  the  values  of  the  partial  differences  A^y/Axy 
defined  by  Eq.  (2),  without  affecting  the  order  of  the  error  in  the  xy®.  For,  from 
(2). 


^y 

AXy 


dXy 


(x‘®)  +  -  xj®) 


dxj  dXj 


w")  + 


^(f)+0(.).  (12) 

vXj 


We  now  define 


and  put 


«<>  ^  dii  ~  do  •  (14) 

This  means  that  a.y  +  do  dyy  as  in  Eq.  (10),  while 

a%k  +  0ijd^j/dXk(i)  =  0(«). 

But  this  last  error  affects  the  xy®  only  in  order  c^  according  to  Eq.  (9),  and  thus 
does  not  change  the  order  of  the  error  in  the  mean  estimate.* 

The  proof  breaks  down  formally  when  the  determinant  A  ^  |  jyy  —  d0y/dxy(O  | 
vanishes.  In  this  case  the  system  (1)  may  not  have  a  unique  solution.  For,  set 

if'iiXi  ,  *  *  *  ,  X»)  *  Xy  ~  ^y(Xi  ,  •  *  •  ,  Xn)}  (Ifi) 

then  A  represents  the  Jacobian  of  the  transformation  of  variables 

^,(xi ,  •  •  •  ,  X,)  “  n.  (16) 

from  Xy  to  tii ,  evaluated  at  the  point  rn  «  0.  The  vanishing  of  the  Jacobian 
signifies,  in  general,  the  existence  of  a  family  of  solutions  (depending  upon  one 
or  more  parameters)  which  passes  through  if,  »  0,  and  correspondingly,  unique 
solutions  to  (1)  cannot  exist.  If  it  should  happen  that  A  »  0  defines  an  isolated 
singular  point,  then  it  can  be  shown  that  the  weighted  mean  procedure  based 
on  the  A^y/Axy  (for  which  d^y  still  exists)  will  converge  to  that  point;  however, 
the  convergence  in  this  case  goes  as  0(e),  not  0(e*),  and  the  method  becomes 
unsuited  for  numerical  computation. 

*  Clearly,  an  equally  good  estimate  for  the  d^y/dxy({)  would  be  the  d^y/dzy  evaluated 
at  zl'*  or  zl*’  if  these  are  readily  obtainable,  the  convergence  being  relatively  insensitive 
to  the  choice  of  fin  provided  ay/  +  fin  ~  iy/ . 
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Appendix  n.  Numerical  Solution  for  the  Collapsing  Bubble.  The  system  (68) 
may  be  written 

+  +  +  ♦]-«. 

rp  -  1  *  (2/irc)  i  e'(v)(u  -  v)*  dv,  r  -  r(ff).  (3),  (4) 

•0 

In  order  to  obtain  a  scheme  for  numerical  integration  of  the  syetem,  we  first 
subdivide  the  range  of  values  of  u  into  intervals  defined  by  the  points 

0  =*  Uo  <  Ml  <  •  •  •  <  M*  <  •  •  •  <  u,  <  •  •  •  .  (5) 


The  intervals  corresponding  to  (5)  are  in  general  not  equal,  but  chosen  as  the 
integration  proceeds. 

For  convenience,  write 

U,+i  -  Un  m  h,  (6) 

and  assume  that  pt  *■  p(m*),  $m  ^(uk),  r*  «  r(0k),  -  ^(0k)  are  known  for 

0  ^  k  ^  n. 

If  the  interval  Ut+i  —  u*  is  sufiSciently  short,  S'(u)  within  the  interval  may  be 
approximated  by 


_  _  ^k+l  “  Ok 
m*  “  - 

M*+l  -  M* 

The  integral  in  (3)  evaluated  at  the  point  u  — 


(7) 


Un+i  may  then  be  estimated  as 


^••+1  *  /•**+> 

/  ^(t>)(u,+i  —  vr  dv  2^  lUk  I  (u,+i  —  »)*  dv 

-  §  X  Wt*I(u,H-l  -  «*)*^*  —  (“»+l  — 


Define 


/o  -  0 

/«  -  .5^  £  m*[(M,+i  —  ut)*'!  —  (Un+l  — 

3rC  k-o 

Then  with  the  use  of  (6)  and  (7),  Eq.  (3)  at  u  >■  u».|.i  becomes 

Tii-t-lPii-t-l  —  1  *  /•  +  (4h^/3wc)(0n+l  ~~  On).  (9) 

The  value  of  Vn+i  in  (9)  may  be  estimated  in  terms  of  On+i  by  an  expansion  of 
r  about  a  value  0  ^  0  near  which  uses  equilibrium  vapor  pressure  data,* 
say 

r»+i  "  ^(^n+i)  "  ^(1  +  —  d)  +  hi(0n+i  —  J)*  +  ••  •].  (10) 

*  The  obvious  choice  for  the  first  few  steps  of  integration  is  7  —  0,  so  that  f  ~  1  initially. 
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We  thus  obtain  for  (9)  the  equation 

Pii+i^[l  +  *“‘^)  +  6*(®ii+i  —  ®)*  +  •••] 

-  1  +  /,  +  (4/iV3irc)[(tf,+i  -  d)  -  (e,  -  e)]. 


in  which  the  only  unknowns  are  and  pn+i .  Eq.  (11)  is  most  easily  solved 
for  6n+i  by  an  iteration  procedure  based  on  the  equation 

p^lf  (Bn  -  e)  -  In  -  I 

(OnH  -e)~  -j - ^ -  .  (12) 

5 - P1.+1  ^[61  +  6i(^i«+i  —  d)  +  •  •  *1 


To  obtain  pn+i ,  we  use  the  differential  equation  (1).  At  each  point  u  »  u. , 
make  the  approximations 


Under  these  approximations,  the  formula 

p(«)  =■  p,  +  (m  —  «,)p',  +  i(w  —  u»)*p» 
is  exact  for  u  =»  m,_i  ,  u, ,  Un+i .  If  u,  —  »  Un+i  —  Un{^h),  (13)  gives 


PiM-l  ~  Po-l 
2h 


Pn+l  -  2p,  +  Pn-l 


(14) 


so  that  the  differential  equation  at  u  —  u»  is  approximated  by  the  difference 
equation 

P*+i  4-  (Vp-  -  2p_ijp,+i 

+  [(pl-i  ~  Vp*  +  Vp»Pi»-i)  +  72A*/7p»*(p»‘^*  +  ^«)1  »■  0. 

Given  9. ,  Eq.  (15)  may  be  solved  for  the  positive  root  p,+i ,  «  ^(^a)  being 

obtainable  from  equilibrium  vapor  pressure  data. 

In  order  to  keep  the  differences  in  p  and  d  small  and  ensure  that  a  positive 
root  pa+i  of  the  difference  equation  exists,  it  becomes  necessary  to  decrease  h  as 
the  numerical  int^ration  proceeds.  At  the  step  where  a  new  value  of  A  is  intro¬ 
duced,  the  approximations  (13)  rather  than  (14)  must  be  used.  The  difference 
equation  which  applies  at  that  step  is  not  (15),  therefore,  but  one  obtainable 
from  (13). 

To  start  the  integration,  a  fictitious  point  u-i  »  —  ui  is  used.  Corresponding 
to  the  initial  conditions  p'(0)  »  0  and  the  approximation  (14),  we  must  then 
choose  p_i  «  Pi .  Since  po  ■>  1,  the  difference  equation  (15)  forn  —  0  simplifies 
to  the  linear  equation 

Pi  =  1  —  |A*(1  +  ^)  (16) 
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where  ^  «  ^($o)  **  ^(0).  The  temperature  equation  (12)  becomes 


I 


_ Pi  -  1 _ 

(4h*/3rc)  —  pi(hi  4*  +  •  •  •) 


(17) 


for  n  *=  0,  since  /o  “  ®  **  0,  f  1.  For  sufficiently  small  h,  (17)  may  be 

approximated  by 


Oi 


Pi  —  1 

(4AV3tc)  -  6i‘ 


(18) 


It  should  be  noted  that  *  *  *  depend  on  6,  and  change  with  each  new 

expansion  of  r{8).  Because  these  parameters,  as  well  as  h,  may  be  constant  over 
several  integration  steps,  we  have  not  given  them  indices  which  depend  on 
u  (i.e.  on  n). 
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A  GENERAL  THEORY  OF  WIDEBAND  MATCHING  WITH  DISSIPA¬ 
TIVE  4  POLES* 

Bt  R.  LARosAf  AND  Herbert  J.  Carlin 

1.  Introduction.  If  a  load  impedance  is  specified  it  is  always  possible  to  intro¬ 
duce  a  dissipative  network  in  front  of  this  load  so  that  the  input  is  matched  to 
any  prescribed  tolerance  over  any  prescribed  bandwidth.  This  matching  can  in 
fact  generally  be  accomplished  with  a  purely  shunt  or  series  connected  two  termi¬ 
nal  network  (one-port).  However  the  matching  problem  takes  on  a  much  higher 
degree  of  difficulty  if  the  insertion  loss  of  the  matching  network  is  taken  into 
account.  If  the  matching  network  is  optimized  with  respect  to  insertion  loss, 
then  this  network  must  in  general  be  a  two-terminal  pair  structure  (two-port). 
This  paper  determines  the  insertion  loss  limitations  for  a  prescribed  bandwidth 
on  such  matching  two-ports  and  shows  how  the  results  may  be  used  for  synthe¬ 
sizing  optimum  networks. 

The  general  approach  to  the  solution  of  this  problem  is  to  first  determine  the 
way  in  which  conditions  of  physical  realizability  limit  the  performance  of  any 
matching  network  without  reference  to  the  particular  load  si)ecified  in  the  prob¬ 
lem.  Next,  the  special  limitations  imposed  by  the  particular  load  on  the  per¬ 
formance  of  the  matching  network  are  determined.  It  is  shown  that  these  special 
limitations  are  associated  with  the  complex  zeros  of  a  transmission  function 
which  is  defined  when  the  load  is  represented  as  a  reactance  2-port  terminated 
in  a  unit  resistance.* 

An  important  consideration  in  this  study  is  the  choice  of  an  appropriate  set 
of  functions  which  linearly  relate  excitation  and  response  in  the  networks  under 
study.  Both  the  tolerance  on  mismatch  and  the  power  transfer  to  the  load  are 
directly  expressed  as  amplitudes  of  network  scattering  functions.*  It  can  in  fact 
be  stated  that  the  scattering  coefficient  formalism  is  a  key  to  the  solution  of  the 
entire  problem,  and  the  restrictions  on  physical  realizability  expressed  in  terms 
of  the  scattering  matrix*  provide  the  required  tool  for  obtaining  explicit  results. 
It  is  doubtful  whether  an  impedance  or  admittance  formulation  could  have  led 
to  useful  conclusions. 

The  simplicity  of  the  scattering  coefficient  formalism  makes  it  possible  to 
predict  the  power  transmission  and  matching  performance  of  the  most  efficient, 
or  optimum,  matching  network  without  the  labor  of  designing  the  network  in 
detail.  From  this  it  is  possible  to  make  general  statements  concerning  the  rela¬ 
tive  merits  of  lossless  and  dissipative  matching  networks. 

*  This  paper  contains  a  portion  of  the  Dissertation  for  the  Degree  of  Doctor  of  Elec¬ 
trical  Engineering,  “Broadband  Dissipative  Matching  Networks”  by  R.  LaRosa,  June, 
1953.  The  work  reported  was  sponsored  by  the  Office  of  Naval  Research  under  Contract 
No.  N0nr-292(00). 

t  Formerly  at  Microwave  Research  Institute  of  Polytechnic  Institute  of  Brooklyn. 
Now  at  Hazeltine  Electronics  Corporation. 
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2.  Statement  of  the  Problem.  A  generator  whose  internal  impedance  is  a 
pure  resistance  and  an  arbitrary  load  are  given.  The  impedance  of  the  load 
normalized  to  the  resistance  of  the  generator  is  Z(p)  where  p  is  the  complex 
frequency  variable  <r  +  ju.  The  ju  axis  of  the  p  plane  corresponds  to  steady-state 
sinusoidal  waves. 

A  matching  network  is  used  to  transmit  power  from  the  generator  to  the  load. 
The  fimction  P(u)  is  the  power  dissipated  in  the  load  normalized  to  the  available 
power  of  the  generator.  The  normalized  system  is  shown  in  Fig.  1. 

The  impedance  mismatch  at  the  generator  terminals  is  best  specified  by  the 
voltage  reflection  coefficient  Su(j>)  which  is  related  to  the  normalized  input 
impedance  of  the  matching  network  by 


5u(p) 


Zinip)  -  1 
^inip)  +  1 


(1) 


The  magnitude  of  this  function  for  steady-state  sinusoidal  excitation  is  of 
interest  in  many  engineering  problems. 

Lossless  matching  networks  are  desirable  for  many  applications  because  they 
permit  all  the  power,  except  that  which  is  reflected  back  toward  the  generator, 
to  be  transmitted  to  the  load.  That  is,  a  lossless  matching  network  is  charac¬ 
terized  by  the  relation 

P(«)  -  1  -  I  S„0«)  1*  (2) 

If  the  reflection  coefficient  is  kept  small  over  the  frequency  range  of  interest, 
P(u)  will  be  nearly  the  total  available  power  of  the  generator.  Over  any  given 
frequency  range,  however,  |  Su(j<^)  |  cannot  be  made  arbitrarily  small  by  means 
of  a  lossless  matching  network.  The  limitations  on  the  performance  of  lossless 
matching  networks  were  first  investigated  by  Bode  (Ref.  1)  for  simple  load 
impedances.  Fano  (Ref.  2,  3)  later  extended  the  analysis  to  the  most  general 
load  impedance. 

There  are  at  least  three  reasons  why  lossy  matching  networks  may  be  better 
than  lossless  matching  networks  in  specific  applications.  First,  a  lossless  match¬ 
ing  network  may  not  be  able  to  provide  the  desired  small  |  Sii(ju)  |  over  the 
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required  frequency  range.  Second,  P(cd)  and  |  Suijai)  \  are  not  independently 
controlled  by  means  of  a  lossless  matching  network.  This  means,  for  example, 
that  if  P(u)  is  to  be  decreased  in  some  frequency  range  for  attenuation  equaliza¬ 
tion  purposes,  the  reflection  coefficient  Sniju)  must  automatically  increase  in 
magnitude  in  accordance  with  equation  (2).  Third,  a  dissipative  matching  net¬ 
work  might  have  a  simpler  form  than  a  lossless  network  providing  the  same 
quality  of  match.  In  some  cases,  the  increased  simplicity  is  an  advantage  which 
offsets  the  slight  waste  of  power  in  the  lossy  matching  network. 

In  this  paper  theoretical  limitations  will  be  determined  which  relate  |  Suiju)  \ 
and  P{u)  to  the  given  load  impedance  when  the  matching  network  is  composed 
of  lumped  inductors,  capacitors,  resistors,  and  ideal  transformers  connected  in 
any  fashion  without  regard  to  complexity. 

3.  Darlington  Representation  of  Zip).  According  to  Darlington  (Ref.  4)  the 
load  impedance  Zip)  may  be  represented  by  the  lossless  2-port  (two-terminal- 
pair  network)  shown  in  Fig.  2  terminated  in  one  ohm.  This  2-port  (labelled  E 

GENERAL  LOAD 


I 


Fio.  2 


for  identification  purposes)  is  completely  specified  by  a  set  of  three  parameters 
called  a  scattering  matrix. 


~Euip)  Eaip)~ 
_Eaip)  Enip)_ 


(3) 


The  fimction  Euip)  ic  the  input  voltage  reflection  coefficient  when  the  output 
port  is  terminated  on  one-ohm.  This  function  is  determined  by  the  given  load 
impedance  according  to 


Euip) 


Zip)  -  1 

Zip)  1 


(4) 


The  function  Euip)  ^  the  voltage  transmission  coefficient  and  is  the  voltage 
appearing  across  a  one-ohm  termination  when  a  two-volt,  one-<ffim  generator  is 
connected  to  the  opposite  end  of  the  network.  The  magnitude  of  this  transfer 
function  is  uniquely  determined  by  the  given  load  impedance  because  of  the 
relation 


1  Euiju>)  I*  +  I  Euijw)  1*  -  1 


(5) 
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which  comes  from  the  requirement  that  the  scattering  matrix  of  a  lossless  net¬ 
work  must  be  unitary  for  all  pure  imaginary  values  of  p.  (Ref.  5) 

The  function  £u(p)  is  not  uniquely  determined  by  a  knowledge  of  the  magni¬ 
tude  on  the  j<j)  axis,  but  it  is  known  from  realizability  criteria  (Ref.  5)  that  the 
poles  of  any  scattering  function  must  lie  in  the  interior  o(  the  left-hand  half  of 
the  p-plane  and  that  the  transfer  function  of  a  lossless  network  may  not  have 
zeros  in  the  interior  of  the  left-hand  half-plane  unless  they  are  paired  with  cor¬ 
responding  right-hand  zeros.  (Ref.  7)  All  poles  and  zeros  must,  of  course,  occur 
in  conjugate  pairs  or  must  lie  on  the  real  axis. 

The  Eu(p)  function  for  this  application  should  be  chosen  to  satisfy  the  above 
requirements  with  the  minimum  number  of  right-hand  zeros.  If  more  than  the 
minimum  number  of  zeros  is  used,  a  useless  complication  is  introduced  into  tHe 
matching  problem. 

The  function  Enip)  is  the  voltage  reflection  coefficient  at  the  output  port 
when  the  input  port  is  terminated  in  one-ohm.  It  is  uniquely  determined  from 
the  other  two  scattering  functions  according  to  the  relation 


Eii(Jw)Eu(Ju)  -j-  E*i(jiji)Ett(iu)  “  0  (6) 

where  the  asterisk  denotes  the  complex  conjugate.  This  relation  also  comes  from 
the  unitary  requirement  on  the  scattering  matrix. 

With  the  load  impedance  represented  in  the  form  of  Fig.  2,  the  complete  sys¬ 
tem  of  generator,  matching  network,  and  load  may  be  represented  as  in  Fig.  3. 
The  matching  network  and  lossless  network  E  combine  in  tandem  to  form  the 
single  2-port  S  which  is  operated  between  one-ohm  terminations.  This  over-all 
network  is  characterized  by  a  scattering  matrix 


[Sip)] 


■Sii(p)  Si,(p)' 
Siaip)  <Sa(p)_ 


(7) 


in  which  the  first  element  is  precisely  the  input  reflection  coefficient  defined  in 
expression  (1).  Moreover,  the  power  transfer  efficiency  function  P(w)  is  identically 
the  square  of  the  magnitude  of  the  transfer  function  in  the  over-all  scattering 
matrix. 

Thus,  the  restrictions  imposed  by  the  given  load  impedance  on  the  functions 
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I  <SuO'u)  I  and  P(u)  can  be  found  by  determining  the  restrictions  on  the  scattering 
matrix  [<S(p)]. 

4.  Restrictions  on  [<S(p)].  If  the  matching  network  D  is  to  be  realizable  as  a 
combination  of  inductors,  capacitors,  resistors,  and  ideal  transformers,  the 
tandem  combination  of  D  and  E  must  also  satisfy  the  requirements  of  physical 
realizability  as  outlined  by  Belevitch  (Ref.  6).  Thus,  elements  [<S(p)]  must 
have  no  poles  in  the  interior  of  the  right-hand  half  of  the  p-plane.  Further, 
[1]  —  [S*(;Vi»)]fS(;w)]  must  be  the  matrix  of  a  positive-definite  or  positive  semi- 
definite  hermitian  form  for  —  «  ^  ^  . 

The  latter  requirement  can  be  stated  in  the  form  of  three  inequalities: 

1  -  l-Sul*  -  ISul*  ^  0  (p-j«)  (8) 

1  -  I  Sa  I*  -  I  I*  ^  0  (p  -  i«)  (9) 

(1  —  I  Sit  I*)*  “  I  Sjj  1*  —  I  (Sii  I*  -j-  I  SuSn  I*  —  SitStiSit  —  ^  0 

(p  »  ;«)  (10) 

Satisfaction  of  inequality  (10)  and  either  (8)  or  (9)  insures  satisfaction  of  the 
remaining  inequality. 

Certain  additional  requirements  are  imposed  on  the  scattering  matrix  [<S(p)] 
in  order  that  it  may  represent  the  tandem  combination  of  lossless  2-port  E  and 
a  physically  realizable  matching  network  D.  These  come  from  the  requirement 
that  the  scattering  matrix  [J[>(p)]  must  have  no  poles  in  the  interior  of  the  right- 
hand  half  of  the  p-plane  and  also  from  the  requirement  that  [1]  —  [D*  0w)l[£>(;«)] 
must  be  positive-definite  or  semi-definite  for  all  a.  This  latter  requirement  is 
already  satisfied  by  satisfaction  of  inequalities  (8),  (9),  and  (10).* 

The  absence  of  poles  in  the  function  Dnip)  is  insured  by  exactly  the  same 
integral  restrictions  on  Snip)  ss  found  by  Fano  (Ref.  2, 3)  regardless  of  whether 
the  matching  network  is  lossy  or  lossless. 

The  additional  requirement  that  Snip)  contain  all  right-hand  zeros  of  Evtip) 
with  at  least  the  same  multiplicity  is  necessary  to  insure  that  the  functions 
^u(p)  snd  Duip)  contain  no  poles  in  the  right-hand  half  of  the  p-plane. 

It  has  been  shown  (Ref.  8,  9)  that  the  foregoing  restrictions  on  the  scattering 
matrix  [<S(p)]  are  sufficient  to  insure  that  [<S(p)]  can  be  realized  in  the  form  of  a 
realizable  passive  matching  network  D  in  tandem  with  the  given  lossless  2-port 
E.  Thus  we  have 

Theorem  1.  Given  a  load  impedance  Z(p)  which  is  represented  in  the  form 
of  a  lossless  2-port  E  terminated  in  one-ohm,  the  necessary  and  sufficient  condi- 

*  Positive-definiteness  or  semi-definiteness  of  the  matrix  along  jtt  insures  that  the  net¬ 
work  does  not  generate  sinusoidal  waves  of  any  frequency.  Conversely,  if  the  network  does 
not  generate  sinusoidal  waves,  this  matrix  is  positive-definite  or  semi-definite.  Thus,  if  the 
overall  combination  of  D  and  E  does  not  generate  sinusoids,  then  D  alone  will  not  do  so 
because  E  is  lossless  and  can  neither  absorb  nor  generate  sinusoidal  waves. 


336 


R.  LaROSA  and  HERBERT  J.  CARLIN 


tions  that  [<S(7>)]  represent  the  scattering  matrix  of  realizable  matching  network 
D  in  tandem  with  E  are: 

(a)  Matrix  [<S(p)]  should  be  realizable. 

(b)  Right-hand  (and  boundary)  zeros  of  Snip)  should  appear  in  Su(p)  with 
at  least  the  same  multiplicity. 

(c)  At  each  order  zero  of  Eu{p)  in  the  interior  of  the  right-hand  half  of  the 
p-plane,  (/Sts(p)  —  Etx(p))  must  have  a  zero  of  order  2n  at  least.  " 

(d)  At  each  boundary  zero  of  Eu(p),  i.e.,  where  po  ~  >  (Snip)  “  ^aip)) 

has  a  zero  of  order  2n  at  least,  or  order  (2n  —  1).  In  the  latter  case,  the 
first  non-zero  term  in  the  expansion  for  (Sn(j<a)  —  En(j<>»))  &bout  p  » 

is  a  vector  directed  toward  Enijoit)* 


6.  Restrictions  on  |  Suiju)  \  and  P(w).  For  practical  pui^ioses.  Theorem  1  must 
be  interpreted  in  terms  of  its  effect  on  functions  which  describe  the  performance 
of  the  matching  network.  That  is,  the  restrictions  on  the  magnitude  functions 
I  Suiju)  I  and  P(w)  must  be  foimd. 

The  first  step  in  this  process  is  to  translate  parts  (c)  and  (d)  of  Theorem  1 
into  restrictions  on  |  Sniju)  |.  This  has  been  done  by  Bode  (Ref.  1)  and  Fano 
(Ref.  2,  3).  These  restrictions  take  the  form  of  weighted  integrals  taken  along 
the  ju  axis. 


f  fiu)  log 

Jo 


SniJu) 


du 


(11) 


where  /(w)  is  the  weighting  function,  and  F  involves  one  of  the  first  (2n  —  1) 
coefficients  in  the  expansion  for  log  \/Snip)  about  a  particular  right-hand  or 
boundary  zero  of  £u(p)>  F  also  involves  right-hand  zeros  of  <Sn(p),  some  of  which 
are  prescribed,  and  some  of  which  are  inserted  as  adjustable  design  parameters. 
The  prescribed  zeros  in  Sn  are  the  right-hand  zeros  of  En  which  are  coincident 
with  E\x  zeros. 

In  each  matching  problem  there  is  a  set  of  such  integral  equations  which  must 
be  satisfied  simultaneously.  The  number  of  equations  is  determined  by  the 
number,  order,  and  location  of  right-hand  and  boundary  zeros  of  Euip),  i.e. 
determined  entirely  by  the  load.  Each  equation  has  its  own  weighting  function 
and  value  for  F,  The  complete  set  is  satisfied  by  suitable  choice  of  the  |  Sniju)  | 
function,  by  inserting  arbitrary  right-hand  zeros  in  Snip)t  l>y  changing 
(in  a  restricted  manner)  those  F  values  which  correspond  to  the  last  controlled 
coefficient  at  each  boundary  zero  of  Euip)> 

If  the  matching  network  is  lossless,  these  integrals  constitute  the  solution  of 
the  problem  because  |  Sniju)  \  is  simply  related  to  the  quantities  of  interest  by 


I  Su(ju)  I  -  I  Sniju)  1  (12) 

P(«)  -  I  Sniju)  I*  -  1  -  I  Sa(i«)  I*  (13) 

*  Parts  (c)  and  (d)  are  equivalent  to  correeponding  statements  in  Ref.  2  and  Ref.  3 
concerning  the  behavior  of  log  l/Su  and  log  l/Bn  . 
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In  the  general  case,  where  the  matching  network  may  contain  dissipative  ele¬ 
ments,  the  relations  between  the  three  magnitude  functions  are  more  complicated 
and  are  contained  in  inequalities  (9)  and  (10).  Inequality  (10)  is  written  here  in 
slightly  different  form  as 

(1  —  I  Su  1*)*  ~  I  Sn  I*  —  I  Sii  I*  “I*  I  iSuiSii  1*  —  2  Real  (SitSuStt)  ^  0 

(14) 

(p  =  i«) 

The  last  term  can  vary  between  the  limits  ±  |  <Su<Su<Sa  |  depending  on  the  angle 
of  the  product.  The  upper  limit  is  the  most  favorable  for  the  matching  problem 
because  it  makes  the  left-hand  side  of  the  inequality  as  large  as  possible  for  a 
given  set  of  magnitude  functions. 

To  maintain  this  favorable  upper  limit  it  is  necessary  that 

Sr,%tSn  =  -I  S?,Su5a  I  (p  ;•«)  (15) 

This  equation  may  be  satisfied  without  the  necessity  of  inserting  right-hand 
poles  in  Sti(p),  Sn(p),  or  Su(p)  because  Su(p)  may  be  multiplied  by  a  sufiScient 
number  of  factors  of  the  form 


P  -  P- 
p  +  p* 


(16) 


where  p«  is  located  in  the  right-hand  half  plane.  The  only  difiBculty  in  satisfying 
equation  (15)  arises  in  making  |  <SuO«)  *  |  rational.  There  are  special 

cases  in  which  thiw  problem  is  not  encountered,  i.e.  when  the  matching  network 
is  lossless  and  when  Su  is  identically  zero. 

In  the  general  case  where  the  simplest  functions  giving  the  desired  |  Su(j<^)  \ 
and  I  Sn(j<^)  |  do  not  have  a  rational  product,  it  is  necessary  to  approximate  one 
or  both  cl  these  functions  with  (usually)  more  complicated  algebraic  functions 
whose  product  is  rational.  This  makes  it  more  di£Scult  but  not  impossible  to  fit 
rational  fractions  to  the  desired  magnitude  fimctions  when  the  most  favorable 
extreme  of  inequality  (14)  is  to  be  realized.  As  long  as  the  approximation  pro¬ 
cedure  can  be  carried  out  with  an  arbitrarily  small  error,  this  inequality  may  be 
written  in  its  most  favorable  form  which,  fortunately,  contains  only  magnitudes. 

(1  —  I  Su  I*)*  —  I  Sjj  1*  —  I  Su  I*  +  I  SiiSts  I*  -|-  2|  SuSiiSn  I  ^  0 

ip  =  i«) 

This  expression  can  be  factored  into 
{(1  +  1  Su  |)(1  -  I  s„  I)  -  I  Su  l‘j  1(1  -  I  Su  I)(l  +  I  s«  1)  -  I  Su  I’) 

^  0,  p  -  ja 

Both  factors  must  either  be  positive  or  negative.  Thqy  cannot  both  be  negative 
because  this  would  require  violating  inequality  (8)  or  (9).  In  order  to  insure  that 
both  factors  are  positive,  it  is  only  necessary  to  insure  that  the  least  positive 
factor  is  greater  than  zero.  Thus 


(17) 

(18) 
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If  I  SiiO«)  I  >  I  Sn(j^)  I 

(1  -  I  SuO«)  |)(1  +  I  SnW  I)  -  I  SuW  I*  >  0  (19) 

or  if  I  Sii(ju)  I  ^  I  (SnO’w)  | 

(1  +  I  SuO«)  l)(l  -  I  5«0«)  I)  -  1  5ii0«)  1*  ^  0  (20) 

Relation  (19)  or  (20)  not  only  replaces  inequality  (10),  but  also  insures  satis¬ 
faction  of  (8)  and  (9),  so  that  only  a  single  inequality  need  be  considered  in  any 
frequency  range.  This,  of  course,  is  contingent  upon  satisfaction  of  equation 
(15).  Thus,  we  have 

Theorem  2.  The  input  reflection  coefficient  magnitude  |  Suiju)  |  and  the 
p>ower  transfer  function  P(o))  »  |  Suiju)  |*  can  always  be  obtained  with  a 
structure  consisting  of  a  physically  realizable  matching  network  in  tandem  with 
a  prescribed  lossless  2-port  E  if: 

(a)  (1)  P(«)  ^  (1  +  I  Siif;«)  |)(1  -  I  Sn(jo>)  I)  if  I  -S„0«)  I  ^  I  SnW  \ 

(2)  PM  <  (1  -  1  Su0«)  |)(1  +  I  S«(;«)  I)  if  I  5u0«)  1  >  I  SnW  I 

(b)  I  Snijoi)  I  satisfies  all  the  integral  restrictions  (of  Ref.  2,  3)  imposed  by 
the  lossless  2-port  E  with  ail  necessary  right-hand  zeros  inserted  in  the 
Snip)  function 

(c)  PM  and  the  product  |  Su(j<a)Snij<^)  |  are  rational. 

Thus,  the  limitations  on  the  performance  of  any  matching  network  are  given 
in  a  simple  form  which  can  be  easily  interpreted  in  terms  of  quantities  of  direct 
engineering  importance. 

6.  Optimum  Matching  Network.  In  a  particular  matching  problem  there  is 
some  idea  or  specification  of  the  maximum  allowable  |  Sniju)  |.  Moreover,  there 
is  usually  a  particular  shape  of  the  PM  curve  appropriate  to  the  given  problem, 
and  it  is  desirable  to  know  what  is  the  maximum  allowable  scale  factor  on  the 
PM  curve.  The  matching  network  giving  this  PM  curve  with  maximum  scale 
factor  is  here  called  the  optimum  matching  network. 

In  order  to  predict  the  form  of  the  optimum  matching  network  it  is  necessary 
to  repeat  here  the  order  in  which  restrictions  are  imposed  on  \Sn(j<»)  |,  |  Su(jw)  |, 
and  P(w). 

First,  an  upper  limit  is  specified  for  the  |  Sii(jo))  \  function.  Second,  the  shape 
of  the  power  curve  is  specified  by  defining  a  function  TM  such  that 

PM  -  fcTM  (21) 

where  lb  is  a  positive  real  constant.  TM  must  be  positive,  real,  rational,  and 
even  in  u. 

Now,  looking  at  inequality  (20),  which  may  be  written  as 

PM  ^  (1  +  I  Sn(M  |)(1  -  I  Sn(jo,)  I) 


(22) 
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it  is  evident  that  when  |  Sn(Ju)  \  ^  |  Su(j<^)  |  the  smallest  value  for  |  «SaO‘w)  | 
will  give  the  largest  allowable  value  for  P(ct).  This  means  that  |  Sn(j<a)  \  should 
be  as  small  as  possible  consistent  with  the  integral  restrictions. 

There  is  no  advantage,  however,  in  making  |  Sn(ju>)  |  smaller  than  |  Su(j^)  | 
because  then  inequality  (19)  applies  instead  of  (20),  and  the  allowable  P(u)  is 
reduced  as  |  Saiju)  |  is  decreased.  For  a  fixed  |  Su(ju)  \  the  maximum  allowable 
P(ci>)  is  obtained  when  1  SaO'w)  |  =■  |  Suiju)  |.  Thus,  inequality  (20)  or  (22)  is 
the  only  one  which  should  be  considered  when  designing  a  matching  network 
because  |  Sniju)  |  should  never  be  smaller  than  |  Su(j<^)  |* 

With  this  in  mind,  inequality  (22)  shows  that  if  the  largest  value  of  k  is  to  be 
obtained  (equation  21)  then  the  upper  limit  allowed  by  (22)  should  be  used 
throughout  the  entire  frequency  range.  That  is,  the  optimum  matching  networic 
is  characterized  by  the  equation 

P(«)  »  (1  +  1  SiiO«)  |)(1  -  I  Sa0«)  I)  (23) 

where 

1  Sn(ju))  I  ^  1  Sn(ju)  I 

Thus,  if  I  Su(jo>)  I  ^(<^)  specified,  then  the  output  reflection  coef¬ 
ficient  function  |  Sn(j<a)  |  is  completely  determined  as  a  function  of  k  by  equa¬ 
tion  (23).  The  constant  k  becomes  a  parameter  in  the  system  of  integral  restric¬ 
tions  on  I  Snij^)  \  referred  to  in  connection  with  Theorem  2.  The  other  design 
parameters  in  the  s}^tem  are  adjusted  to  satisfy  all  equations  simultaneously 
with  the  largest  value  of  k. 

In  order  to  satisfy  both  equations  (23)  and  (15)  it  is  necessary  that  |  Suiju)  \ 
be  rational  or  that  |  Suiju)  \  a  |  Sn(jo>)  |.  The  latter  condition  can  exist  only 
if  the  matching  network  is  lossless. 

Satisfaction  of  equation  (23)  requires  that  the  matrix  [1]  —  [iS*(j'<i))][iS(;(i>)] 
be  singular  for  all  u.  This  means  that  the  matching  network  need  not  contain 
more  than  one  resistor  because  its  resistance  or  conductance  matrix  is  singular. 
This  fact  does  not  preclude  the  use  of  more  than  one  resistor  in  the  synthesis  of 
a  matching  network,  and  it  is  often  simpler  to  synthesize  the  network  with  more 
than  one  resistor.  The  following  theorem  summarizes  the  conclusions  of  this 
section. 

Theorem  3.  The  optimum  matching  network  constructed  from  inductors, 
capacitors,  resistors,  and  ideal  transformers  has  the  following  characteristics. 

(a)  I  Su(j<^)  I  ^  I  Sniju)  I 

(b)  P(«)  -  kT(»)  -  (1  -b  I  Su0«)  1)(1  -  1  5a0«)  I) 

(c)  Assuming  T(u)  and  |  Su(j<»>)  |  are  specified,  k  is  the  largest  value  permitted 
by  the  integral  restrictions  of  Reference  2,  3. 

(d)  I  Suiju)  I  is  rational  or  the  matching  network  is  lossless. 

(e)  It  is  possible  to  construct  the  network  with  no  more  than  a  single  resistor. 

Example  1.  A  simple  load  impedance  consists  of  a  1  ohm  resistor  and  inductor 

L  in  series  as  shown  in  Fig.  4.  Assume  that  a  matching  network  is  to  be  designed 
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to  make  |  Sii(jui)  \  equal  to  a  constant  |  Su  |  for  all  w  and  that  the  power  transfer 
efficiency  is  to  have  the  following  form. 

T(u)  -  1  0  ^  ^  1 

(24) 

Tiu)  -  0  «  >  1 

where  T(<i>)  is  defined  by  equation  (21).  It  is  now  desired  to  compute  the  maxi¬ 
mum  value  of  k  which  can  be  obtained. 

SIMPLE  LOAD 


Fio.  4 


It  will  be  noted  that  the  simple  load  of  Fig.  4  is  already  represented  in  the 
Darlington  form.  The  lossless  network  E  has  a  simple  zero  of  Ea(p)  at  infinity. 
Referring  to  the  Fano  work  (Reference  2,  3)  the  single  applicable  int^ral 
restriction  on  |  Stt(ju>)  |  is 


1 

<Sii(jw) 


du 


(25) 


where  the  p.  are  arbitrarily  inserted  right-hand  zeros  of  Snip)-  These  zeros  are 
detrimental  because  they  have  the  same  effect  as  increasing  L,  and  since  they 
are  not  required  here,  they  are  left  out. 

Part  (b)  of  Theorem  3  requires  that 

I  Sniji»)  1-1  «  >  1  (26) 


and  that  in  the  frequency  range  0  ^  ^  1,  |  Snijui)  \  should  be  a  constant 

whose  value  can  be  determined  from  equation  (25)  as 

I  Snijof)  i  -  0  ^  ^  1  (27) 

which  means  that  the  constant  k  is  (1  +  1  Su  |)(1  —  «“''^)  provided  ^ 

I  Su  |.  Thus  it  can  be  seen  that  increasing  the  input  mismatch  will  allow  increased 
power-transfer  efficiency  to  be  obtained,  with  a  maximum  value  of 

k  -  (1  -  *"•"''). 


This  maximum  value  is  obtained  with  a  lossless  matching  network. 

Example  2.  The  functions  defined  for  Tiu)  and  |  Sniju)  |  in  example  1  have 
sharp  discontinuities  and  a  matching  network  would  have  to  have  many  ele¬ 
ments  in  order  to  approximate  closely  these  functions. 
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To  illustrate  the  procedure  of  designing  an  optimum  matching  network,  a 
simple  function  will  be  used  to  approximate  the  T(ci)  function  defined  by  (24). 

r(«)  -  1/(1  +  «•)  (28) 

The  input  mismatch  is  again  specified  to  be  the  constant  |  /Su  |.  Theorem  3 
requires  that 

P(«)  -  k/il  +  «*)  -  (1  +  1  Su  |)(1  -  1  SaO«)  I)  (29) 


The  value  of  k  can  be  determined  by  solving  equation  (29)  for  |  SsOw)  I 
and  inserting  this  value  in  the  integral  equation  (25).  It  is  easier  to  obtain  the 
value  of  k  by  proceeding  directly  with  the  synthesis  of  the  matching  network 
using  the  variable  k  until  examination  of  the  network  discloses  what  the  value 
should  be. 

The  function  Snip)  is  easily  determined  from  the  knowledge  that  Snip)  should 
have  no  right-hand  zeros  as  explained  in  connection  with  integral  restriction 
(25),  and  for  realizability  no  right-hand  poles.  From  equation  (29) 


I  Snijo>)  I 


1  “  [V(l  +  <811)]  -1-  Ci>* 
1  +  «* 


(30) 


and  the  function  Snip)  is 

SM  .  Ip  +  Vi  -  l*/a  +  I  s„  Dll' 

(p  +  i)« 


The  simplest  possible  Su(p)  is 

Snip)  -  k*/ip  -f  1) 


(31) 

(32) 


The  function  jSu(p)  is  given  by  equation  (15)  which  must  be  satisfied  by  an 
optimum  matching  network 


Snip) 


,P-  Vi-[fe/(i-Hgul)] 

‘  P  +  >/l-(k/(l  +  |Sii|)l 


(33) 


The  functions  defined  by  (31),  (32),  and  (33)  are  the  elements  of  the  scatter¬ 
ing  matrix  [<Si(p)]  of  the  matching  network  with  the  inductance  L  in  series  with 
its  output  terminals.  The  network  may  be  easily  synthesized  by  computing  the 
open-circuit  impedance  matrix  corresponding  to  [<S(p)]  and  examining  its  poles. 
\^en  this  is  done,  it  is  found  that  the  open-circuit  output  impedance  contains 
a  simple  pole  at  p  »  «  which  is  not  contained  in  the  open-circuit  input  im¬ 
pedance  or  transfer  impedance.  This  pole  corresponds  to  an  inductance  whose 
value  is 


_ 1 _ 

1  -  Vi  -  [*/(i  +  |Su|)l 


(34) 


But  the  matching  network  itself  must  not  contain  an  inductance  in  series 
with  its  output  terminals  because  this  would  merely  add  to  the  inductance 
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that  is  being  matched  out.  Therefore  the  value  given  by  (34)  is  exactly  the  in¬ 
ductance  L  of  the  load.  Thus  the  equation 


relates  the  power-transfer  efficiency  and  input  mismatch  to  the  given  load  in¬ 
ductance. 

It  will  be  noted  that  equation  (35)  requires  that  L  be  not  less  than  unity. 
This  restriction  was  not  contained  in  the  original  specification  of  the  problem 
but  was  inserted  when  the  approximating  function  (28)  was  chosen  for  Tiui). 

The  complete  matching  network  is  shown  in  Fig.  5.  The  element  values  are 
given  in  terms  of  all  three  parameters  even  though  they  are  related  by  equation 
(35).  This  results  in  the  simplest  expressions  for  the  element  values. 

In  accordance  with  Part  (a)  of  Theorem  3,  the  minimum  value  of  |  Snijot)  \ 
must  not  be  less  than  |  Su  |i  leading  to  the  requirement 

1  -  [k/il  +  I  Sn  1)1  ^  I  S„  I  (36) 

which  may  be  rewritten  using  (35)  to  give 

1  -  L’*  ^  vrsin  (37) 

which  puts  an  upper  bound  on  |  Su  !•  This  situation  is  similar  to  that  described 
in  connection  with  example  1  where  |  iSu  |  was  bounded  by. 

Example  3.  Consider  the  load  impedance 

Zip)  -  (38) 

p  +  1 

whose  simplest  circuit  representation  is  shown  in  Fig.  6  and  whose  Darlington 
representation  is  shown  in  Fig.  7. 
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The  following  performance  requirements  are  arbitrarily  imposed  on  the  op¬ 
timum  matching  network: 

Su(p)  «  0  (39) 

r(«)  -  1  0  ^  «  (40) 

The  value  of  k  achieved  by  an  optimum  matching  network  is  to  be  found. 
The  transfer  function 

IP  —  1  /Jix 


EM  -  -2 


3p  +  2 


and  the  output  reflection  coefficient 
Snip)  -  -  7 


p(V2p  -  1) 


(3p -I- 2)(v^p  +  1) 

both  have  a  simple  zero  at  p  l/v^* 

In  thin  case,  referring  to  References  2  and  3,  a  single  integral  equation  must  be 
satisfied: 

r  log  I  I  do,  -  5  log  (3  +  2V2)  (43) 

J9  1  +  Aor  ^ 

Part  (b)  of  Theorem  3  reduces  to  a  simple  expression  because  Sii(p)  «  0 

k  -  1  -  I  Sn(Ju>)  1  (44) 

and  when  this  constant  value  for  |  Sn(j<^)  |  is  substituted  in  equation  (43)  the 
value  for  k  is  found  to  be 

t  (45) 

3  -H  2V2 

DARLINGTON  REPRESENTATION  OF  THE 
LOAD  IMPEDANCE  OF  FIG.  6 


LOAD  IMPEDANCE 


(p)  * 

1 

1 

1 

1 

1 

T'  i 

1 

1 

E  j 

M  •  — - — 

1 _ 

_  _ _ J 

yr+i 

•-  ■-# 

c*  vT  +1 

*  4/2+1 

i 
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In  practical  problems  this  computation  is  valuable  because  it  provides  a 
standard  with  which  to  compare  the  power  transfer  efficiency  of  simple,  prac¬ 
tical  matching  networks. 

7.  Special  Case  of  Refiectionless  Matching.  Example  3  was  an  illustration  of 
the  special  case  of  reflectionless  matching  in  which  the  constant-resistance 
generator  operates  into  a  perfect  match  at  all  frequencies.  The  performance  of  a 
reflectionless  optimum  matching  network  (Ref.  10)  is  characterized  by  the  equa¬ 
tion 

P(co)  -  kT(o,)  »  1  -  I  Sa0«)  I  (46) 

which  is  obtained  from  part  (b)  of  Theorem  3  by  introducing  the  matching 
constraint  Snip)  ^  0,  corresponding  to  a  unit  normalized  constant  input  re¬ 
sistance. 

It  is  interesting  to  compare  the  performance  of  optimum  dissipative  matching 
networks  with  optimum  lossless  networks  (the  latter  designed  on  the  basis 
miniiniim  input  reflection  amplitude  over  a  prescribed  band).  This  is  easily  done 
since  the  limiting  factor  in  both  lossy  and  lossless  networks  is  the  amplitude 
function  |  Sniju)  |  as  determined  by  the  integral  constraints  imposed  by  the 
prescribed  load.  The  minimum  value  of  input  reflection  factor  amplitude  over  a 
given  pass  band  when  lossless  matching  networks  are  used  is  |  <Sn0w)  |min.  t 
and  the  maximum  power-transfer  efficiency  is: 

P(Max.  Lossless)  -  1  -  1  5a0“)  l»»«.  (47) 

Part  (b)  of  Theorem  3  gives  the  maximum  power-transfer  efficiency  of  a  dis¬ 
sipative  matching  network  in  terms  of  |iSttO<^)  imia.  when  |  Su(j<>>)  \  is  prescribed: 

P(Max.  Lossy)  =  (1  +  |  5u0«)  |)(1  -  1  SiiO«)  l-u.)  (48) 

The  ratio  of  power  transfer  efficiencies  when  a  given  load  is  matched  by  op¬ 
timum  lossy  and  lossless  networks  is: 

P(Max.  Lossy)  ^  1  +  |  Suiju)  | 

P(Max.  Lossless)  1  +  |  Snijoi)  Imin. 

provided  the  same  |  Snij<j$)  jmin.  function  is  optimum  for  both  the  lossy  and 
lossless  matching  networks.  This  is  always  true  for  rectangular  and  entirely 
flat  performance  curves  such  as  those  encountered  in  the  examples.  In  the  general 
case  the  shape  of  the  optimum  |  Snijo>)  |  function  does  not  change  materially 
as  I  Suiju)  I  is  varied  between  zero  and  the  maximum  value  corresponding  to  a 
lossless  matching  network  so  the  ratio  (49)  is  approximately  true. 

The  smallest  value  of  the  ratio  (49)  is  §  obtained  when  (Su  »  0  and 

I  SttiJ<>>)  |miB.  “  !• 

Thus,  the  rather  startling  fact  emerges  that  in  a  flat  pass  band  the  power-transfer 
eflicienqf  of  an  optimum  dissipative  matching  network  which  matches  a  load  to  a 
real  generator  impedance  without  reflections  over  the  infinite  frequency  band  can 


WIDEBAND  UATCHINQ  WITH  DISSIPATIVE  4-POLE8 


345 


never  be  inferior  to  that  of  an  optimum  loesless  network  by  more  than  3  db.  It  should 
be  pointed  out  that  in  practical  problems  |  Stt(ju>)  Imio.  <  1,  so  that  the  dif¬ 
ference  in  power-transfer  efficiency  between  lossy  and  lossless  matching  is  in¬ 
variably  less  than  3  db. 
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THE  SOLUTION  BY  ITERATION  OF  NONLINEAR 
INTEGRAL  EQUATIONS 

Bt  Mark  Lotkin 

1.  Introduction.  It  is  a  well  known  fact  that  many  physical  problems  lead  to 
nonlinear  integral  equations.  The  following  examples  serve  to  illustrate  this 
point. 

i.  N3nBtrdm  has  shown  [1]  that  the  general  first  boundary  value  problem  in 
the  theory  of  ordinary  differential  equations  may  be  reduced  to  an  ordinary 
differential  equation  of  the  type 

y''  -  F{x,  y)  -i  ^  X  ^  i 

with  the  boundary  conditions  y(— i)  ■■  y(\)  ~  0.  This  equation,  in  turn,  is 
equivalent  to  the  integral  equation 

yix)  «  Kix,  y{tt))  da, 

K(x,  a)  representing  the  Green’s  function  of  the  boundary  value  problem. 

ii.  Boundary  value  problems  of  the  form 

Au  K  >-  exp  u 

with  u  «-  f(x,  {)  on  the  boundary  C  of  the  given  region  B,  are  reducible  to 
integral  equations,  as  follows  [2]:  Let  w(x,  ^  be  the  solution  of  the  boundary 
value  problem 

Au»  —  0,  to  —  /  on  C. 

Then  the  function  y  ^  u  —  w  clearly  satisfies 

Ay  —  y  exp  w  -  [exp  (y)  —  y]  exp  to 

with  y  -  0  on  C.  If  now  K(x,  V,  a,  a)  ^  0  denotes  the  Green’s  function  of  the 
problem 

Ay  —  ff  exp  to  -  0,  y  —  0  on  C, 

then  it  may  be  shown  that  y{x,  |)  is  a  solution  of  the  nonlinear  integral  equation 
y(X’  +  ff^  K(x,  «,  <r)[exp  (y)  -  y]  exp  {w)  da  do  -  0. 

iii.  In  the  discussion  of  certain  wave  phenomena  L.  Lichtenstein  [3]  was  led 
to  the  study  of  integral  equations  oi  the  form 

«e  rh  rh 

Lyix)  -  £  /  •  •  •  /  «i  •  •  •  ai)y(ai)  •  •  •  y(s<)  d«i  •  •  •  -  0, 

•  -1 

with  L  denoting  a  linear  operator,  and  the  Kt  symmetric  and  continuous  functions 
in  the  (n  +  1)  dimensional  unit  cube. 
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Physical  situations  leading  to  similar  nonlinear  integral  equations  have  also 
been  described  by  Schmeidler  [4]. 

The  solution  of  such  integral  equations  may  be  accomplished  in  general  by  a 
variety  of  methods,  with  the  choice  of  the  most  appropriate  one  naturally 
depending  upon  the  form  and  type  of  the  integral  equations  of  interest.  Such 
methods  may  employ  closed  analytical  expressions,  power  series  expansions,  the 
replacement  of  integrations  by  summations,  successive  approximations,  varia¬ 
tional  methods,  etc.  [5]. 

The  approach  to  be  used  here  will  be  the  iterative  one,  to  be  applied  to  integral 
equations  of  a  generalized  Lichtenstein  typ>e: 


yix)  —  12  '  •  •  /  K/x,  «i  •  •  •  «,)F<(«i ,  •  •  •  Si)y(8,)  •  •  •  d«i  •  •  •  dSi  »  0.(1) 

»-l  Ja  Ja 


Integral  equations  containing  an  “inhomogeneous”  term,  e.g.,  of  the  form 
p*(x)  -  Ko(x)  -  f  K^Fr(y*)  -  11  K,Ft{y*)  =  0 


can  obviously  be  reduced  to  the  form  (1)  by  the  substitution 

y  »  y*  -  Ko. 

For  kernels  Ki  whose  squares  are  integrable,  and  functions  Ft  that  have  bounded 
derivatives  the  existence  and  uniqueness  of  a  solution  will  be  proved,  and  an 
upper  bound  for  max  |  y  \  will  be  given.  The  proof  is  based  on  the  method  of 
successive  iterations,  a  method  which  also  easily  provides  an  estimate  of  the 
error  inherent  in  the  nth  approximation.  The  results  will  then  be  generalized  to 
systems  of  equations  of  type  (1),  and,  finally,  an  example  will  be  given. 


2.  Assumptions  and  Notations.  For  the  sake  of  simplicity,  we  shall  take  r  = 
2  in  eq.  (1),  i.e.  consider  in  the  interval  I:a  ^  x,  8,t  ^  b  the  equation 

y(x)  -  j  Ki{x,  «)Fi(«, !/(«))  -  ff  Ki(x,  8,  t)Ft(8, 1,  y(8),  y(t))  d«  =  0.  (2) 

The  kernels  Ki  and  Kt  will  be  assumed  to  have  integrable  squares,  so  that 

j  Ki(x,  8)  d8,  jj  K\{x,  8,  t)  ds  dt  exist  and  are  continuous  functions  of  xel. 

For  the  maximum  of  a  continuous  function  /(«)  defined  in  I  we  shall  employ 
the  notation 

II  /  II  -  max  I  Six)  |. 
xel 


Then 


K*  •  J  K\d8  +  ff  Kld8dt 


certainly  exists. 


The  continuous  functions  Fi(«,  u),  F*(«,  t,  u,  v),  defined  for  «,  tel\u,  ve  J, 
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where  J  denotes  an  interval  (—c,  c),  are  assumed  to  satisfy  conditions  of  the 
form 

I  Fi(s,  ut)  -  Fi(s,  tij)  1  ^  Li  1  Ml  -  u,  1  (3) 

I  Ft(t,  t,  Ml ,  vi)  —  Ft{s,  <,  Ml ,  wt)  I  Ltd  Ml  -  Ml  I  +  I  Vi  -  t;i  I), 
where  Li ,  Lt  are  positive  numbers  independent  of  «,  t,  u,  v.  The  quantities 
M\  -  II  Flis,  0)  II,  Ml  -  II  Fl(s,  t,  0,  0)  II 

then  also  exist. 

Relations  (3)  certainly  hold  if,  for  example,  Fi  and  Ft  have  continuous  partial 
derivatives  dFi/du,  dFt/du,  dFt/dv  for  arguments  restricted,  respectively,  to 
the  intervals  I,  J. 

Further,  we  put 

A*  *  b  —  o,  o  “  1  or  2  for  A  ^  1  or  A  >  1. 

Other  quantities  to  be  used  later  on  are 

L*  -  Lj  +  Lj ,  Af*  -  Mj  +  AfJ ,  A‘KM  -  E,  A‘KL  -  D. 

In  the  following  extensive  use  will  be  made  of  Schwan’s  inequality 

j  f(x)gix)  f  dx^  g'  dx^  .  (4) 

This  relation  is  applicable  also  to  multiple  integrals  and  sums.  If  we  put 

I 

then  eq.  (4)  may  be  expressed  in  the  form 

/*(/‘V'‘)  ^  mm-  (5) 

3.  Lemma.  We  are  now  in  a  position  to  state  the  following  LEMMA: 

Let  yeJhetL  solution  al  eq.  (2),  and  let  the  Ft  satisfy  conditions  of  type 
(3).  Then  ||  y  ||  (1  -  2D)  ^  E. 

Proof.  It  follows  from  eq.  (2)  that 

|!/|  ^  +  jj  KtF,  . 

In  this  inequality  the  right  side  is,  by  (5),  identically  in  x, 

^I{Ki)I(Fi)  +  IiKt)IiF,). 

From  Schwarz’s  inequality  for  sums  it  may  now  be  deduced  that 

I  y  I  ^  [/‘(Xi)  +  +  /‘(F,)!''* 

^  K[l\Fx)  +  /’(F,)!*'*. 
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Since,  by  assumption,  yeJ,we  may  make  use  of  relationships  (3),  getting 
l\Ft)  ^  ff  [  !>*(«,  t,  0,  0)  1+  L,(  I  j/(s)  1  +  1  y(t)  I  )]*  ds  dt 
^  A'“{Mf\-2U\\y\\y. 


Similarly, 


By  addition,  then. 


Thus 


+  2Li  11  y  H)*. 


/*(F,)  +  l\Ft)  ^  A'‘(M  +  2L\\y  ||)*. 


11  1/  II  g  KA‘(M  +  2L  II  y  II)  -  ^  +  2D  II  y  ||, 
which  proves  the  lemma. 

4.  Existence  Theorem.  For  functions  Fi ,  Ft  satisfying  conditions  (3)  with 
0  ^  E/(l  -  2D)  ^  c  (6) 


eq.  (2)  has  exactly  one  solution. 

To  prove  this  theorem  we  use  successive  iteration,  starting  with  an  arbitrary 
continuous  function  yoe  J,  and  defining  a  sequence  {y«}  of  continuous  functions 
by 

y»+i(x)  «  j  Ki(x,  «)Fi(«,  y,(«))  d9+  jj  Kiix, «,  t)Fi(8,  t,  y,(«),  y,(0)  ds  dt,  (7) 

n  »  0, 1,  2,  •  •  • 

First  we  show  by  induction  that  y„  e  J.  Let,  then,  y^-i  have  this  property. 
By  definition  (7),  following  the  same  reasoning  that  was  used  to  prove  the 
lemma,  there  is  obtained. 

II  y.  II  ^  D  +  2D  II  y,_i  |1. 

From  the  inductive  assumption  and  condition  (6)  it  may  now  be  inferred 
that 

II  y»  II  ^  E  2Dc  ^  c, 

i.e.  yn  e  J.  Next,  the  sequence  is  easily  shown  to  be  uniformly  convergent,  as 
follows:  From 
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it  follows,  by  means  of  Schwarz’s  inequality,  that 

I  !/,+i  -  y-  I  ^  K[l'{F,{y^)  -  )))'«. 

Taking  advantage  of  relations  (3)  the  right  side  above  becomes 


so  that 

^2KA'‘L  II  y,  -  y_i  ||, 

" 

II  y«+i  -  y»  II  ^  2D  II  y,  -  y_i  ||, 

(8) 

or,  by  induction, 

II  y«+i  -  y«  II  ^  II  yi  -  yo  ||  (2D)", 

n  0. 

Since  1  —  2D  >  0,  (2D)"  is  convergent,  and  it  follows  that  the  partial 

sums  yn  of  yo  +  (i/«  —  y»-i)  are  absolutely  and  uniformly  convergent. 

The  continuous  limit  function  y  of  the  {Vn}  is  easily  shown  to  be  a  solution 
of  eq.  (2).  Putting 

j  KiFiiy)  ds  +  II  KtF,(y)  ds  dt  =  y*(x) 
we  find,  namely,  that 

I  V.+.  -  »•  1  s  -  F, (»)))''’. 

But  the  continuity  of  the  f is  conjunction  with  the  uniform  convergence  of 
towards  y  sufiSce  to  make  the  difference  Fi(yn)  —  Ft(y)  arbitrarily  small  by 
taking  n  sufficiently  large.  Thus  also  lim«  y*  uniformly  in  x.  It  follows 
that  y*  y,  i.e.  that  y  is  a  solution  of  eq.  (2). 

Finally,  to  show  that  y  is  the  only  solution  of  eq.  (2)  under  the  conditions 
stated  above  let  it  be  assumed  that  there  exists  another  solution  Y(x).  Clearly 

II  F  -  y  II  ^  II  y»+i  -  F  II  +  II  Vn+i  -  y  II, 

and  II  y,i+i  —  y  ||  <  c/2  for  n  >  Ni.  The  reasoning  applied  above  to  establish 
the  relationship  (8)  now  leads  to 

-  ril  i  2D||!,.  -  rii. 


or 

II  y«+i  -  F  II  ^  (2D)-  II  yo  -  F  I|, 

whence 


II  Vn+i  —  F  II  <  e/2  for  n>  Nt. 


Consequently 

II  r  -  j,  II  <  t. 

Due  to  the  arbitrarinesss  of  e  and  the  meaning  of  ||  F  —  y  ||  it  is  then  necessary 
that  F(x)  —  y(x)  »  0. 
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By  the  lemma  which  is  applicable  here,  and  by  condition  (6), 

II  y  II  ^  E/{1  -  2D)  ^  e. 

For  increasing  values  of  K,  L,  M,  therefore,  the  upper  bound  E/(l  —  2D)  of 
llbr  II  also  increases. 

An  estimate  of  the  error  ||  y  —  2/„  ||  of  the  approximation  y„  is  easily 
obtained.  From 

II  y  -  y,  II  ^  II  y»+i  -  II  +  II  y  -  y»+i  II 

it  follows  that 

II 1/  - II  a  II  wh.  -  II  +  II » -  y.-,  II. 

For  fixed  n,  m  — ►  «> ,  then,  since  y»  -♦  y  uniformly, 

II 1/  ~  II  ^  II  Vi+i  ~  Vi  II  "  11  i/<+i  “  II  •“  23  II  j/*+i  ~  11- 

Thus 

II  y  -  y«  II  ^  II  yi  -  yo  I1  (2D)7(l  -  2D)  for  n  ^  0.  (9) 

6.  Generalizations.  Equation  (2)  may  be  considered  to  be  a  special  case  of  a 
more  general  system 

y.<x)  -  i  /  •  •  •  /  Kijix,  si ,  •  •  V,  ,•••«>,  yi(«i),  •  •  •  yi(sy),  •  •  • ,  y,(«i)), 

'  • -I  J/j.  (»i))  »  0, 

where  i  »  1|  2,  ■  ■  ■  ,  p,  p  ^  1, 9  ^  1.  To  such  systems  the  results  of  the  previous 
sections  may  be  transferred  without  difficulty;  it  is  necessary  only  to  replace 
the  quantities  a,  E,  D,  ||  y  ||,  etc.  by 

a  “  1  or  9  for  A  ^  I  or  A  >  1, 

II 

-M!,  A''£,KMi-E, 

II  y  II  -  llZ<y.WI|. 

Finally,  the  important  subsidiary  condition  1  —  2Z>  >  0  must  be  replaced  by 

1  -  9D  >  0. 

For  p  —  9  =  1,  i.e.,  for  the  equation 

y{x)  —  j  K(x,  «)F(«,  y(«))  d*  «  0,  (10) 

this  condition  1  —  9D  >  0  becomes  0  <  AKL  <  1  or 

0  <  A'K'L*  <  1. 


(11) 
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Let  US  ascertain  its  meaning  for  the  case  of  the  linear  integral  equation  of  the 
second  kind 

y{x)  -  X  J  Kix,  ds  -  /(x).  (12) 

This  type  of  equation  is  obtained  from  eq.  (10)  by  putting 

tt)  «  gia)  +  Am 

fix)  =  J  /^(x,  «)^(«)  da. 

Since  in  this  case  L  «  ||  dF/du  ||  «  |  X  |,  inequality  (11)  indicates  that 
jj  K'ia,  t)  da  dt^  L'A'K'  <  1. 

Now  for  the  characteristic  value  of  smallest  absolute  amount  of  the  symmetric 
kernel  there  exists  the  relation  [6] 

X?  ^  (^ff  K' da  dt^  \ 

Consequently,  condition  (11)  becomes 

1  X  I  <  I  Xi  I. 

which  is  the  well-known  sufficient  condition  for  the  existence  of  a  unique  solution 
(rf  eq.  (12)  for  arbitrary  fix). 

6.  Applications.  There  are  many  practical  cases  where  the  kernels  may  be 
expressed  in  bilinear  forms 

Kiix,  «)  “  5Z<^J<(ic)^i<(«) 

»— »  (13) 

Kiix,8,t)  -  J^iilniix)*nia,t) 

the  being  linearly  independent  of  the  ,  and  the  summation  to  be  extended 
over  a  finite  or  infinite  number  of  values  t,  j.  In  such  cases  the  iterative  procedure 
(7)  clearly  beccHnes  , 

yn+iix)  »  23  <t>nix)pn+ui  +  23  <hiix)qn+i.i 

i  J 

Vn+i.i  -  j  hii»)Fi  2Z  4nii»)‘Pni  +  2Z  ^>(«)9»y^  da  (14) 

//  F,  (,  E  (.)  +  E  W.  E  «)  +  E  «))  d.  di. 

The  iterative  procedure  for  the  functions  ynix)  is  thus  reduced  to  a  method 
of  successive  approximation  for  the  constants  p^i ,  Qnj : 

p»+i,i  “  ^i(p«i  1 9*y)>  9i*+i.y  “  ^ipn.i  t  9»y)* 


(15) 
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In  the  limit,  then, 

y{x)  -  ^  ^<(x)pi  +  2  ^j{x)qi ,  (16) 

where  the  pi,qi  satisfy  the  fimctional  equations 

Pi  -  *!(?. ,  gy),  gy  -  *!(?< ,  gy)  for  all  »,  (17) 

Whenever  the  fimctional  equations  (17)  are  directly  solvable  the  solution 
(16)  may  be  obtained  immediately.  Otherwise  use  must  be  made  of  the  successive 
approximations  (15). 

Let  us  now  apply  the  forgoing  deductions  to  the  following  case: 

Ki{x,  «)  =  x(l  -  «),  /:  (0,  1> 

Ki{x,  s,  t)  =■  exp  (x  —  a  —  t) 

P i(*»  w)  =  X(m  +  1)  J:  (—  1,  1) 

f’t(«,  t,  u,  v)  —  \m. 

The  equation  to  be  solved,  then,  is 

y(x)  “  ~  «)[l/(«)  +  1]  exp  (x  —  8  —  t)y(a)y(,t)  ds  »  0. 

^  (18) 

For  the  convergence  of  the  iterative  procedure  discussed  above  it  is  sufficient 
that 

e  ^  E/il  -  2D)  ^  1.  (6) 

Now 

A*  -  1,  K  -  [m)  +  (e*  -  l)V4eT'’  « 

L  -  2"'*  I  X  1,  3f  =  1  X  |. 

Condition  (6)  is  satisfied,  then,  for 

X  g  Xo  -  [A:(1  +  2v^)]"‘  «  0.2.  (19) 

Further,  the  lemma  indicates  that  for  the  solution  y(x), 

II  Vix)  II  S  K  I  X  1/(1  -  2K  I  X  I  V^). 

Since  in  this  example  i  ^  j  ^  1,  the  iterative  process  for  eq.  (18)  may  be 
expressed  in  the  form 

y,+i(x)  »  X(p,^JX  +  g,+i  exp  (x)) 


PiM-l 


g»+i 


i' 


(1  -  8)[X(p,8  + 


g,  exp  (a)  +  1]  da 


with 
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According  to  the  existence  and  uniqueness  theorem  p  «  lim»  p.  ,  9  lim.  9, 
exist.  These  limits  satisfy  a  system  of  equations  corresponding  to  equations 
(17),  in  this  case 

P(1  -  -  9^(«  -  2)  -  i,  X*((l  -  2/e)p  +  9]*  -  9. 

Eliminating  p  now  there  is  obtained  for  9  the  equation 

X‘(ap  4-  $)'  ~  yq  (20) 

with 

a  ■=  6X(e  -  2)*  +  (6  -  X)e,  /9  =  3(e  _  2),  y  -  e*(6  -  X)*. 
Consequently, 

9  {(7  -  2a0\*)  ±  [7(7  -  4a/3X*)]‘'*j/2«V.  (21) 

Of  the  two  possible  solutions  indicated  here  the  one  corresponding  to  the  positive 
sign  becomes  unbounded  as  X  approaches  zero.  Since  it  is  desired  to  keep  the 
solutions  of  norm  not  exceeding  unity  the  positive  sign  in  eq.  (21)  must  be 
discarded. 

Suppose  we  wish  to  determine  the  solution  of  eq.  (18)  for  X  =  0.2.  For  the 
initial  approximation  we  take 

po  =  90  =  1, 


i.e. 

yo{x)  =  0.2(x  +  exp  (x)). 

The  resulting  approximations 

Pn+i  =  0.2[Hp»  +  9»(«  -  2)]  +  J,  9,+i  *  0.04[(e  -  2)p,/e  +  9,]* 
are  shown  in  Table  I. 


TABLE  I. 


Succetaive  Approximation 


n 

t  ^ 

0 

1.0000 

1.0000 

1 

0.6770 

0.0639 

2 

0.5317  i 

0.0024 

3 

0.5181  1 

0.0008 

4 

0.5174 

0.0008 

The  exact  solution,  as  determined  from  eq.  (21),  is 

y(x)  =  0.2(0.51735x  +  0.00075  exp  (x)). 

While  there  is  always  convergence  to  the  solution  for  yo  c  •/,  |  X  |  ^  Xo ,  the 
choice  of  an  initial  approximation  j/o  outside  of  J,  or  a  value  of  |  X  |  >  Xo  may 
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lead  to  divergence.  This  is  the  case,  for  example,  for  po  »■  90  ™  25,  X  »  0.2, 
and  po  “  go  “  1,  X  »  1. 

It  is  worthwhile  mentioning  that  iterative  procedures  such  as  those  exemplified 
by  eqs.  (15)  are  eminently  suited  for  treatment  on  high  speed  computing  ma- 
chinety.  The  required  quadratures  may  be  performed  by  any  suitable  standard 
methods,  or  by  means  of  the  formulas  outlined  in  [7]. 
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A  SIMPLE  METHOD  FOR  SUMMING  CERTAIN  SLOWLY 

CONVERGENT  SERIES 
Bt  Herbert  E.  Salzer 

Although  there  has  been  a  fairly  substantial  literature  as  noted  in  the  bibli¬ 
ography  on  various  devices  and  transformations  to  speed  the  convergence  of 
slowly  convergent  series  (or  sequences),  the  writer  has  not  encountered  the 
following  method  of  summation  which  would  seem  to  be  one  of  the  most  obvious 
and  convenient,  and  whose  application  may  be  widespread  since  it  involves  a 
purely  munerical  device  which  is  employed  without  any  special  analytic  work 
upon  the  series.  The  method  is  to  consider  Sj ,  the  term  of  a  sequence  (which 
is  usually  the  sum  of  the  first  j  terms  of  a  series  of  the  requisite  type),  as  the 
tabulated  value  of  a  certain  function  of  x,  Six),  at  x  »  j,  from  which  one  would 
like  to  calculate  5(<»)  by  some  kind  of  extrapolation.  Suppose  that  the  last 
term  of  the  sequence  is  for  j  n.  Instead  of  tr3ring  to  extrapolate  directly 
from  x^ntoxo  <»,itis  convenient  to  consider  the  new  variable  y  1/x 
and  to  denote  Six)  by  Siy)  s  <3(l/x).  Now  the  problem  is  to  extrapolate  for 
Siy)  at  1/  *  0  from  its  values  at  y  =  1/n,  l/(n  —  1),  l/(n  —  2),  etc.  where  we 
do  not  go  all  the  way  back  to  the  first  term  corresponding  to  y  =  1/1,  but  take 
the  last  m  terms  of  the  sequence  Sj ,  namely  S„  ,  ^n—i ,  ^  •  ,  jS,,— •  The 
extrapolation  formula  is  obtained  from  the  m-point  Lagrangian  interpolation 
pol}rnomial  for  5(y)  at  y  «=  1/n,  l/(n  —  1),  •  •  •  ,  l/(n  —  m  -|-  1),  by  setting  y 
equal  to  0.  Thus  to  calculate  the  limit  5  of  a  sequence  Si,  St,  •  •  •  ,  Sj ,  which 
is  given  up  to  j  n,  using  the  m-point  extrapolation  formula,  one  merely 
multiplies  each  of  the  last  m  terms,  S„-i ,  i  «  0,  1,  •  •  •  ,  m  —  1,  by  the  corre¬ 
sponding  extrapolation  coefficient  ,  and  sums,  thus, 

(1) 

t-O 

Table  I  gives  the  exact  values  of  the  coefficients  “  0>  1»  2,  •••  , 

m  —  1,  for  m  “  4,  7  and  11  (i.e.  3rd,  6th  and  10th  degree  interpolation  poly¬ 
nomial  approximation  to  Siy),  for  n  =  5,  10,  15  and  20  (there  being,  of  course, 
no  m  -«  7  and  11  for  n  *»  5  and  no  m  =  11  for  n  =  10).  For  convenience  in 
machine  computation,  the  is  expressed  as  where  for  each 

m  and  n,  is  the  least  integer  which  will  allow  every  to  be  integral. 

Thus  (1)  is  employed  in  the  form 

(2)  s  -  d/Dir’)  Z  Sn-i . 

•  -0 

The  choice  of  m  and  n  in  Table  I  is  intended  to  be  fairly  adequate  for  the 
very  many  instances  where  (2)  is  applicable.  The  user  can  very  easily  compute 
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the  coeflScients  >  *  “  0,  1,  2,  •  •  •  ,  m  —  1,  for  other  values  of  m  and  n 
from  the  simple  formula 


(3) 

where 


A 


(«)  _ 


(-l)^(n  -  t)"-* 

(m  —  1)! 


is  a  binomial  coefficient. 


In  using  this  table  for  some  particular  m  and  n  the  computer  must  have 
enough  extra  significant  figures  in  the  Sj  terms  in  order  to  obtain  the  full  ac¬ 
curacy  of  (2).  For  slowly  convergent  sequences,  since  the  5,  terms  are  nearly 
equal,  when  A;-place  accuracy  is  expected  in  the  answer  for  S,  it  is  best  to  cany 
k  +  I  +  2  places  in  the  Sj ,  where  I  is  the  number  of  digits  in  the  having 

the  largest  absolute  value. 

This  method  of  sununing  was  tested  upon  four  different  slowly  convergent 
sequences  for  various  values  of  m  and  n.  In  every  case  tested,  whether  for 
n  =  10, 15  or  20,  at  the  outset  the  agreement  of  Sn  with  S  was  never  beyond  the 
first  decimal  place  (in  fact,  the  series  for  v/6  does  not  give  even  1  decimal  place 
accuracy  for  n  -=  10).  But  the  use  of  (2)  upon  those  Sj  of  only  1-place  accuracy, 
gave  as  high  as  15-place  accuracy  in  certain  cases. 

In  the  series  for  t/4  and  1(^  2,  which  were  alternating  in  sign,  the  method 
failed  when  used  upon  a  number  of  consecutive  partial  sums.  However,  by 
separating  the  partial  sums  of  an  odd  number  of  terms  from  the  partial  stuns 
of  an  even  number  of  terms  and  by  applying  (2)  to  either  ss  or 

Si  s  where  ti,  *=  (— l)'^V(2r  —  1)  for  ir/4  and  u,  =  (—iy~^/r  for 

log  2,  one  obtained  accuracy  comparable  to  that  in  the  other  examples. 

Following  are  the  details  of  the  tests. 

a)  The  sequence  for  Euler’s  constant  y  a  lim>.,.M  *  ~  log  j}  " 

0.57721  56649  01532  86061  to  twenty  places,  was  tested  by  considering  /Sy  ** 

—  log  j  up  to  j  =  20.  The  use  of  (2)  to  calculate  y,  forn  20  gave 
this  accuracy:  for  m  =  4,  to  within  1  unit  in  the  7th  decimal  place,  for  m  —  7 
to  within  §  unit  in  the  11th  decimal  place,  and  for  m  »  11,  to  within  1^  units 
in  the  15th  decimal  place. 

b)  The  sequence  for  t*/6  =  r”*  =  1.64493  40668  48  to  twelve  places, 

was  tested  by  considering  Sy'=  up  to  j  »  10.  The  use  of  (2)  for  n  — 

10  gave  for  m  =  4,  accuracy  to  within  §  unit  in  the  5th  decimal  place  (6th 
significant  figure)  and  for  m  >=  7  accuracy  to  within  1}  units  in  the  8th  decimal 
place  (9th  significant  figure). 

c)  The  sequence  for  t/4  =  (-l)""V(2r  -  1)  -  0.78539  81633  97  to 

twelve  places,  was  tested  for  odd  sums  S,  »  (~l)’^V(2r  —  1)  and 

even  sums  Sj  “  (— l)’^V(2r  —  1),  up  to  j  *  10.  The  use  of  (2)  for  n  — 

10  gave  for  m  =  4  accuracy  to  within  ^  unit  in  the  6th  decimal  place  for  odd 
sums  and  to  within  ^  unit  in  the  6th  decimal  place  for  even  sums,  and  for 
m  »  7  accuracy  to  within  1^  imits  in  the  9th  decimal  place  for  both  odd  and 
even  sums. 

d)  The  most  comprehensive  of  the  tests  was  made  upon  the  sequence  for 
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log  2  —  y**-!  (—1)’^*/^  "  0.69314  71805  59945  30942  to  twenty  places.  Again 
both  odd  sums  <S,  »  (—1)'^*/’’  and  even  sums  Sj  *  (— 1)'~V»‘ 

were  considered  as  far  as  j  —  20.  The  use  of  (2)  for  n  *  10  gave  for  m  *  4 
accuracy  to  within  1^  units  in  the  6th  decimal  place  and  for  m  »=  7  accuracy 
to  within  ^  unit  in  the  8th  decimal  place,  for  both  odd  and  even  sums.  The  use 
of  (2)  for  n  —  15  gave  for  m  —  4  accuracy  to  within  unit  in  the  6th  decimal 
place,  for  m  —  7  accuracy  to  within  1  unit  in  the  10th  decimal  place,  and  for 
m  »  11  accuracy  to  within  1|  units  in  the  13th  decimal  place,  for  both  odd  and 
even  siuns.  The  use  of  (2)  forn  20  gave  for  m  «  4  accuracy  to  within  1  imit 
in  the  7th  decimal  place  and  for  m  -■  7  accuracy  to  within  ^  unit  of  the  11th 
decimal  place,  for  both  odd  and  even  siuns,  and  for  m  =  11  accuracy  to  within 
2  units  in  the  15th  decimal  place  for  odd  sums  and  to  within  1^  units  in  the 
15th  decimal  place  for  even  sums. 

In  both  c)  and  d)  the  reader  will  note  the  very  close  agreement  between  the 
answers  obtained  from  (2)  using  the  odd  sums  and  those  obtained  using  the 
even  sums. 

Thus  far  the  only  type  of  sequence  upon  which  this  method  has  been 
adequately  tested  is  the  very  slowly  convergent  monotonic  type.  This  method 
might  be  tried  upon  series  whose  terms  alternate  or  vary  in  sign,  or  whose 
terms  may  even  oscillate  in  value  following  some  kind  of  predictable  pattern, 
provided  that  it  is  possible  to  regroup  them  (without  altering  <S)  into  a  slowly 
convergent  monotonic  sequence. 
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TABLES  OF  SELF-EQUILIBRATING  FUNCTIONS 
By  G.  Horvay  and  J.  S.  Born 


It  is  shown  in  Reference  1*  that  the  problems  of  finding  stress  distributions 
in  semi-infinite  strips  due  (a)  to  prescribed  self-equilibrating  normal  tractions 
9, ,  and  (b)  to  prescribed  self-equilibrating  shear  tractions  f,  applied  at  the  left 
edge  as  in  Fig.  1  (bar  above  a  quantity  denotes  edge  value  for  x  >-  0),  permit 
approximate  solutions  as  follows. 


We  expand  the  known  boundary  values  ^(y)  (in  Case  (a),  ^,.(y)  in  Case  (b)) 
of  the  unknown  stress  function  p(x,  y)  into  polynomials  /«(y) : 


Case  a 

(1) 

[  dn  f  9m(iii)  dm  =  ^y)  —  (^,  ft)  ft  +  (v»,  ft)  ft  + 

Case  h 

(2) 

Ja  Jb 

Kn)  dn  -  ^,.(y)  -  {<f>^,ft)ft  +  {^^,ft)ft  +  • 

where 

(3) 

<^,/>  -  /  ^fdy 

and 

•  1 

i 

B  «  0  ,  A  «  —  1  for  *  even  function  of  y,  f  —  odd  fimction  of  y 

B  «  —  1,  A  -  0  for  d,  —  odd  function  of  y,  f  —  even  function  of  y. 

Here  /•(y)  constitute  an  orthonormal  set  of  functions,  listed  in  Table  la  for 
n  »  2  to  9,  which  obey  the  differential  equation 

(i  -  »•)*/"  -  i«K(i  -  tfa"'  +  ft  -  M)(i  -  \hr' 

+  (12  -  4X)irf'  -  21/  -  0 
X  —  (n  •+•  2)(n  +  3) 

*  G.  Horvay,  Th«  End  Problem  of  Reotangiilar  Stripe,  J.  Appl.  Meoh.  SO,  87  (1963). 
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TABLE  U 

Self -equilibrating  polgnomiale,  fn  «  NnX» 


If, 


j^y/p7  -  1.1092650 


\/6-7-ll  -  3.6790157 


^V7-13  -  0.8943180 


^>/5-7  11  -  5.5185234 


j^V'7-lM7  -  0.8479712 


j^V5-7.1M3  19  -  7.2275337 


1  -  2y*  +  y* 
y  _  2y*  +  V* 

(-1  +  lly*]x. 

[-1  +  ^*)xi 
[1  -  26y»  +  66y«Jxi 
(1  -  lOy*  +  17y«lx. 


^■\/5-7-lM3  -  0.8290550 
3-5 


^V71M3-23  -  8.8906241 


[-1  +  45y‘  -  256y‘  -k 
5 


(-1  +  17y*  -  + 


323y*]x. 
5 


-rVIx 


TABLE  IB 

Expaneion  coefficiente  {y^fj 


k 

•  -  2 

4 

6 

8 

0 

1.1832160 

.5451081 

.3445724 

.2450079 

2 

.1690309 

.3634054 

.2819229 

.2167377 

4 

.0563436  . 

.1817027 

.2192734 

.1884676 

6 

.0256107 

.1016519 

.1566238 

.1601975' 

8 

.0137904 

.0622618 

.1121171 

.1319273 

10 

.0082742 

.0406102 

.0619338 

.1073915 

k 

11  —  3 

5 

7 

9 

1 

.5606119 

.3737413 

.2669911 

.2021090 

3 

.1868706 

.2718118 

.2259156 

.1818981 

5 

.0849412 

.1698824 

.1848400 

.1616872 

7 

.0457376 

.1097702 

.1437645' 

.1414763 

9 

.0274425 

.0742563 

.1108277 

.1212654 

11 

.0177569 

.0523362 

.0860298 

.1027966 

TABLE  U 


Approximate  eigenealuee,  ct.  +  ^ 


n 

an 

fin 

2 

2.075149 

1.142910 

3 

3.656963 

4 

5.258543 

2.062104 

5 

6.942082 

2.681886 

6 

8.728814 

3.404732 

7 

10.627227 

4.235321 

■  8 

12.640404 

6.174922 

9 

14.769022 

6.222861 

TABLE  III 


I 
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III 


00000000000000000^^000 
I  I  I  I  I  I  I  I  I 


-0.82906 
-0.73342 
-0.46736 
-0.08045' 
0.31630 
0.65234 
0.83766 
0.81691 
0.68206 
n  ITRM 

-0.29875 

-0.71826' 

-0.94339 

-0.86093 

-0.46898 

0.17709 

0.86220 

1.29091 

1.19117 

0.54655' 

0.12109 

0.00000 

ddddddddde 

1  1 

-0.88933 

-0.90778 

-0.70481 

-0.29830 

0.23910 

0.78221 

1.17139 

1.25324 

0.95190 

0.37998 

0.07860 

0.00000 

ddddddddde 
1  1  1  1  1 

-0.68566 

-0.37834 

0.02223 

0.45755' 

0.83278 

1.12664 

1.20711 

1.05428 

0.69141 

0.24568 

0.04786' 

0.00000 

ddddddddde 
1  1  1  1  1  1  1  1  1 

0.12934 

0.45899 

0.75949 

0.99393 

1.12868 

1.13880 

1.01463 

0.76969 

0.45004 

0.14607 

0.02681 

0.00000 

ddddddddde 
1  1  1  1  1  1  1 

0.88034 

1.01267 

1.08429 

1.08791 

1.02117 

0.88799 

0.70006 

0.47846 

0.25537 

0.07590 

0.01341 

0.00000 

0.00000 

0.18303 

0.36068 

0.52730 

0.67812 

0.80838 

0.91398 

0.99160. 

1.03837 

1  nR2Q4 

1.03472 

0.98443 

0.90415 

0.79753 

0.66984 

0.52814 

0.38144 

0.24081 

0.11953 

0.03322 

0.00665 

0.00000 

1.10927 

1.10373 

1.08719 

1.05991 

1.02230 

0.97494 

0.91858 

0.85414 

0.78270 

0  TftRfin' 

0.62396 

0.53966 

0.45435 

0.36995' 

0.28852 

0.21232 

0.14376 

0.08542 

0.04004 

0.01054 

0.00174 

0.00000 

ooodddddddddddddddddd^ 


a» 


TABLE  III — First  derivatives,  /.(y) — Continued 


0.65  -0.41043  -12.0396  -  24.4086  -11.622  38.030  90.147  78.806  -  25.249 
0.60  0.35496  -10.5956  -  27.3590  -  26.531  14.466  83.288  121.982  67.431 
0.65  1.18691  -8.4893  -  28.3525  -  40.158  -15.793  54.182  134.804  155.261 
0.70  2.06542  -5.6657  -  26.8358  -50.354  -48.831  3.529  102.375'  197.215' 
0.75  3.05048  -  2.0694  -  22.2112  -54.485'  -78.386  -61.649  18.935'  152.001 


TABLE  III — Second  dertpotivee,  K(if) — Continuod 


III 


ihlii 
1 1 1 


7  7  7 
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r  7  r  r  7  r  "i*  T’  r  7  r  7  7  r  7  r 


&i&i8iss&8§i&ii§ss<:2 


®  I  I  I  I  I  I 


I  I  I  I 


i:22s2s§2Biii882 


^  S!2SgJ588g22 

»  5'^5>®X!i«28S«2!B 


5  §sg228g|§||§5||||8^feSS 

8S58  8  2K  iiiiiii 

III  ^  . 


8SS2S 

■  S  8  5i  I 


2  7  2  2  8  S 


8S8!;9«88SS^g22Sofe2282 

i8i2288i^88228S§i8&8 


I  I  I  I  I  I  I  I  I  I  I  I  I  I  I  I 


d  ^  K  <D  ^  ^ 


oS<-i2SS8S5S5^ 


to  <-)  o  <-■ 
S  8  2  ®  eo 


2g8882 

Q  4  to  ^ 

O  •-«  ra  uS  (S  So 

^  >d  to  00  00 


8888S8 


®  I  I  I  I  I  I  1  1  I  I  I 


sis222S88222SS 


r-a-i9c«cjs2«gSS|g2^S|§|g 


8822888822S8SS22S88888 
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and  satisfy  the  boundary  conditions 

(5)  /,(=fcl)  -  0,  /.(rfcl)  -  0 

The  expansiixi  coefficients  erf  y*,  ib  »  0  to  10,  with  respect  to  /.(y)  are  listed  in 
Table  Ib.  (The  coefficients  are  zero  for  A;  +  n  >■  odd  number.) 

Then,  on  denoting 

Ok{x,  y)  -  /*(y)y*(z),  Hkix,  y)  -  /*(y)h*(x) 

Qkix)  -  «"•**  ^cos  j8*x  +||sinj9*x,^  h*(x)  - 

the  approximate  stress  functions  may  be  written  as 
Case  (a)  ^(x,  y)  -  23  /*> 

(6b) 

Case  (b)  <p(x,  y)  -  23  » /*) 

FitMn  these  the  stresses  are  obtained,  in  the  usual  manner,  by  differentiation. 
Case  (b) 

•’■«(*»  y)  "  <P.tn  "  ^  t  fk)  fkhk 

(7)  <T,(x,  y)  -  -  Z  ,  /*>  M* 

r(x,  y)  -  -  -  Z  .  /*> 

Case,  (a)  »  similar 

In  the  above  formulas  (6)  the  approximate  eigenvalues 

(8)  a»  +  -  [if  :*)  +  i 

have  values  as  tabulated  in  Table  II  forn  «  2  to  9;  and  the  fimction8/»  ,/l , 
,  In  Qn ,  g'n  ,  gl.  Sn  i  hn ,  hn  ,  hi ,  Hn  have  values  as  tabulated  in  Tables  III 
and  IV.  We  denote  as  usual 

W  rm 

(9)  /»  -  djjdy,  “  dgjdx,  dn  ~  j  gn  dx 

Enough  decimal  places  are  retained  in  the  entries  so  that  the  largest  term  in 
any  one  column  appears  to  six  digit  accuracy.  Prime  after  a  5  (or  a  50)  indicates 
that  the  digit  was  arrived  at  by  rounding  up.  Table  IV,  case  n  ~  2,  includes 
also  a  column  g^\ 

The  tables  will  permit  rapid  solution  of  a  variety  ot  endproblems.  While  the 
functions  Ok ,  Hk  are  approximate,  cinnparison  with  available  (very  laborious) 


>HC4'^«OOOC4'«<OaOO'4<OOC«<00 

oooc>oo^-<.-5^^eiNeieoe<9'^’ 


TABLE  IV — ft  » 
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oeeooooo 
I  I  I 


dddddddd ! 

Ill 


|||S||| 


ddddddddddddd 

I  I  I  I  I  I  I  I  I 


r^ok'^.^odddddddd 
7  I  I  I  I  111 


iissssss 


oooooooo  Mooeooooooooo 

I  I  I  I  I  I  I  I  I  I  I 


C«  ®  ®  a>  —  «*< 
(4  S  «  K 


00090000  OOOOOOOOOOOOO 


o  o  «  M  t: 


88888888  SSSg888888888 

dddddddd  ddddddddddddd 
II  I  I  I  I  I  I  I  I 


.  ^SSS§888 

**  dddddddd 

I  I  I  I 


^^^,isSSS^S8888 

j>sjeodddd-<ddddd 
«  «  I  III 


8  I  i  ^  8  8 


1^8888888  '  838888^^88888 

dddddddd  ddddddddddddd 
III  I  I  I  I  I  I  I  I 


®  «  kO  C4  ^ 


oooooooo 
I  I  I  I  I 


8Spc4'«(eaoo 

dddddddd 


ddddddddddddd 
I  I  I  I 


32S8888Spc4'4<« 

odddddddddddd 


0  1.000000  0.00000  -130.8750  -0.162402  0.0000000  1.000000  -21.2545'  -0.0076406 
0.05  0.884682  -3.81770  -34.6385'  -0.114503  0.0201711  0.264666  -0.4431  -0.0067507 
0.10  0.671203  -4.38707  5.4070  -0.075401  0.0335277  -0.041321  -3.5097  -0.0051202 
0.15  0.465870  -3.72421  18.1836  -0.047203  0.0284560  -0.138938  -0.7712  -0.0035507 


TABLE  IV — n  »  7 — CotUinued 
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exact  solutions*'^  indicates  that  they  constitute  very  good  approximations,  and 
are  adequate  for  most  engineering  purposes. 

The  functions /I (i/),  g,(x),  g'nix)  »  —(a*,  +  h',(x)  (n  «  2  to 

9)  are  plotted  in  Figs.  2,  3,  4,  5,  6. 

Gknsbal  Eucctric  Co.,  Knolls  Atomic  Powib  Labobatobt* 

(Received  December  8,  1063) 
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NOTE  ON  AN  INTEGRAL  OF  RAMANUJAN 
Bt  Malcolm  K.  Brachman 

An  examination  of  the  inversion  of  the  Laplace  transform  sech  [X(l  + 
led  to  ccmsideration  of  the  definite  integral 

/(a,  6,  c)  —  sech  dx.  (1) 

It  became  evident  that  information  concerning  this  three-parameter  integ^l 
could  be  obtained  from  a  study  of  the  two-parameter  integral 

J(a,  /3)  =  /  sech  rx  cos  axe^*  dx,  (2) 

since  there  exists  the  relationship 

I(a,  b,  e)  -  “n/i^  J (2ac,  a*/b).  (3) 

This  covers  all  cases  of  interest,  for  it  is  obvious  that  /(a,  o,  c)  »  r/a.  After 
completion  of  the  major  portion  of  the  current  work,  a  perusal  of  Titchmarsh’s 
book  of  Fourier  integrals'  showed  that  Ramanujan*  had  previously  obtained 
most  of  my  results  by  treating  the  integral 

^.(0  *  r  e-'"*  dx  -  WUt,  irtr)  (4) 

Jo  cosh  rx 

It  may  be  noted  that  J(a,  /3)  is  essentially  the  Fourier  transform  of  the  product 
of  two  fimctions,  both  being  “self-reciprocal”  fimctions,  i.e.,  functions  which 
are  their  own  Fourier  transforms. 

This  fact  negates  many  of  the  customary  devices  for  evaluating  such  integrals. 
For  instance,  it  precludes  using  the  method  given  by  Titchmarsh  for  the  integral 
J(a,  ir).  Nevertheless,  it  proves  possible  to  evaluate  integrals  of  the  form 
J((2l  +  l)/3  +  imr,  0),  where  I  and  m  may  have  any  integral  values,  and  many 
others.  A  listing  is  found  in  the  second  paper  of  Ramanujan. 

The  integral  J(o,  0)iB(A  particular  interest.  1  have  not  succeeded  in  evaluating 
it  in  closed  form  except  for  0  —  inr,  with  n  or  1/n  integral.  I  am  indebted  to 
Professor  Einar  Hille  for  pointing  out  to  me  that  J (o,  0)  is  the  Stieltjes  transform 
of  «"*). 

It  is  possible  to  derive  the  following  relation: 

Jia,  0)  +  Jia  -f  2tT,  0)  +  +  20,  0)  +  J{a  +  2/8-1-  2ir,  /8)]  -  0  (5) 

This  suggests  a  convenient  method  for  summarizing  the  values  of  a  that  allow 
the  integral  to  be  evaluated  explicitly.  Select  a  fixed  value  of  0  such  that 

-iv  ^  arg/S  ^  ix  (6) 

*  E.  C.  Titchmarsh,  Introduction  to  the  Theory  of  Fourier  Integrals,  Oxford,  1937. 

*8.  Ramanujan,  Messenger  of  Math.  44  75  (1916);  Journal  Indian  Math.  Soc.  11  81 
(1919). 
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Consider  a’s  of  the  form 

o  —  +  mtV  (7) 

Take  /3  and  ix  as  orthi^onal  unit  vectors  of  a  two-^limensional  coordinate  system* 
It  is  then  necessary  to  consider  only  non-native  values  of  I  and  m,  i.e.,  the 
first  quadrant  of  our  coordinate  system.  It  turns  out  that  it  is  possible  to  evaluate 
J(a,  j9)  for  the  {I,  m}  values  {1,  0},  {0,  1},  and  {1, 1}  for  art>itrary  /3  satisfying 
(6),  and  for  any  additional  lattice  points  which  can  be  reached  from  these  by 
adding  arbitrary  integral  multiples  of  the  vectors  {2,  0}  and  {0,  2}.  In  the  de¬ 
generate  case  /9  «  nir,  n  or  1/n  int^^,  we  may  evaluate  J  (a,  fi)  at  the  ad¬ 
ditional  point  {0,  0)  and  thus  at  all  lattice  points  {I,  m],  I  and  m  int^ral. 

Tkxab  Instbuments  Incoeporatbd 
Dallas,  Tixas 
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